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A.A. 2011/2012.
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Matematica.

triennale

triennale

triennale

triennale i

triennale

Relatore per n.2 tesi di Laurea di triennale in Matematica.

Controrelatore per n.2 tesi di Laurea di magistrale in Matematica.

A.A. 2014/2015.
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Docente per il Piano Lauree Scientifiche 2014 - Universita della Cal-
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Attivita Scientifica.

Pubblicazioni.

I seguenti articoli sono stati accettati per la pubblicazione tra il 24
Febbraio 2012 e il 24 Febbraio 2015:

[A] V. Colao, G. Marino, D.R. Sahu, A general inexact iterative method
for monotone operators, equilibrium problems and fixed point

problems of semigroups in Hilbert spaces, Fixed Point Theory
and Applications 2012 (1), 1-19 (2012).

[B] D.R. Sahu, V. Colao, G. Marino, Strong convergence theorems for
approximating common fixed points of families of nonexpansive

mappings and applications, Journal of Global Optimization
56 (4), 1631-1651 (2013).

[C] D. R. Sahu, V. Colao and G. Marino, On the convergence of ap-
proximants of pseudo-contractive semigroups in Banach spaces,
Journal of Nonlinear and Convex Analysis, 15 (3), 547-556
(2014).

[D] V. Colao, L. Muglia, H.-K. Xu, Fzistence of solutions for a second-
order differential equation with non-instantaneous impulses and

delay, Annali di Matematica Pura e Applicata,
http://dx.doi.org/10.1007/s10231-015-0484-0 (2014).

[E] V. Colao, L. Muglia, A hierarchical approach to fixed point prob-
lems for uniformly asymptotically reqular sequences, Journal of

Nonlinear and Convex Analysis, To appear (2015).
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Alla data del 24 Febbraio 2015, il seguente articolo, sottomesso alla riv-
ista Fixed Point Theory and Applications, era in fase di revisione

perche I’Editore aveva comunicato la necessita di correzioni minori:

[F] V. Colao, G. Marino, Krasnoselskii-Mann method for non-self map-
pINgs.

Descrizione dell’attivita di ricerca.

La mia attivita di ricerca si svolge nell’ambito della Teoria dei punti
fissi. In particolare, i problemi da me affrontati nel corso del triennio
riguardano principalmente la convergenza di metodi iterativi per I'ap-
prossimazione di punti fissi in spazi di Banach e I'esistenza di soluzioni

per equazioni differenziali impulsive con ritardo.

Metodi iterativi. Nel lavori [A], [B] e [C], si affronta lo studio di
alcuni algoritmi iterativi convergenti a punti fissi comuni di famiglie di
operatori soddisfacenti talune proprieta.

In particolare, diremo che una famiglia di operatori {T'(t) : ¢t > 0},
definiti su uno spazio di Banach X, soddisfa la proprieta (A) rispetto
ad una famiglia {S(t) : ¢ > 0} se per ogni rete {xs} per cui si abbia
zs — S(s)xs — 0 quando s — oo, ne segue che limg o zs — T (t)xs =0
per ogni ¢ > 0. In [A], sono espresse alcune costruzioni abbastanza
generali di famiglie di operatori soddisfacenti tale proprieta. Sempre
in [A] e dati uno spazio di Hilbert H e una famiglia 7 = {T'(¢) : t > 0}
di operatori non espansivi, da H in se e soddisfacente la proprieta illus-
trata, si prova la convergenza forte di uno schema implicito all’unico

punto fisso z*, comune agli elementi della famiglia 7, che soddisfi la



diseguaglianza variazionale
(vf =A™ p—a") <0 Vpe Fiz(T), (1)

dove v € una opportuna costante, f : H — H una contrazione, A un
operatore lineare fortemente positivo e dove Fiz(T) denota l'insieme
dei punti fissi comuni agli elementi della famiglia 7. Successivamente,
si prova la convergenza forte della successione generata da uno schema
esplicito inesatto alla stessa soluzione di (1).

Si puntualizza che la tecnica utilizzata permette di rilassare le
ipotesi sulla successione {e,} degli errori, consentendo che essa sod-

disfi solo la condizione

lim [le,|| =0
n—oo
a fronte dell’ipotesi
o
> lleall < +oo,
n=0

utilizzata in risultati precedenti (si veda, ad esempio [1] e [2]).

