Proof— Setting in (1.1.10)

with £ € R™, we obtain

1o T (AT) — E:’<u.T'k>—-%<QT'k,T*k>. ke R™.
o Pl CTRKS - L LTRT e, kb
By (1.1.8) we have ™ -

goT (k)= N{Ta. TOT) (k). k€ R™.

and the conclusion follows since the Fourier transform is one—to—one. W

1.2 Wiener measure

,?e. Lol e

o e e, We fix T7> 0 and denote by (2 = (,(]0. T]) the Banach space of all real

coler — =, N continuous function on [0. 7. vanishing at 0, endowed with the norm
w ol ﬁ_l,-‘)adu M'“’"u‘z o P MR S
do@ ?ua__éw?“ﬂ’ ||w|| = sup |w(t)], Ywe.
: ’:.:m el 59"" telo.T]

We denote by F the o~algehra of all Borel subsets of . that is the .
b o smallest o-algebra of parts of (! rontaining the open subsets of Q.

PUAREE ’1; C 3 We are going to construct the Wiener probability measure P on

e Nnc}:m ;;Ww“ (2, F). We first defire P on the cvlindiical subsets of ¢,

o {“Wﬂ A cylindrical Sl}bﬁft oi {1 is a set of the form

?m)ﬁm*“UJiﬂ T:

o £

}.‘{ l ‘ / I(tlt'"-tn-B) = {»u S : (w (1‘.1), u.(f")) Em

wheren € N, 0 < ty <. <t, T aud B € B(R").
We denote by K the set of all cvlindrical subsets of (). Notice that

the cylindrical set I(ty, ... 1, B) is not uniquely deternmle( l)*./ Lot
and B. For instance, ift, < togr < T we have

I(tl, fﬂ, B) = I( .un H-H. 1B % R)

e, Moreover it; is clear that if F. (7 € X then there exist n e N. ) < #; <
<ty ST, A B € B(R"). such thar

F =ty tiiA). G =I{1, .t B).

3
_E 'f:"..—_'f(’“f:i- e "tM}L/'A) = o= :(_T@]ﬁ’,..jﬁuf}ﬁm-;/

F I Tl Lo E) g i ac e el ey

F oy e = F LGN f‘ 06
LS, \.(\\\f‘))

N

; AR
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From this fact it follows immediately that K is an algebra. Moreover it
13 easy to check that the g—algebra generated by K coincides with F.
For this it suffices to show that the closed halls

\E(a,r} ={LeQ: |lw=al] <r} aclr> 0.}

Lomeaad nmaelbaer

belong to the o-algebra generated by K. and tlus followq from the -

equality (1) B . Bl __tn ,; me,ﬁ!;ml-a(f,’/&%é 3
- - - tfe. -
.CB (a,r {uJ €0: |w(p) —a(p)| < ¥peQn0.T}. o Ry
L o A TR AT PN SR B
" Now we-define a function P: K — [0, 1] setting ey s 1 lal)- o /51}

Te[+17Q

P&b PR R S LS .l,‘snf,'{',o'z.--:ér;rﬁ
(l.'.)..l) Ww..m&mdv_

P(I{t1, .. ta: B)) = [(27)*t1(ts — t1)- - (g — booy)] 72

1 £L+.+(En"'fu e ]
% / e 2 [: r.;-r,l-n “’fl e “’fm
B

wheren € N0 <t <...<t, <T and B € B(R").

It is easy to see that this definition does not depend on the choice
of the particular representation of f(#;,....4,; B). For lustance if ¢, <
tner < T, we have (2)

P(I(tl, feay trntn—i-l: B X R))

l e L if,.il —fn }'
~ = ]P(I(t]_. vees B B)) £ ki d’fn+1
' 277“11-!-1 . tn) coe

=P(I(t1, s ta; B)). B MRy e)
) o= Ty, --,= ’ﬂ')
/-\ﬂe:?f ‘ ~
:'P( 1",,.) =S PB(T,). e e |
kL=JI L;l j foud "'[
T ulla Pﬁ

g (en Al

It is easy to check that P is additive:

for all n € N. and for all mutually disjoint subsers I'y. ... T, in K.
The following result is basic, for the proot see e.g. K. 1té and H. P. e
McKean [4], page 14. = )

1(Q represents the set of all rational numbers,

2In the general case use the fact that setting, g, (+) = (27t)~ Y% =5 [t > 0.z € -
R, one has[g, *Fy = Tides forfl‘ >s > UL’D
{ N‘efe- Cetiea et ’ = ‘f'_ﬂ ~f o C.—r“ )
. ( J . ,H ?;L £ -] tg} | ‘2’;«}:,
a0 (g . %~ T
. L - r FASRRS e <
(b J - R r—‘f e - erw‘ - e : i\)h’. 14 ’ 1 P
o s s - 4, - %
7 s # ™ 1. e : i ‘ i
- A R N R T
B} Rz L ) g d ¢ =t i R i
e IR [k
| T Y TR S O Y A L PO P




| -1 (6?3;,71:-
(8- ’ —— [ e olre
(” N(o, Qtw o) L flemy ety - (B -5 /s

N , o E AR C NP
Vor (8) = A7 e)) = PCTitny... o j8) = - f <
_ - U@‘W )™ Erie g6 h) e ot
| e it
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i 8 Wiener measure *

Proposition 1.2.1 P has « unique ¢ rtension to a probability measure

N B on (0. F), still denoted by P.

|  Pis called the Wiener measure on [0, T).
g . Let 0 <ty <... <1, £T. and let v be the mapping defined by

_‘1 } 7: 0 =R we (W(i), o th).

