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Exercise 1 Let fXigi�0 a sequence of i.i.d.r.v.�s on a �ltered probability space
�

;F ; fFngn�0 ;P

�
such that (
;F) = (Z+;P (Z+)) ;F0 is the trivial �algebra and 8n � 1;Fn := � (f1g ; ::; fng ; fk 2 
 : k � n+ 1g) ;
P fng = 1

n �
1

n+1 and 8i � 0; Xi := (i+ 1)1fk2
:k�n+1g: Prove that fXngn�0 is a martingale w.r.t.
fFngn�0 and study its convergence.

Solution: By the de�nition of P;8n � 0;P fk 2 
 : k � n+ 1g = 1
n+1 : Hence,

E [Xn+1jFn] = (n+ 2)P (fk 2 
 : k � n+ 2g j fk 2 
 : k � n+ 1g)1fk2
:k�n+1g

= (n+ 2)
1

n+2
1

n+1

1fk2
:k�n+1g = Xn :

Moreover, 8n � 0; Xn > 0 so that E [jXnj] = E [Xn] = E [X0] = 1: Therefore fXigi�0 is a L1-
martingale hence convergent P� q:c: to a L1 r.v. �: Moreover, 8n � 0;

'Xn
(t) = E

�
eitXn

�
= P fk 2 
 : k � ng+ e

it(n+1)

n+ 1
:

Therefore, 'Xn
(0) = 1 and its pointwise limit as n!1 is 1; that is � = 0 P� q:c::

Exercise 2 Let
�

;F ; fFtgt�0 ;P

�
be the �ltered Wiener space. Solve the stochastic process de-

scribed by the Itô Stochastic Di¤erential Equation

X (t;X0) = X0 +

Z t

0

ds (cos s) (X (s) + 1) +

Z t

0

sin sdB (s) ; (1)

dX (t) = (cos t) (X (t) + 1) dt+ (sin t) dB (t) :

where (B (t) ; t � 0) is the Brownian motion.

1. Compute the covariance of the stochastic process (X (t; 0) ; t � 0) :

1



Solution: The equation (1) sia a linear Itô�s SDE with additive noise. Hence, considering the
process

Y (t) = f (t;X (t)) = e�
R t
0
ds cos sX (t) = e� sin tX (t) ;

by the Itô�s lemma we get

dY (t) = (cos t) e� sin tdt+ (sin t) e� sin tdB (s)

whose solution is

Y (t) = X0 +

Z t

0

dse� sin s cos s+

Z t

0

e� sin s sin sdB (s) :

Therefore,

X (t) = X0e
sin t +

Z t

0

dsesin t�sin s cos s+

Z t

0

esin t�sin s sin sdB (s) :

1.

E [(X (t; 0)� E [X (t; 0)]) (X (s; 0)� E [X (s; 0)])] =

= e(sin t)+(sin s)
Z t^s

0

d�e�2 sin � (sin �)
2

Exercise 3 Compute the probability density function of the random variable expX (t; 0) ; where
(X (t; 0) ; t � 0) is the solution of the Itô SDE (1).

Solution: For any t > 0; X (t; 0) d
= N

�
� (t) ; �2 (t)

�
; where � (t) =

R t
0
dsesin t�sin s cos s and �2 (t) =R t

0
dse2(sin t�sin s) (sin s)

2
: Thus, denoting by Z := expX (t; 0) ;8z > 0;

P fZ � zg = P fX (t; 0) � log zg =
Z log z

�1
dx
e
� (x��(t))2

2�2(t)p
2��2 (t)

;

which implies

fZ (z) =
d

dz
P fZ � zg = e

� (log z��(t))2

2�2(t)p
2��2 (t)

1

z
1(0;+1) (z) :