Procedendo sulla stessa linea del precedente lavoro e per la medes-
ima categoria di operatori, in [B], si prova la convergenza forte di una
successione generata da un metodo implicito e da un nuovo algoritmo
esplicito inesatto, nel contesto degli spazi di Banach riflessivi e aventi
norma uniformemente Gateaux differenziabile.

In entrambi gli articoli appena citati, sono esposte alcune appli-
cazioni dei risultati ottenuti a problemi inerenti I’approssimazione sia
di zeri di operatori monotoni e accretivi per mezzo di algoritmi prossi-
mali, introdotti da Martinet [3] e Rockafellar [1], che di soluzioni a
problemi di equilibrio (Combettes et al. [4]). I risultati ottenuti in [A]

e in [B] generalizzano alcune conclusioni contenute in lavori precedenti
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(15,16],[7] e [8]).

In [C] si affrontano alcuni algoritmi inesatti per semigruppi di fun-
zioni Lipschitziane e pseudo contrattive e se ne prova la convergenza
forte ad un punto fisso comune agli elementi del semigruppo consid-
erato. Come conseguenza e nel contesto di alcuni spazi di Banach, si
risponde affermativamente ad un problema posto da H.-K. Xu in [9].

Nel lavoro [E], si introduce uno schema iterativo gerarchico per una
successione di funzioni soddisfacenti talune proprieta introdotte in [10]
e in [11]. Quindi, si prova che la convergenza della successione generata
dall’algoritmo e governata dal limite

lim Oénﬁn’

n—oo ,LLTL

dove {a, }, {5} e {un} sono successioni di coefficienti che intervengono
nell’espressione dell’algoritmo stesso.

Sia H uno spazio di Hilbert e sia K un suo sottoinsieme chiuso e
strettamente convesso. In [F], si propone un algoritmo di tipo Krasnoselskii-

Mann per mappe non espansive T' : C' — H soddisfacenti la condizione
Tx € Ig(x) VreK,

dove Ix(z) ={x+clu—2z):c>1euec K}.

In particolare, definita la funzione h : K — [0,1] come h(z) :=



inf{\ € [0,1] : Ax + (1 — A\)Tz € K}, si considerano le iterazioni

.
xy € K,

o = max{3, h(zo)},

Tpi1 = Xy + (1 — ay)Txy,

| g1 = max{,, h(x,+1)}

e si prova che tale algoritmo e ben definito. Successivamente, si mostra
che la successione {z,} cosl generata converge debolmente a un punto
fisso x* dell’operatore T e che tale convergenza e forte se x* € 0K.

L’algoritmo appena descritto non trova riscontro in letteratura poiche
i coefficienti {a,} non sono determinati a priori ma sono costruiti ad

ogni passo, di modo che 'algoritmo stesso sia ben posto.

Equazioni differenziali impulsive con ritardo. In [D], si prende
in esame un’equazione differenziale con ritardo, con impulsi non istan-

tanei e della forma

(

(1) = Ax(t) + f(t,2(1), 2(0 (1), qo. t € ULy(sistis]

< aj(t> = %(tvx<t))v te Uil(tia Si]a

L I‘(t) - ¢(t)7 t e [_T7 0]7 x’(O) - ¢/(0) =1,

dove = mappa [—r,+o0) in (R™,|-]) (dove | - | non & necessariamente
la norma euclidea), 7 := {0 < t; < ... < tx} C [0,400)}, so = 0,
tn1 i= 400, s; € (ti,tiv1) per ogni ¢ = 1,..., N e A & una matrice

reale n X n.



A differenza del caso impulsivo classico, esempi di equazioni differen-
ziali con impulsi non istantanei sono stati introdotti solo recentemente
(si veda [12]) e studiati solo in intervalli chiusi e limitati.

Al fine di provare 'esistenza di soluzioni limitate su [—r, +00), si
dimostra un criterio di compattezza nello spazio delle funzioni continue
a tratti e limitate. Tale criterio permette di applicare un teorema di
punto fisso di tipo Krasnoselskii e introdotto in [13]. Un opportuno
corollario prova che l'esistenza di soluzioni non necessariamente limi-

tate e garantita da condizioni piu deboli.
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versity, Kaohsiung, Taiwan ( 18 giorni ).

Convegni.

17 - 19 Settembre 2013 - Incontro Gruppo Italiano di Analisi Fun-
zionale (G.I.LAF.) - Universita di Genova (GE).