By (1.2.1) it follows that \ where

7o P =A(0.Qu 1]

- £ 2
— SEae HE>= g » (ff s ++(£r:—““)““ CER (L22) 1),

The following result follows from Theorem 1.1.3.

L. : Theorem 1.2.2 Let n € N. and let o : R" — R be a bounded Borel
L ' : measurable function. Then we hart ‘

5k roe N AT T
- | ettt st B) = [ o) V(0.0 )dy)
. = [(27) oty — ty) -+ (fo — toy)]~V/* (1.2.3)
-
N 2 2
A |8 en—dny)
}r . ) X/ ,S‘(f)t’:‘ : [‘l+ " =i ]fi'gl e (]'En» '
% i} Remark 1.2.3 Formula {1.2.3) cleatly holds also for Borel measurable
1 .~ functions  having polynomm‘l growtls.
=| .

B e

i ' ' The function § — R : w = ¢{w(ty), ... (4, .)) 15 said to be mﬂznr]nml

Example 1.2.4 Let ¢ : R — R e continuous and bounded. By
(1.2.3) we have. forall 0 < t < T.snd all £ € R

e nlh ¥ —LJ .
Note that the function w defined by :

u(t,€) = [ o€+ (1) Pl




‘ v | ey S v
{t } } { &) (»l‘) - (})(_\Z)) ﬂ"‘ {’.’"I {J\:; M by 9 ) 2. :3 5 ( (‘( S| ((9 - }a‘krh) ﬂ“_ /\a:‘_r _‘)“ ‘a()" J‘ @.lh JT_ Py J(J{i v _‘:"" 'l‘c.) et 0
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. cg{.&&,&' ‘e
is the classical solution to heat equation (M 7" s © \S'W:""‘f“ e, el LR Mf:f\~

1 — o o
w(t €) = > uge(t.6), 1> 0, £ R PRSI
u(0,6) = 4(¢). € € R.
(1&4-.()
Example 1.2.5 By (1.2.3) we have. for all 0 < & < ¢ < T. and all o
m & N, _ j/w(e),wm;‘ Pl w) =

S 2 k]
el LEa (e}

+\J
AL "LLJ t) — W(S) m du) = / - Jw o e - :
/(‘1(_(_)7 ) ) /2_(1"— H _ ___:_:.1._——_-—:-—::" 2 2t _f{ﬁ-f.”)(

m)! s e s
(r_n/—(;ﬁ'_);ﬁ (t — .a)”'” it is even. °(¥¢ —“l) offc,_r/f'f:,

0 if m is-('ul-(l.
(L2.5) - Jome prsccectnns
' : : el )] P te) =
We now consider a linear transformation that redices (., to a @ j faate? - l
diagona.l form.

= (s -€)
._E.?.POSItm{},‘,},,Bﬁ Let {0 <ty < .. < t, < TY. and let p be the .
mappmg G | 1“, WPNVEL 1 pldes)
Pl =R wi (wlth wits) = wl(fi)e e w(f) = w(tai)). T (s-t)
PR B
ThenEo]P’:_-N(O,diag {t1sts = tremty = foey }H ST
Proof — We set here (} = Q4y...p, for simplicity. Let T € £(R™) he.
defined by ‘ E
: ) — ol ona LA
T(‘é) = (511 6‘2 - Ei« €y —E,;__1}. fe R". T = In PM iy ’ )F
. r i ,{ :, N , -;, v
Then we have feon, (1.2,2 ) 1L [% Lo 1O ;o
2 3 e wiid b f}.
v n= Fd
<Q—-1T—' U1T 1??> fh +__L++ In : I}ER“.

tl f'l _fl fn _'-'}n—l

[t follows

' 1 LY
71 QT = dia — T .
( ) g ]l:lllk'z-—fl‘J jfn _“fn—-l .
| — P
N R

A i R -

A .19 YA g y {AD) - GJ(U—-')
Mot = [ ol = fooral - ezi-i) # eoceim) IS

et Lo

Var (eoft}) = < - =]

e bmr b epn——— L
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o vl )

AoSf}f@‘*

Bontn. ~eollib—

P et w ) e

V= Fexb), b - Lts) R).emark 1.2.9 Proposition L.2.8 can be expressed by saying that if
0 ()=o) @ffi mu){) <t <

eluA

- (f‘( wotted,

Ll ) Y

FPralc)) =

6,°’? {6&6})

