Solution of the execises of the exam of the course
Probability and Stochastic Processes
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Exercise 1 Let (Q, F, {‘7:75}1520 ,IP’) be the filtered Wiener space. We consider the stochastic process
described by the Ito Stochastic Differential Equation

t o, t
X (¢, Xo) = Xo —|—/ e~ T X (s)ds +/ sinsdB (s) , (1)
0 0

dX () = e~ T X () dt + sintdB ()
where {B (1)}, s the Brownian motion.
1. Solve the equation (1) assuming the initial datum Xo =0
2. Compute the distribution function of the r.v. X (t,Xo) for any givent > 0.

3. Compute the characteristic function of the r.v. X (1,0), where (X (¢, Xo) ,t > 0) is the solu-
tion of the previous problem.

Solution:

1. The equation (1) is an It6 SDE with additive noise. Setting

Y (£) = f(£,X (1) = X (¢) exp{/ot dsef} 2)

and computing the It differential of Y (¢) we get

df (1. X (1) = {(@f) (1,5 () + (0uF) (X () €7 X (1) + 3 sin® ¢ (02,) (¢, X <t>>} di

(3)
+sint (0. f) (¢, X (t))dB (¢) .
But, since f (t,z) = x exp {f fot dse’é} and
ouf (t,2) = "5 f (t.2) | (4)
0.1 (ta) = LD )
O3 f (t,z) =0, (6)



we have .

dY (t) = exp { i dse™ % } sintdB (t) (7)

that is, taking into account that Y (0, X (0)) =

t t .
Y (¢, Xo) = Xo + / exp {—/ dse™ = } sinsdB (s) , (8)
0 0

which implies

X, Xo)—exp{/ dse~ 5}Y<t Xo) )

:exp{ }[XH exp{—/OSdTe 3}smsdB( )} .

. Taking Xy = 0, we obtain

X(t,O)/Otexp{/stheg}smsdB( ) (10)

wich is a Gaussian r.v. with expectation

E[X (t,0)] =E [/Otexp{/:dm—’z}smsdB( )] 0 (11)

E [X?(s,0)] —/Otdsepr{/:dTeT;}sinQS. (12)

X (1,0) = /01 exp{/s1 dTeTZ‘}smsdB( ) (13)

has Gaussian distribution with expectation

m‘m

and variance

. The r.v.

p=0 (14)

1 1 )
o? = / dsexp2 {/ dre” = } sin?s . (15)
0 s

Hence the characteristic function of X (1,0) is

and variance



Exercise 2 Let (Q,F,P) be a probability space and {Xi},~, a sequence of r.v.’s such that if
{Fn}tnso is the natural filtration generated by {Xi};~q,Vk > 0,B € B(R),

G

e 202

P[Xk—i-l S B|]:k] = P[Xk+1 S B|Xk] = / de———
B 2o

1. (a) Prove that the function R 3 z — f (z) := e52® € Ris such that Vk > 0, E [f (Xpy1) | Fr] =
Af (Xk) and compute .

(b) If Xq 4 N (0,1), determine a numerical sequence {c,},, such that the sequence of
r.v.’s {Yn}ngo so defined Vn > 0,Y, := c,f (X,) is a martingale w.r.t. the filtration

{fn}nZO '
(c) Study the convergence of {Y,,},+, -

Solution:
1. Since
(2= Xp)?
202 o o2 o x
E[f (Xk41) |F] = / dx eoZ’ = e2Teo2 "k
R 2ro

a2
we get A = e202.

2. Let us set Vn > 0,c¢, := A~ ". Then

E [Yn+1|-7:n] = /\_(n+1)E [f (Xn—i-l) |Xn] =A"" n="Yn.

u2
Hence E[V,,] = E[Yo] = E[Xo] = e27. Therefore, {Y,},, is a martingale.
3. Since {Yn}n21 is a non-negative martingale it converges P — a.s..