20 - 22 Dicembre 2013 - International Conference on Nonlinear Analy-
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Abstract

Let H be a real Hilbert space. Consider on H a nonexpansive family

T ={T(t) : 0 <t < oo} with a common fixed point, a contraction f with the
coefficient 0 <o < 1, and a strongly positive linear bounded self-adjoint operator A
with the coefficient ¥ > 0. Assume that 0 < y < y/a and that

S={S():0=<t < oo}is afamily of nonexpansive self-mappings on H such that
F(T) € F(S) and T has property (A) with respect to the family S. It is proved that
the following schemes (one implicit and one inexact explicit):

x = byf(x) + I = bA) S(t)x

and
X0 € H,  Xpe1 = oy f () + Buxn + (1 — B) [ — ayA) S (ty) Xy +€,, n >0

converge strongly to a common fixed point x* € F(T), where F(T) denotes the set
of common fixed point of the nonexpansive semigroup. The point x solves the
variational in-equality {(yff —Ax*, x—x*) < 0 for all x € F(T"). Various applications to
zeros of monotone operators, solutions of equilibrium problems, common fixed
point problems of nonexpansive semigroup are also presented. The results presented
in this article mainly improve the corresponding ones announced by many others.
2010 Mathematics Subject Classification: 47H09; 47J25.

Keywords: nonexpansive semigroup, common fixed point, contraction, variational

inequality

1. Introduction

Let H be a real Hilbert space and T be a nonlinear mapping with the domain D(T). A
point x € D(T) is a fixed point of T provided Tx = x. Denote by F (T) the set of fixed
points of T; that is, F(T) = {x € D(T): Tx = x}. Recall that T is said to be nonexpansive
if

ITx — Tl < llx — yll, Vx, y € D(D).

Recall that a family 7 = {T(s) : s > 0} of mappings from H into itself is called a one-

parameter nonexpansive semigroup if it satisfies the following conditions:

(i) T(0)x = x, Vx € H,;
(ii) T(s + t)x = T(s)T(t)x, Vs, t = 0 and Vx € H;

© 2012 Colao et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.
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(iii) || T(s)x = T(s)y|| < ||x - ||, Vs 2 0 and Vx, y € H;

(iv) for all x € C, s » T(s)x is continuous.

We denote by F(7) the set of common fixed points of 7, that is,
F(T) = No<s<co F (T (s)) . For each ¢ > 0 and x € C, o4(x) is the average defined by
o (x) = 1 fot T (s) xds. It is known that F(7) is closed and convex; see [1]. Let C be a
nonempty closed and convex subset of H. One classical way to study nonexpansive
mappings is to use contractions to approximate a nonexpansive mapping; see [2,3].
More precisely, take ¢ € (0, 1) and define a contraction T, : C — C by

Tx=tu+(1—-1tTx, xe€C,

where u € C is a fixed element. Banach’s contraction mapping principle guarantees
that 7, has a unique fixed point x, in C. It is unclear, in general, what the behavior of
{x; is as t = 0, even T has a fixed point. However, in the case of T having a fixed
point, Browder [2] proved the following well-known strong convergence theorem.

Theorem B. Let C be a closed convex bounded subset of a Hilbert space H and let T
be a nonexpansive mapping on C. Fix u € C and define z;€ Cas z, = tu + (1 - t)Tz,
forte (0, 1). Then as t — 0, {z,} converges strongly to an element of F(T) nearest to u.

As motivated by Theorem B, Halpern [4] considered the following explicit iteration:

X0 € C, xp1 =apu+ (1 —ay)Tx,, n >0, (1.1)

and proved the following theorem.

Theorem H. Let C be a closed convex bounded subset of a Hilbert space H and let T
be a nonexpansive mapping on C. Define a real sequence {0} in [0, 1] by o, = n?,
0 < 0 <1. Define a sequence {x,; by (1.2). Then {x,} converges strongly to the element of
F(T) nearest to u.

In 1977, Lions [5] improved the result of Halpern, still in Hilbert spaces, by proving
the strong convergence of {x,} to a fixed point of T where the real sequence {¢,} satis-
fies the following conditions:

(C1) lim,, ,.. @, = O;
o0
(C2) Zn=1 ap = 0%

(C3) limy, o0 an:xli: o = 0.