For any t € [0,T] we define a funerion B{t) 0 — R by setting

£ oft) ot ) ATE independent.

| s S e
g e s /‘{’:‘ f;J’;’z* ek focn { Ttk = ] .
i 7y i
PPRTYRY ! e j: =l
o )
10 Wiener measure
and so

Q=T diag {ti.tr —H.itu — foo MY

which yields
TQT‘ : dlag {f]_ ii'; - 1‘1 1 — ﬂ.-—l}

and the conclusion follows. B
1.2.1 Brownian motion

B(t)iw) = (1), w € 1.
B is called the standard Brmrw.irm motion on LO,Z;I A

(1.2.6)

Remark 1.2. 7 From Proposition 1.2.6 it follows that if 0 < # < ... <

t < T “Functions — Fua ;
- (ad

B(t,). B(ty) — B(ty). ... B{t,) — Bltu-n)- j-@

are independent. (*) f L?”s:

We end this subsection by stating a result that will play a key role
in the sequel. The proof is straighrforward and it is left to the reader:

Proposition 1.2.8 Let {0 <t <
2:R"—R. ;[):]R-—r]R

<t <a<s<T} and Irf

be hounded and Borel measaruble. Then we hane

]m<m sttt} - (o)
F “( - l th».é’,"‘? Pt ek e gy e (1_2."'}
= / ()P de) / lw(s) — w(@)P(dw).

)

. < t, < T, then fnnctions

(wity), +~wlty)) andw(s) —wlo)

Speg) %

3Funcfions Fi,o,f Q— RE. i e IV, are said to be ﬂ.&i&l’..‘..!&i!i,’!'iiﬂFb e Fulo
I'L_l Fi 0P, See e, Billingslv{2].

oot ) / };//(_,) M/o/ -ér—_c)(aﬁj)




Chapter 1 L1

1.2.2 Probability of the set B1(0.7)

Let us give some additional notation. We denore hy ¥ the set of all
decompositions

J:{0=t0<t1<...<t“:f‘}

of the interval [0,7]. For any o € X we set

o] =  max (t _fﬁ—l)H

=1,....74

The set L is endowed with the usual partial ordering

Em_ < oy = |my| < mﬂ

For any w € {1 we set

En(a)(w) = lts) = s j

e

tn;(a)(w) - g (k) — woltimn

We define the total variation V) (w) of w as

Vi(w) = sup Li{7)(w).
cED

A .
[t is easy to see that x ot &fa';«r\/m ny 2. By >

|}r1|I_I.loI1( a)(w) = Vilw).
We shall denote by; BV(D T) the set of all functions w € () having
finite total variation. s
We want to show that! ]P’(BV(O T)) = (l' To rhis purpose we intro-
duce the quadratic variation Vz( ot w. “defined by

Valw) = |h|m D))

'_ “‘-‘ when the limit exists. Notice that Jtzlfl(w)}m finire. we ha.\'e{V-}(w) = {).
- This follows from the inequality

L{e)(w) < sup |w(f,-)_wu,-_1;n-;@ bt o

i=1.2...n

' N - N
A c‘t)b fvﬂ(lr:)' k.‘r‘{g;}":‘a,(—_\ QK /Q!\\j\[\ \ 6 l \‘/ N 1—) .}}J\; I U\ ‘1 & \
- e -‘h’{w Ak

b2 "

Lol «“i}i"‘ D

|
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For any w € {2 we set

L{o)(w) =2 lw(t:) —wltioi)l,

| Bo)(w) = ol —w(tn)

We define the total variation Vy(w)of w as

ot ot o, e S e ten

Vi) = sup L(2)(e))

| S —— e T

[, o)) = Vi)

We shall denote by IBV(O, T),the set of all functions w € & having
finite total variation. '

We want to show that P(BV(0,T)) = 0. To this purpose we intro-
duce the quadratic variation{Vs(w) of w, defined by

[le) = Jim, Eo)(e))

when the limit exists. Notice that if V{(w) is finite, we have V,(w) = 0.
This follows from the inequality

Iio)(w) £ sup |w(t:) —w(tia)|[Vi(w). (1.2,

i=1,2...,n

It is easy to see that

So, to prove that Vi(w) = 40 it is enough to show that V3(w) > 0.
To prove tha.th V(0,T)) = 0{we need the following result.

Proposition 1.2.11 We have

/|Ig — T1? Pdw) = (.

