Solution of the execises of the exam of the course
Probability and Stochastic Processes
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Exercise 1 Let (Q, F, {.7-}}20 ,]P’) be the filtered Wiener space. We consider the stochastic process
described by the Ito Stochastic Differential Equation

X(t,XO):XO—i—/tdsX(s)—i—/tsX(s)dB(s) , (1)
dX (t) = X (t) dto+ tX (t)dB (2) .
where {B (1)}, is the Brownian motion.
1. Solve the equation (1) assuming the initial datum Xy = 1.
2. Compute the probability distribution of the r.v. X (¢, Xo),t > 0.
3. Compute the density of the random vector (log X (2, Xo),log X (1, Xo)) .
Solution:

1. The equation (1) is an It6 EDS with moltiplicative noise.
Setting

Y () = f (£, X (1)) = log =)

Xo
and computing the 1t6’s differential of Y (¢), since f (¢,x) = logx and
atf (t,.’L‘) = 0 9
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we get

0=y
/Otds(l—s)—F/(JtsdB(s) .

>dt+tdB()



That is, taking into account that ¥ (0, X (0)) = 0,
X (t, Xo) = Xoe! =5 +J sdB(s)

2. Since Xy = 1, from the previous equation we have that P{X (¢) < =}, where X (¢) := X (¢,1)
is equal to P {f; sdB (s) <logz + % - t} , but fot sdB (s) is a Gaussian centered r.v. with

. 3
variance 5.

3. From (?7?) it follows that

E[Y (t,X0)] = t-— %
Cov [Y (t, X()) 7Y (8, X())] = E [(Y (t, XO) —E [Y (t, Xo)]) (Y (8, X()) —E [Y (S, Xo)D]
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Y : =(logX(2,Xy),log X (1, Xp))

_ (2—§+/02tdB(t),1—é+/oltdB(t))

has Gaussian distribution with expectation vector

The random vector

p= <§ 2) = (11, H2)

and covariance matrix
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Therefore,

fY (Ji,y)

Exercise 2 Let {fi},~, be a sequence of bounded measurable functions f; : Ri— R and {X;};~, a
sequence of r.v.’s on a sample space (2, F,P). -

1. What is the minimal assumption on the sequence {X;},~, for the sequence {Y;},;5, such that

Yo=0and Vi > 1,Y; 1 = Z;J:l X;fi-1 (X1,..,X;_1) to be a martingale w.r.t. the natural
filtration {F;},~, generated by {X;},~,7?



2. Prove that if {Y;},~, is a martingale w.r.t. {Fi},~,, then the sequence {Z;},~, such that,
Vi >0,7Z; :==e¥ is a submartingale and compute its Doob-Meyer decomposition.

Solution: For any i > 1, E[|Y;|] < sup;<;<;1SUP(s,,. 2, ers [fi-1 (T15 .. 25)] Z;Lll E[|X;|]. More-
over, since ;1 = Y; + X; (1 W, where Vi > 1, W, := f;_1 (X1,.., Xi—1),

EYi|F] =EY; + X; 1 Wil F] =Y + WiE[Xi41|F] -
Hence, if, for any i > 1,E[|X;|] < oo and E[X;41|F;] = 0, then {Y;},5, is a martingale w.r.t.

{Fitiso-
Moreover, since = +— €* is a convex function, by the Jensen inequality

E[Zit1|Fi] = E [e¥i+1|F;] > expE [Yiy1|F] =" = Z;

that is {Z;},~, is a submartingale. The Doob-Meyer decomposition of {Z;}, is then given by
the martingale {mi}izo where Vi > 0,m; := Z; — A; and by the compensator {Ai}iZO where

Vi > 0,4 = Zo+ Y5y (BZj|Fjma] — Zj1). m



