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Exercise 1 Let {X;},., a sequence of i.i.d.r.v.’s on a probability space (0, F,P) such that R >
e—lwl

r— fx, (x) = “5— € Ry. Let {Fyp},,~, be the natural filtration i.e. the sequence of oalgebras

s.t. Fo is the trivial calgebra and, for any n > 1, let F,, be the calgebra generated by the random
vector (X1,..,X,). Consider the sequence {My (0)},5¢ s.t. Mo (0) :== 1 and Vn > 1,M, (0) =

exp 0> 1_, Xi —nA(0)], where R > 6 — A(0) € R. such that is a martingale

1. For which values of 0,{M, (0)},~, C L" (2, F,P)?
2. Compute the function 0 — A (0) such that {My (0)},>, is a martingale w.r.t. {Fn}, -
3. For which values of 0,{M, (0)},, s a L*-martingale?

Solution:

1. For any n > 0, M, (§) > 0. Moreover, given n > 1, since the X}’s are i.i.d.,

E([M, (0)] = e "AOF [60 Z?:lxk} _ AR lH eexk]
k=1

67nA(0) n
e~ A Er [eaxl} = 5 </ dxeezm) .
R

Since the last integral is finite for || < 1, we get that M, (6) € L' (Q,F,P) for these values
of 6.

2. We have to find (-1,1) 3 0 — A(f) € R such that E[M,41(0)|F.] = M, (9). Since
M1 (0) = M, () exp (6X,,+1 — A(0)), recalling that the X’s are i.i.d.,

E[M,+1(0)|F.] =M, (6)E [eGXl] o—A®) ,



that is

1
A(0) = logE[e"] zlogi/dzeam*‘z‘
R

0 00
/ dxex(l-i-@) + / dwe—w(l—@)]
—o00 0

1+1}_10 _
146 16 ®2(1-¢)

3. Working as in pont 1. since Mg (§) = My (0) = 1,Vn > 1 we get

2 eanA(O) 20x—|z| "
E[M;(0)] = —g </ dzxe > .
R

Hence M, (0) € L? (Q, F,P) for any n > 0, for [0] < 1.
]
Exercise 2 Let (Q,f, {ft}tzo ,IP’) be the filtered Wiener space. Solve the stochastic process de-
scribed by the Ito Stochastic Differential Equation
X (t, Xo) _X0+/()tdSS(X(S) +1)+/0ts(X(s) +1)dB(s) , (1)
dX () =t(X @)+ 1)dt+t(X(t)+1)dB(t) .
where (B (t),t > 0) is the Brownian motion.
1. Compute the variance of the stochastic process (X (t,1) , t > 0).

Solution: The equation (1) sia a linear 1t6’s SDE with multiplicative noise. Hence, Considering
the associated homogeneous equation with initial datum equal to 1,

Y(t)—1—|—/OtdssY(s)+/tsY(s)dB(s) ,

0

Y1) = exp[/otds(s—s;)+/otsd3(s)] @)
_ exp[t;t;Jr/otsdB(s)} ,

and computing the It6 differential of the process U (t) = f (¢,Y (t)) := % we get

whose solution is

dU (t) = [t + ] U (t)dt —tU (t)dB (t) .
Computing the Ito differential of the process X (¢, Xo) U (t) we obtain

d(X (6, Xo)U(t)=[t—t] U (t)dt +tU (t)dB () .



Therefore, since X (0, Xg) U (0) = X,

t

X(t,XO)U(t):XO—i-/O ds [s_SQ]U(s)_‘_/O/SU(s)dB(S) ;

that is

X(tXo) = Y(t) {X0+/0tds‘§/(j; +/Otyis)d8(s)} (3)
— exp [’;2 (1_;) +/Otsd3(3)} x
X {Xo + /Ot ds (s — 52) e~z (1-5)—J5 7dB(r)
+/t seié(k%)*fo%dB(T)dB (s)} .
0

A simpler way to solve (1) would have been to consider that, adding 1 to both members of the
equation we would have had

(X(t,Xo)+1):(X0+1)+/O dss(X(s)+1)+/Ots(X(s)+1)dB(s) .

Therefore, setting Z (t, Zy) := X (¢, Xo) + 1, with Zy := Xy + 1, solving (1) is equivalent to solve

t t
7 Y0) = Zo + / dssZ (s) + / 57 (s)dB (s) @)
0 0
which is a homogeneous It6 SDE, which solution is given by Zy times (2), namely Z (t,Z) =
ZyY (t). Hence

X (¢, Xo) (Xo+1)Y(t)—1 (5)

s o[ (1 1)+ [aaio] 1

Why (3) and (5) are two equivalent representations of the solution of (1)?

1. Taking the expectation value of both members of (1) and setting iy (¢) :=E[X (¢,1)], we get
ux () =1+ fot dss (uy (s) + 1) which solves the Cauchy problem

{ diix () =t (ux (8) + 1)
p(0) =1

that is pux () = 2¢7 — 1.
Computing the Ito differential of Y (¢) := f (¢, X (t,1)) = X2 (¢) we get

dy (1) =1 +/0 ds [st (5) (X (s)+ 1) + (X (s) + 1)2] (6)

+ /0 25X (s) (X (s) + 1) dB (s) .



Taking the expectation value of both sides of the previous equation and differentiating w.r.t.
t, setting gx (t) :=B[Y (t)] = E [X?(t,1)], we obtain tath gx solves the Chauchy problem

{ Lax (t) = (254 %) qx (1) + 2 (s + %) px (t) + 82

ax (0)=1
that is
gx (t) = 1 —I—/O ds s + 52 (Qeg _ 1) + 52} oL dr(2r+77)
=1 "‘/t ds |2 (s + s (26§ - 1) + 32} e(t2+§)_<52+§)
0
Hence,

Var [X (t,1)] = ax (t) — pk (1) -
]

Exercise 3 Compute the probability density function of the random variable \/|logY (1,1)|, where
(Y (t,1) , t >0) is the stochastic process solution of the homogeneuous Ité SDE associated to the
equation (1).

Solution: The homogeneous equation associated to (1) with initial datum equal to 1 is

Y(t)zl—i—/o dssY(s)—&—/O sY (s)dB(s) ,

v = oo [las(o- D) s [ o)

whose solution is

Therefore, Z := logY (1,1) = % — fol sdB (s) is a Gaussian r.v.; more precisely Z N (%, %)
Therefore, setting W := /| Z|,

Fy (w) :P{Wg@:[@{ﬂgw}:PﬂZ\ng}

w? 79(27%)2
= P{—w2<Z<w2}= dzgei4
== 2 N
Hence,
o(w2-1 2 9 wz«l»l 2
fur () i= — <w>—3€_( - w+ 5 . w
W dw - JT N