Proof — We first remark that by {1.2.5) we have

ffz P(dw) = Z/ lw(t:) — wtiot)]? Pldw)

i=1

Il
7

S+
-

I
R

1
—

)-..q

R




Wiener measure
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We have moreover

/[Ig (w)]? Pdw) = [iwt)—w )t P{dw)

+z§j[ w(ts) — wlticr) Plo(ts) — w(ty-1) [ P(dw).

i<}

By (1.2.5) it follows that
| fo(t) = slti-)l* Pl = 3(t - tia)?. (1.2.8)

Moreover, by (1.2.7)if i < J
f (s tia)[*|(w(t; ti—)* P(dw)

—/ lw(t ) = wf 1_1)| P(dw) / lw(t;) — w(tjm ]2 Pldw) (1.2.9)

= (t — t;_l)(tj — tj-1).
By (1.2.8) and (1.2.9) it follows

LI ¥ P(dw) = 23 (1 — tica)? +(i(ti—t;_1)>2'

i=1

n

=2 (ti— tig )2+ T
. i=1
Consequently
[ (o)) = TP Pliw) = [ Bl Bde) = T

< 2T — 0 for |o| — 0.
. _

Theorem 1.2.12 BV(0,T) is o Borel set and
P(BV(0.T)) = 0. (1.2.10)




A B R

i =
it

€, q\,\,;,\g L(\fﬁr- Prop, 1,2, I 1(! AR R R O AN SR
Al nm 2o T fen - ] e o ol e
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Proof — Denote by Zg the subset of ¥ of all decomnpositions

c={0=t <ty <..<t,=T} :
T,L_('a-)(ca) ,f.'—wm..

such that {; € Q, 1 =1,...,n — 1. Since -(Pw*fl‘ LAs g

) 7 Tle) 0 S ——
% He)= lm o R

BV(0,T) is a Borel set. o —2 = Yo (L, TJ )

We note now that from Proposition 1.2.11 there exists a sequence
{o.} C T with lim, o |on| = 0, and a Borel set I' C F such that-
P(T') =1 and ¥ -

Va(w) = lim Lon)(w) = T. Ywe T. =i o (L2 k) thy
. V(o) - "Jf..\{.-‘ K
Thus BV (0,T) < I'%, and so (1.2.10) holdsi)

1.2.3 Probability of the set CJ([0,T))
For any a € |0, 1{ we set

e

|w(#) — wis)|
wlly, = sup ———————, Ywef, .
ol 053<§)5T |t — s|=

and

[ Ci0.7) = (w e 0 flol < +9). |
C2([0,T)) is the set of all real o-Hélder continuous functions on [0,
vanishing at 0. It is a Banach space with the normi| - || Note that

since w(t) ()

w —w s

lwlla = sup —p——r—,
:v-"EQlt#‘s
the mapping s
ik b Y .
s et o LN L ARPVISPRI S

is Borel measurable, so that(C’S‘([O,T]) Eﬂ -

" 3Naotice that the set T is somewhat strange. In fact if w € ' and w is not 0, then
aw ¢ T for any « € R different from 1 and —L.

r
)_1:1_': lane. P, Dl e ce=Ta = € o+ T w2 T o vadeu
O P RO R s 2
. ? - 4 Ty - \‘-\-Jf?fw:‘ / . ‘ > .’
wie) /= Jascel) - R ™
J2 = ) e W

7 / P )/ //(Wﬁ
bf)\- -:,u.l. o) & I (f"lf -y -6'/‘ j [“/W/a(, //W‘f-&] ~ ) .‘-"> ¢—,(E(W




Ve =T ’?"] -2 &) Since 2a > 1 it follows tha.t Vy (w) = ). This implies

epoie (oot ) 1 o 2] (M*“),/ﬂ% £p < o
o _ L
/I vakdid Wwf’(,@:ﬂ) - L?//RN)_ ‘;/'" 4 -
F - W Wit (R < A7) vie [po+ol

16 _ Wiener measure

Theorem 1.2.13 Assume that o € 11/2,1]. (4} Then

P(C([0,T])) = 0. R

Proof — Letw € C2{[0,T)) and o = {0 =ty <t1 <... < t,=T}¢€
Y. Then we have

L(o)w) < lwle ZIt =i’ < lwlla | max [t =4 T

([0,T) C ¥,

where [ is the set defined in the proof of Theorem 1.2.12. Since P(I') = 1
the conclusion follows. W

We' want now to show that when (a € 0, l/Z[JWF have e

UCG({O T])) = L{For this 1t is useful to infroduce Iractional Sobolev / ” QF{V

\
P aa T e

spaces. :
For a.nyﬂ a,nd any!ﬂ € ]0 1 1we set - 7 /Ae Lf

T 10) 1/}" Ol
kuwﬁ (0, T) ./ f ?L _ .,,11+f'.‘ lt ds , WE Q,

(Wf'P(O,T) = {w el Hw“wén.p(om < +ooﬂ

7 is a Banach space with the norm ”'HPVE,,U,;J(_O‘T}‘ We recall the Sobolev

-~
v

and

embeddmg theorem (%)

&gp,ggm%&jet p>1 and 3€]0,1]. If 5> :—) then
WP (0.T) € (A% ([0,T)),

and there ezists Cgp, > 0 such that

”w"ﬁ—-— = Cﬂj” Hw”Wf’ #(0,T)? Ywel (1.2.12)