It was observed that both Halpern’s and Lions’s conditions on the real sequence {,,}

1

excluded the canonical choice o, = | ;.

This was overcome in 1992 by Wittmann [6],
who proved, still in Hilbert spaces, the strong convergence of {x,} to a fixed point of T'
if {a,;} satisfies the following conditions:

(C1) lim,,_,.. o, = 0;

(C2) Y02 o = 05

(C4) ZZZ] lotner — otn| < 00

Recall that a mapping f: H — H is an o-contraction if there exists a constant o € (0, 1)
such that

If @ —f@) Il <eallx—yll, VYxyeH.

Recall that an operator A is strongly positive on H if there exists a constant y >0
such that
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(Ax,x) > y||x||*>, VxeH.

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, e.g., [7-13] and the references therein. A typical
problem is to minimize a quadratic function over the set of the fixed points of a non-
expansive mapping on a real Hilbert space H:

in > (Ax, %) — (5, b) (12)
min , X) — X, 0), ’
xeD 2

where A is a linear bounded operator, D is the fixed point set of a nonexpansive
mapping 7 and b is a given point in H. In [11], it is proved that the sequence {x,}
defined by the iterative method below, with the initial guess xo € H chosen arbitrarily,

Xpi1 = (I — apA) Txy + apb, n >0,

strongly converges to the unique solution of the minimization problem (1.2) pro-
vided the sequence {o,} satisfies certain conditions.
Marino and Xu [10] studied the following continuous scheme

x = tyf (x) + (I —tA) Txy,

where f'is an o-contraction on a real Hilbert space H, A is a bounded linear strongly
positive operator and ¥ >0 is a constant. They showed that {x;} strongly converges to a
fixed point x of 7. Also in [10] they introduced a general explicit iterative scheme by
the viscosity approximation method:

Xp € H  Xpe1 = Oln)/f xn) + I — ayA)Txy, n =0 (1.3)

and proved that the sequence {x,} generated by (1.3) converges strongly to a unique
solution of the variational inequality:

(A=yf)x*, x —x*) >0, VxeF(),

which is the optimality condition for the minimization problem:

1
min _ (Ax, x) — h(x),
xeF(T) 2

where / is a potential function for ¥f (i.e., #'(x) = Yfix) for x € H).

It is an interesting problem to study above (Browder’s, Halpern’s and so on) results
with respect to the nonexpansive semigroup case. So far, only partial answers have
been obtained. Recently, Plubtieng and Punpaeng [14] considered the iteration process
{x,} generated by

Sn
1
xo € H, X501 = auf () + Buxn + (1 — an — Bp) s /T(S)xndsl n >0,
n
0

where {o,}, {B,} < (0, 1) with a,, + B, <1 and {¢,} is a positive real divergent
sequence. They proved, under certain appropriate conditions on {c,}, that {x,} con-
verges strongly to a common fixed point of one-parameter nonexpansive semigroup

T ={T(s) :s > O}
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In this article, motivated by Li et al. [8], Marino and Xu [10], Plubtieng and Pun-
paeng [14], Cianciaruso et al. [15], Shioji and Takahashi [16] and Shimizu and Takaha-
shi [17], we consider the following more general schemes (one implicit and one
inexact explicit):

xo=byf) + I —bASEx
and
xo € H  Xpe1 = anyf () + Buxy + (1 — Bu) I — 0yA) S(tn) Xy +€5, n >0

where T = {T(t) : 0 <t < oo} is a family of arbitrary nonexpansive self-mappings on
H with a common fixed point, S = {S(t) : 0 <t < oo} is a family of nonexpansive self-
mappings on H such that 7 has property (A) with respect to the family S and
F(T) € F(S), v >0 is a constant, f: H — H is an o-contraction, A is a bounded linear
strongly positive self-adjoint operator on H and {b,} is a net in (0, 1). Furthermore, by
applying these results, we obtain iterative algorithms for zeros of monotone operators,
equilibrium problems, and common fixed point problems of nonexpansive semigroups
in real Hilbert spaces.

The results presented in this article improve and extend the corresponding results
announced by Marino and Xu [10], Plubtieng and Punpaeng [14], Cianciaruso et al.
[15], Shioji and Takahashi [16], and Shimizu and Takahashi [17]. We remark that our
results are very similar to those of Li et al. [8]. However, it seems that can be a gap in
the proofs of Li et al. results. Indeed, their semigroups and the contraction are self-
mappings defined on a closed convex subset C of the Hilbert space H, while the
strongly positive linear bounded operator is defined on H. So both the schemes involve
not a convex combination, that this they are of interest only in the case C = H.

