Solution of the execises of the exam of the course
Probability and Stochastic Processes
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Exercise 1 Let (Q,]—", {.7-}}720 ,P) be the filtered Wiener space. Consider the stochastic process
described by the Ito Stochastic Differential Equation
t t
X (t, Xo) = Xo —|—/ dse™*X (s) +/ sdB (s) , (1)
0 0
dX (t) =e "X (t)dt + tdB (t) .
where (B (t),t > 0) is the Brownian motion.

1. Solve the equation (1) assuming the initial datum Xy = 0.
2. Compute the probability distribution of the stochastic process (X (t, Xo) , t > 0).
3. Compute the density of the random vector (X (2, Xo) , X (1, Xo))-

Solution: The equation (1) is an Ito6 EDS with additive noise.

Setting

Y ()= (X (1) =X (Be o =X (@) e (2)

and computing the It6’s differential of Y (), since
O f (t,.’E) = 7eitf (t,l’) ) (3)
Or f (tvx) - ee_til ’ (4)
03f (t,z) =0, (5)

we get
Ay (t) =te® “YdB(t) , (6)
t -

Y (t) = ¢ ~'dB . 7
0= [ st @



That is, taking into account that ¥ (0, X (0)) =0,

X (£, Xg) = =" /0 se “1dB (s) (8)

¢
:/ se® ¢ 'dB (s) .
0

1. We have
BIX (t, Xo)] = 0 . (9)

Moreover .
ax () =B [X2(t)] = / dss?e(e ") | (10)
0
Hence, X (t) has Gaussian distribution of mean 0 and variance gx (¢) .

2. From (8) it follows that
_t s tAs .
Cov[X (£ Xo), X (5, Xo)] = e~ ()R {/ drr2ee ] (11)
0

The random vector

Y : = (X (27X0) 7X (LXO)) (12)

- (/02 se® "¢ dB(s), /01 se¢ "~ dB (S))

has Gaussian distribution with expectation vector (0,0) and covariance matrix

a b
C:= ( b o > . (13)
Therefore,

frlay) = ——— exp{@_ “”’Z)’“”’y”} 1
(27)? det C

= ! exp {—
(27)2 (ac — b2) 2 (ac — b?)

(b332 — 2bzy + cyg)} .

Exercise 2 Let (Q,]—", {.7-}}7520 ,P) be the filtered Wiener space. Consider the stochastic process
described by the Ito Stochastic Differential Equation

X (£, Xo) :X0+t+2/0t\/X(s)dB(s) ,

{ dX (t) = dt + 2/X (t)dB (t)
X (0) = X,



where (B (t) ,t > 0) is the Brownian motion and X is a r.v. independent of the filtration generated
by the Brownin motion.
What is the probability distribution of the solution at a given time t?

Solution: Set X (¢, Xo) = f (t, B (t)) where f € C1? (R?). By the It6’s Lemma we get

qwo)-[(51) 800+ (2sr) @Bw] @+ (51) wBOIBE .

Hence,
Xo+t+2/0 VX (s)dB (s) =X0+/0 ds+2/0 Vf(B(s),Xo0)dB (s)

=100+ [as[(2)+ 3 ()| e+ [ (2f) sBenise

which implies
(%f) ty) =2/ &)
(%f) (t,y) + % (%;f) (ty) =1
f(0,0) = Xo

Differentiating the first equation with respect to y we get

which, inserted in the second equation gives (2 f) (t,y) = 0. Hence, f(t,y) = y? + Xo, that is
X (t,X0)=B>()+Xo. m