4The conclusion of theorem holds also forle = 1/ '2.&See e. g D. Revuz and M.
Yor [5], page 29. :
5Gee e.g. R. A. Adams {i]

T < IR RY) € L RP) |

L g



Chapter 2

Stochastic integral

~ In all this chapter (Q, F,P) is the probability space defined in Chapter
1. For any p € [1, +oo[ we denote by{ L7(9, F,P) the set of all Borel

mappings X : @ — R such that

[fn 1X () P(dw) < -f—oj

LP(Q, F,P) is a linear space with the usual linear operations. We shall
denote by L?(Q, F,P) the quotient space of L?(£2, F,P) with respect to
the equivalence relation

X~Y = /Q X (w) = Y(w)| Bldw) = 0.

X ~Y we write X = ¥, P —a.e. As well known, L, F, Py,

endowed with the norm

1l = ([ X P(rzw))l”’ }

is a Banach space.

2.1 Wiener integral

We want here to define the integral

) ff )dB(s ,\UGQJ

19
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o 20 Stochastic integralu
U | where f € L£}([0, T]) () We will set

I{f)(w /f $)dw(s ,wES;.W\

S

b2 5 S i ,,_',P‘:.'f? ez This expression can be interpreted as a Stiltjies integral when w has
5 N bounded variation, but we know from Theorem 1.2.12 that this is al-
L g0 = _;:f) P most never the case. So we will give a different meaning to the integral
| P o expression above, showmg that suitable Riemann sums are convergent
| l} o . B in LA(Q,F,P). . ___

!: e res -)i\u‘aﬂ’ ,M:W;e denote by S(D T) the set of all mappings f: [0,T] — Rot the form

|pooie e 2 e

f= kz:;fk—l Xit g il
wherene N, 0=t <t <..<t, = T, and fo, f1y s fam1 € R

ForanyfeSOT Weset

{’/(w ka Hw(ty) — w(te- 1@

The following lemma is basic.

pie e AP P

and

Proof — By (1.2.5) it toﬂowa J_]

- //[mef e

w(t) Pdw) =0, V120,

1£2([0, T)) is the set of all Borel mappings f:10,7]) — R such that

N
— . _
_ f |F))* dt < -’rOO\
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|

Rk _ so that (2.1.1) holds. Let us prove (2.1.2). We have

SR PG = 32105 Ptts) = oty ()

42 [ 3 F(ti- fltucdllts) — wtion)lfw(t0) = oltens)] B(d), |

i<k . : ‘r
- '_ (2.1.3)
ok = By (1.2.5) we have %
T [ —
! ¢ . /n[w(tj.) - Lu(tj_l)]2 P(dw) = f.j — f’j—l' C— .__.I

‘ ' PUILoN - :
o Moreover, by Proposition ?? it follows IR :'ﬁ‘f;“““' ’:{ ”,{j

. : 2ha Gttt T P

1.:.«-...»«_

/n[w(tj)—w(tj_l)][w(tk)—w(tk_l)l P(dw) = 0. 0 =it m

By substituting in {2.1.3) we find ﬁnally.

n

/Q|I(f)(w)|2]1’(dw) = Z }f(tj_i)lz(tj - tj-l)- B ( / 2 o f:.ca_ﬁ-’-:L) }

i=1

Now,let f € £L¥0,T). Foranyoc € &, (D o={0=ty <t < .. <t, =
T}, we consider the function f, € S(0,T) defined as

fo= if(tk—l)x[,k_“ﬂ (2.1.4)

Theorem 2.1.2 For any f € L*({0,T)) there exists the limit

}
i

. 1. T . i
e élhﬁlf(ﬁ,) =:/0 fl(“.s)rlB(s). | (2.1.5)

in L*(Q, F,P). Moré;wer we have T

m/f f(s)dw(s)) P{dw) =ﬂ (2.1.6)

| and ) -
i l‘ /{; /OTf(s)dw(s) P(dw) =/UT|J"(3){2(L5.;X (2.1.7)

2the set of all decompositions of the interval [0, 7] defined in §1.2.1.

cural
sk, ..




99 Stochastic integral

Proof— We prove that {I(f,)} is a Cauchy sequence on L}Q, 7Py
In fact, by (2.1.2) it follows, for ,4 € z,

/u (f2) = I B(d) = / £, (8) — £, (B[,

Since obviously {f,} is a Cauchy sequence on L*(0,T), the conclusion
follows.
We have finally

T
fn(ﬁ .f(s)dw(s)) P((zw)=¢1ﬂ]lfé I(f, )(w) Pdw) =0,

and

s)dw(s)

5
P(dw) hm / |I{(fo)(w )

—0-0

= lim Y|P - t.;_1)=I/UT\f(-s)|2ds--

|at""‘ j=1

The function of LAHQ,F,P)

£ / )rfB 5), w € L.
4]

TRl e T L

We deﬁne m ObVlOle way the Wiener 111te[=ral ¥ #(s)dB(s) in any
interval [a,b] C [0,T].