2. Preliminaries

This section collects some lemmas which will be used in the proofs for the main
results in the following section. Some of them are known; others are not hard to
derive.

Lemma 2.1. (Shimizu and Takahashi [[17], Lemma 2]). Let C be a nonempty closed
convex bounded subset of a Hilbert space H, and T = {T(t) : t € R*}a strongly continu-
ous semigroup of nonexpansive mappings from C into itself. Let o, (x) := 1 fg T (s)xds.
Then

lim sup ||o; (x) — T (h) oy (x)|| = O forall h > 0.
(=00 yeD

Lemma 2.2. ([[18], Corollary 5.6.4], [19]) (Demiclosedness principle) Let H be a Hil-
bert space, C is a closed convex subset of H, and T : C — C a nonexpansive mapping.
Then I — T is demiclosed, i.e., if {x,} is a sequence in C weakly converging to x and if
{(I - T)x,} strongly converges to y, then (I — T)x = y.

Lemma 2.3. ([[18], Corollary 5.2.29]) Let C be a nonempty closed convex subset of a
strictly convex Banach space X and T : C — C a nonexpansive mapping. Then F(T) is
closed and convex.

Lemma 2.4. Let C be a nonempty closed convex subset of a real Hilbert space H and
let Pc be the metric projection from H onto C (i.e, for x € H, Pcx is the only point in C
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such that ||x — Pex|| = inf{||x - z||: z€ C}). Givenx € Hand ze C. Then z = Pcx if
and only if there holds the relations:

(x—zy—2)<0 vVyecC (2.1)

Lemma 2.5. Let H be a real Hilbert space, f: H — H an o-contraction, and A is a
strongly positive linear bounded self-adjoint operator on H with the coefficient y > 0.
Then, for0 < y < /e,

2
’

-y @-vx—@A-vN=z @ -yex—y

x, vy € H. (2.2)

That is, A - Yf is strongly monotone with coefficient y — ay.
Remark 2.6. Taking v =1 and A = I, the identity mapping, we have the following
inequality:

=y (T=-Hx-T=Ny=0Q - lx—yl>, xyeH (2.3)
Furthermore, if f is a nonexpansive mapping in Remark 2.6, we have
ff=r(=-Nx=-0-H1=z0 xyeH (24)

Lemma 2.7.[10]. Assume A is a strongly positive linear bounded self-adjoint operator
on a real Hilbert space H with coefficient 7 >0 and 0 <p < ||A||"". Then
II—pAl =1—py.

Lemma 2.8. [12]. Let {&,} be a sequence of nonnegative real numbers satisfying the
following condition:

ape1 < (1 — vu)an + Ypon, Yn > 0,

where {y,} is a sequence in (0, 1) and {0,} is a sequence of real numbers such that

(1) lim,, oo Y, = 0 and > 020 vn = 00,

(ii) either lim sup,, y.. G, < 0 0r Y oo lynon| < o0

Then {ay}e, converges to zero.

Let C be a nonempty subset of a Banach space X. Throughout this article, G denotes
an unbounded set of R* :=[0,00) such that s + t € G for all s, t € G (often
G =Nor R*) and B(C) denotes collection of all bounded subsets of C. Let
T ={TI;:s € G} be a family of mappings from C into itself. Then:

(i) a sequence {x,} in C is said to be an approximate fixed point sequence of 7 if
lim, o0 lxy — Tyx,ll =0 forall e G,

(if) 7 = {Ts : s € G} is said to uniformly asymptotically regular on C (for short, u.a.r.
on C) (see, [20]) if

lim _(sup [|Tix — TiTixl]) = Oforalls e GandC € B(C).
eG,t—00 ~

t
xeC

A family T = {T; : s € G} satisfies property (A) if the following holds:

each {xs}sec € B(C) with x; - Texg > 0as s —> oo >, — Tyxy, > oo forall te G.

Remark 2.9. If T be a singleton, i.e., T ={T}, or Ty = T for all s in G, then {T} always
has property (A).

