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Exercise 1 Let (Q,f, {ft}tzo ,]P’) be the filtered Wiener space. Solve the stochastic process de-
scribed by the Ito Stochastic Differential Equation

t t
X (t,X0) = Xo —I—/ dse °X (s) +/ sdB (s) , (1)
0 0
dX (t) =e "X (t)dt + tdB (t) .
where (B (t),t > 0) is the Brownian motion.

1. Compute the covariance function of the stochastic process (X (t,1) , t > 0).

Solution: The equation (1) sia a Itd’s SDE with additive noise.
Setting

—t

Y (6)=f(tX (1) =X (e Jo = X (t)e 2)

and computing the It6’s differential of Y (), since

atf (t,ZE) = _eitf (t,l‘) ’ (3)
Ouf (ta) = e 7, (4)
aif (twr) =0, (5)

taking into account that Y (0, X (0)) =Y (0, Xy) = Xo, we get

t

t
Ay () =t 1B () , Y (1) :X0+/ s LdB (s) . (6)
0
That is,
t
X (t, Xo) = e ¢ "X, +/ se® "¢ 'dB(s) . (7)
0
Setting X = 1, from (1) we get

t

E[X (t,1)] =", (8)



Hence, the covariance function of (X (¢,1) , ¢ > 0) is
) —EX (,1)) (X (s,1) —E[X (s, )])] = (9)

E[(X (t,1
t s
=E {/ e 4B (7')/ Te¢ ~¢ dB (T)]
0 0
—t, _—s t —r s —r
:E[e(e te )/ et dB(T)/ et dB(T)]
0 0
. . tAs .,
=e° T° / drr2e*
0

Exercise 2 Compute the characteristic function of the random vector (X (1,1),X (2,1)), where
(X (t,1) , t > 0) is the stochastic process solution of the homogeneuwous Ité SDE associated to the
equation (1).with initial datum Xo = 1.

Solution: The distribution of the random vector

Y o —(X(1,1),X(21)) (10)
- (el—el +/01 se® "¢ 'dB (s),eez‘lJr/O2 se“ " dB (S))

is Gaussian with parameters
W= (M17M2) — (61—6*1761—6*2) (11)

o

1 2 2
1 - S — _2 _r
a = e%¢ / drr?e®® " ;b= (e7'+e™?) / drr?e®® " ; ¢:=e*° / drrlee (13)
0 0 0

and, covariance matrix

S Q
o o
N—
—~
—_
[\
~—

where

Thus, v>\ = ()\17 )\2) c R27
oy (A) : =E {em,w] — iAm—1(CAN) )

(aA] + 2bA\ A2 + cAg)] :

. 1
= exp {% (A + Aopig) — B