We note that if f € C([0,T]) then it is possible to express the
Wiener integral [T f(s)dB(s) in teuns of a Riemann integral as the
following integration by parts formula shows,

Proposition 2.1.8 If f € CH([0,T]) we have

UO— f(s)dB(s) = f(T)Bl(T) - /¢; f’(H)B(nﬂ (2.1.8)
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Proof — Let c={0 =ty <ty <...<t, =T} € L. Then we have

n

) w) = 3 Fltem)w(ty) — w(ter)

k=1

i (flte)w(te) = f(te-1)w(teo1)) 'i

k=1 !

n

— D (f(tR) = fltrer))w(ti)

= Z Flb) = flteo))w(te) w‘

= f(T)w(T) - i f'}(ﬂ’k)w(tk)(f-k — 1),
k=1

where a; is a suitable number in the interval [Fectyte) & = 1,...,n. It
follows that

lim I(f,)(w) = f(T)(T) ~ ff Jis, P—ae. weQ B

|orj—0

2.2 Ito integral

In this section we set for simplicity L*(Q2, 7. P) = L*(Q2). We want to
define a stochastic integral

T
i [] F(8)(w)dw(s),

for a class of functions (%)

[0,7] — L} (), t — F(t), | :

3A ;iachast:mgmcg ss.on [0,T) is a function F : [0,7] — L*(Q). A function \
FeC(o,T); L*(Q)) is called a stochastic process continnons in mean square . ”
:

F
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belonging to C([0, T}; L*(£2)). By‘C([D, T; LZ(Q))s we mean the Banach
space of all continuous mappings from G,77 into L*((), endowed with

the norm

NEPRYE
et

1/2
%HF ooz an = éEﬂq ( fg |F(t)(w)}? IE”(dw)) \

We will define the above integral for those mappings F' belonging to
C([0, T]; L*(Q)) such that F(t), t € [0,T), depends in some sense only.,
on the values of w on [0,1]. '

We set Fo = {Q, 8}, and for any ¢ €l0,T] we denote by@the
smallest ¢ —algebra in F containing all cylindrical sets of the form

ff’?(_;:tn;B) = {w € 21 (w(t), - wlta)) & @

|

where n € N, 0 < ty < ... <1, £ tiand B ¢ B(R").

The family of o—algebras {F: sl T] is called the r_ﬁaﬂgﬂm{_ﬂ@gﬁgﬂ
of (2, F,P). '

Proposition ‘221“ Let X be afeylindrical lindrical funckion] F,-measurable.
Then there eztsin € N, 0 < t; < . <ty St and o : R* = R Borel |
measurable, such that

R X(w) = plw(t) wlta))y w € 220

\I/CP Proof— By the hypothesis there exists a minimal positive integer n,
IR positive numbers #; < ... <tx < T, and a Borel function ¢ : R* — R,
such that (2.2.1) holds. _ W

If ¢ is constant the result is obviously true. Assume that ¢ Is not

constant, and let B € B(R) be such that ¢~'(B) # R. Then the set

fw €0 p(wlty), rwltn) € By = {w e 0 (wltr),w(tn) € ¢~ (B)
Since X is JF,~measurable we have
{we: (wt), mult) € ¢"U(B)} € F,

that yields t, <t in view of the minimality of n. M

) Ny
ALl A . el Jmt vl el \:}:‘__._-__ [ gt e

N
bl B | R A A R {7 ol
o
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Remark 2.2.2 L7(Q, Fo,P) and LP(Q, Fo,P) are both isomorphic to

Obviously we have

Lr(Q,F,P) C LP(Q,F,P), ¥t e[0,T).

closed subspace of L?(Q, F,P), still denoted LP(Q2, 7, P).

Let F € C({0,T}; L*(Q)). If F(¢) belongs to L*(Q, F,P) for all
t € [0,T] then F is said to be gdanted. We shall denote by Cad([O, Tt
the set of all functions in C ([O T); L*(Q)) that are adapted.” '
"As easily checked C.4([0,T)) is a closed subspace of C({0,T}; L*Q)),
a.nd it will be endowed with its norm.
*  The concept of adapted function is of basic importance in the defi-
nition of Itd integral below.

u.) e e,
adlnt Flkle LEC

Adn G o Es ml?

5 ity FLE) z

Eﬁ%&ﬁiﬁﬁ ,_?ﬂ;%_-_?wProve the following statements . RN
(i) .B belongs to C({0,T); L2(Q)) and it is adapted. - Frt) (2,1€)
(i1) If f € C({0,T)) then the function F : ¢~ F(t), where el 0T,
t c
Pt)w) = [ f(s)aB(s), - e (LT
l t
is adapted. e ( J'.,ﬁd’f“"’
(iii) If f € C([0,T]) is not identically equal to 0, then the functlon ) L2 <)
: t > F(t), where P
T “"“‘( - ¢ i
2 :
FrasplBea) -Jtdﬂrs)dﬁf:-) £){w) =/ F(s)dB(s), AL fcr/ ot §
° t
is not adapted. - Fci}%j,gfw
(i - ) Dre

The following result is an easy consequence of Proposition 1.2.9. It reexed S
is of key importance in the construction of the Ité integral. '

Proposition 2.2.4 Let X € L*(Q0,F,,P),0<s <t <T. IfYy :R—-R
is Borel measurable and bounded, we have Pre ¥
E d [ ]

[ Xwhblt) - w(s)) Blaw)

= [ X(w) Pldw) [ $(u()

2 &_g( ot 2

— w(s)) P(dw).

f/(g((,—) 6(:))(@)/ /f%"

p el - €05 a oy
- L /mfff—wf.x)/

-
PP -V WY ,r: LAY

~f
I, et i
Ty i i nerTJ _
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. UM /'\fk——! g e I 2.2.2 Definition of 1t integral

reren) Fded €€

a&f: wifie qurable and ¢ < s, then X and B(s) — B(t) are independent.

p
(’w)__ (-U(ta.},_!,‘l,
A, o (W) = Qo (oo zwcﬁh’)"r C?;MJO&Q(?\M cpme,;
t.«_u-ﬁ g__u._‘\,f-AC"-«Q-k-

7/. © ‘é A Al ) -
-2 ‘F’ £xa SR (:»‘».Ac,w_ ,_:
0‘*‘3"? M w2l
2 - D CP’_-GLAMUM 28 CG-";"" ot L e 3 L o .
BZ/NEE: ot A AT P aUA- LSV
fﬂ.rf;,. e i3 T f{wrﬁ; L, oltn) )
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Proof— It is enough to prove the result when X is cylindrical,

X(w) = plw(en)y -ywlan)),

oz 4 withneNO<a <. <ay<sandg:R*—R bounded and Borel
measurable. In this case the conclusion follows from Proposition 1.2.9.

Proposition 2.2.4 can be expressed by saying that if X is 7, mea-

surable and Ss < tS then X and B(t) — B(s) are independent,

2.2.1 Future filtration

For any s > 0 we denote bythe sub-c—algebra of F generated by
all sets of the form

{wea: (@(t1) = w(s), e (ta) — w(s)) € Eq

wheren € N,s < t;... < t, < T and B € B(R"). The family {F°},ep.1 |
is called the future ﬁltmtzon

s AR S T A

The followmg Tesuit can be proved as Proposition 2.2.4. o
:

Proposition : 225 Let X € L*(Q,F,P),0 <t <s<T. Ifd; R —
R is Borel measumble and bounded, we have

f X (W) (w(t) = w(s)) Pdw)
] (2.2.3)
= f X(w) P(dw) / Plw(t) —w(s)) P(dw).

Proposition 2.2.5 can be expressed by saying that if X is F° mea-

Let F' € Chq({0,T1). Fora,nyt:r:{ﬂ:tg<t1<...<tn=T}EEwe

o YE wasech consider the integral sum
f [5 mf.oﬁ—':’ftft“’/’m"“‘) <€ n
- F°(F) = 3" F(t;)(Blts) — Blti-) (224
i=1
i~ . Tt .7 u‘c/vt{::’ : ,
e e fre sl Febiiot-,
M=) oA FCI/IC"M"J""‘ g
oy ' [ 9] - -"'T ’ 2(‘—-5:"_ \) Ltk 2 c* rad {:_C
e~ —> 2o & (feTl, — ’ l & e
fe-f » o y L Addne - €
2 = o, il
wp (] ectien = FCEICI [T 5")) B
e Lf"r'rj Sl RIS ey 2
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Qur goal is to prove that there exists the limit

|#]—0

1 tm () = foTF(s)dB(s), inmLz(Q,}',P)j

As in the definition of Wiener integral we prove first a lemma.

Lemma 2.2.8_Let F € Coy([0,T]) and let o € T. Then we have

/ L(F)(w) P(dw) = 0 (2.2.5)

and -

S P Bldw) = [ 3 1F(t-)(w) it — 1) (). (2:26)

i=t

Proof — Let us prove (2.2.5). We have
| 1a(F)e) B(deo) z / 1) (W) w(t;) = w(tio)) Bdw).
Since F(t;—1) € L¥(Q,F;_,,P), from Proposition 2.2.4 it follows

[ L(FY @) B(d)
- Z{/ (d‘“)/n(W(fj) — w(tj_y)) P(dw) = 0.

Let us prove finally (2.2.6). We have

()@ B /zw ) @) Plut) — w(ti-))? Bldo)

22 [ 3 Pl ) (@) Flen)@)lulty) = witi-y)] [o(t) = (i) P(d).

2 i<k

Since 7 < k the function

Q= R, wr Ft.0){(w)F(ter)(w)wl(t;) — w(t;—1)]s
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is Fi,_,~measurable. Then applying again Proposition 2.2.4 we find

fr'] Pty {w) F(eey)(w)w(ty) — w(tmn)lw(te) — wite-1)] Pldw)
= /ﬂ F(t;1){w) F(tm1) (@)lw(t;) — w(tio1)] P(dw)

x [ f(te) = wlts)) P(d) =
It follows

[ IL(F)@) Pld) 2/ |F (i) (@) = t-1) P(dw). W

i=1
We can prove now the following result.
- Theorem 2.2.7 For any F € Caa{[0,T]) there exists the limat
1 ‘ F(s)dB 2.2.7
lim I (F) = [ F(s)dB(s), (227)

in L*(Q, F,P). Moreover we have
f ( f ! F(s)dB(s)) P(dw) = 0, (2.2.8)
Q 0

and

T 2 T
2
: = d . 2.

fn jo F(s)dB(s)| P(dw) /ﬂ ( fo |F(s)| .s) Pldw).  (2.2.9)
The function of L*(Q, F, ]P’),if(;r F(s)dB(s),is called the It integral of
the function F in [0, T). '

Proof of Theorem 2.2.7— Forany ¢ = {0 =%, < t; <
T} € T we consider the function

T, = z:F -1)(B(t}) = B(tj-1)-

sl Ve J;-(?-:'); 20 FlhgyliTe -

JEIN J';_(F) ),
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In view of (2.2.9) we have, for any o,7 € &

fyetr) = ey = [ ([ Rt) - Bo)at) Pl
Now the conclusion follows since

[]ilmOFa. = Fin Oad([O:T])_:__ .

as easily checked. B

We can define in an obvious way the It5 integral [7 F(s)dB(s) in
any interval {a, b] C [0, T]. We have

/n (/b F(s)dB (S)) P(dw) =0, (2.2.10)

and

2.

'[n IF’(dw):/Q (/ﬂbw(s)[? ri.s') P(dw). (2.2.11)

Corollary 2.2.8 For any F,G € Co4([0,T) and for any interval {a,b] C

m we have

/a ’ F(s)dB(s)

L[ Feame [ J4B(s)) Pla)
| = f ( / (s)ds) P(dw).

(2.2.12)




b 2
= 2 [\ (F(s) + Gls))dB(s)| B(a)
--;- fn / " P(s)dB(s)] Pldw) - dB(s)| P(dw)
= %j;/: \F(s) + G(s))? ds P(dw)
1 b 1 b 2
3 n/,, |F(s)|ds P(d )“Efg/a G (s)|2ds P(dw)
= / ( ] F(s)G(s) ) P(dw). W
glxample 2.2.9 Let us prove that
/OTB( VdB(t) = %(BZ(T) ~T). T (2.213)
fo={0=t <t <..<ty = T} € T we have recalling Proposition
1.2.11
I(B){w) = zﬂ: (tro1)(w(te) — w(te-1))
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Proof — We have

fﬂ ( f: F(s)dB(s) / b G(s)dB(s)) P{dw)

n

= %i(wz(tk) - w2(tk_.1)) - %Z |w(tk) - w(tk—l)lz
k=1

k=1

for |[¢} — 0, in L*(Q).
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m Arguing as in the previous example we find that

n

2 lm Y w(te) (Wit) — w(tee)) = %- (WHT) +T), in L3(Q).

)

n _... 1
fim 30 2T bon) () it ) = 5 AT, in LR).
le|—o =1 2 2
This shows that the definition of It6 integral depends on the choice of
integral sums.

We want finally to study Jj F(s)dB(s) as a function of ¢. /;Uf:_ﬂfd\ﬁmim&
ol a8 | 2necrtimas—a

Theorem 2.2,10, Let F € Coa([0, T]) and let

Git) = | " F(s)dB(s), t € [0,T].

Thenp € Caa([0, T])\ and it holds ' / ‘...'_

Gl caatorn < VT 1Flc.ugory- | (2.2.14)

Proof — It is easy to see that G(t) is F;— measurable for all t € [0,T]. &€/ er
Moreover if 0 < s <t < T by (2.2.11) we have o R s
) . (,gmz:c )(B
/ IG(t) = G(s)[P(dw) = /ﬂ f Fu)dw(u)| P(dw)

=/ﬂ(/: |P(w) Fdu ) P(d) =/,t (/Q|F(u)|ZIP(dw)) du.

This implies that G € C([0,T]; L*(Q)) as claimed. We prove now
(2.2.14). Let t € [0,T]; again by (2.2.11) we have /:.,u.&(fu&/ //C"f‘{’} - G(f

Al ‘1! .

[i6wer@) = | t [ 1F(u)PB(de)du < T FI

Cnd([0|T1) ’

that yields (2.2.14) . B

Remark 2.2.11 Under the assumptions of Theorem 2.2.10 one can
show that function ¢ —+ G(¢)(w), is continuous for almost all w € 2, see
Chapter 7.