We further remark that the notion of uniform asymptotic regularity introduced by
Edelstein and O’Brien [21] plays an important role for studying property (A) of
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nonlinear Lipschitzian-type operators. Indeed, if 7 = {T : s € G} is a nonexpansive
semigroup and u.a.r., then 7 has property (A). Indeed, for {y;} € B(C)and t € G,

”Ys — LsYs ” + ”Ts)’s - TthYs” + ”Tth)’s — Tyys ”
2 ||ys — Sy5|| + sup ||T5y — Tthy” — 0ass — oo.
ye{ryveG}

lys — Toys]

IAIA

We now introduce property (A) of T with respect to the family G.

Let C be a nonempty subset of a Banach space X and T = {T(¢) : t € R*} be a family
of mappings from C into itself with N, F(T(¢)) = &. Let G = {G; : t € R*} be a family
of mappings from C into itself such that n,.o F(T(t)) = N;o F(G,). We say the family
T ={T(s) : s € G} has property (A) with respect to the family G = {G; : t € R*} if the
following holds:

each {x;}seq € B(C) with x; - Gx; > 0 as s > « = x, — T(H)x, > 0 as s — oo for all
t>0.

Remark 2.10. If a family T = {T(s) : s € Glhas property (A), then T has property
(A)with respect to itself.

We now give some examples.

Example 2.11. Let C be a nonempty closed convex subset of a Banach space X and T
be a nonexpansive mapping from C into itself with F(T) 2. For each t € G, and
b, € Rwith 0 <a < b, < b < 1, define G,: C —> C by

Gx =1 —b)x + bTx forallx € C.

Then T has property (A)with respect to family {G, : t € G}.
Proof. Let {x;}icc € B(C) such that || x, — G,(x,)|| = 0 as ¢ — . Note that

llx; — Txell = by llxe — Gy (x|

and 0 <a < b, < b <1 for all t e G. Therefore, ||x, — Tx;|| > 0as ¢t — . O
The following proposition shows that in a uniformly convex Banach space, nonex-
pansive semigroup 7 = {T(t) : t € R*} has property (A) with respect to a nonexpansive

t
semigroup {o; : t € R*} = {1 / T(s)xds : t € R*}.
0

Example 2.12. Let D be a nonempty closed convex bounded subset of a Hilbert space
H, and T = {T(t) : t € R*}be a strongly continuous semigroup of nonexpansive mappings
from D into itself. For each t > 0, let x, € D such that ||x;, - o/x,)|| > 0 as t > o.
Then ||x; — T(T )x; — Ollas t — oo for each © > 0.

Proof. Let t > 0. Observe that

IT@x —xll < IT@)x — T@) o &)l + IT () or () — or @) + llor () — xcll
2% — o (x)Il + IT(T)or () — o ()l

< 2|lx — o (x)Il + SU][)’ IT () or (x) — o (@)1l

A

By Lemma 2.1, we obtain that ||x, - T(z)x;|]| = 0 as ¢ —> o for each 7 >0. D

3. Main results

Let H be a real Hilbert space and S = {S(¢) : 0 <t < oo} a family of nonexpansive self-
mappings on H with F(S) # ¥. By Lemma 2.3, F(S) is closed and convex. Let A be a
strongly positive linear bounded self-adjoint operator of H into itself with coefficient
y>0and f: H—> H an a-contraction. Assume that 0 < y < yp/aand {b,: t > 0} is
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a net in (0, ||A||™") such that lim,_,., b, = 0. For each ¢ > 0, the mapping G, : H - H
defined by
Gx :=byfx) + I —-bASHx, xe€H

is a contraction with Lipschitz constant 1 — b; (7 — ay). Indeed, for all x, y € H, we
have
| = bA) (Sx = S )| + vbe [fx = f)
(A = by [x =y + vbe [x —v]
[1-b @ —an][x -]

|Gex — Gy

IAIA

By the Banach contraction principle, G, has a unique fixed point, denoted by, x, in H,

which uniquely solves the fixed point equation
Xy = b[]/f (.xt) + (I — b[A) S(t) Xt. (31)

Lemma 3.1. Let H be a real Hilbert space and S = {S(t) : 0 <t < oo}be a family of
nonexpansive self-mappings on H such that F(S) # 0. Let f: H — H be an a-contrac-
tion, A is a strongly positive linear bounded self-adjoint operator of H into itself with
coefficient y > 0. Let {b, : t >0} be a net in (0, ||A||™") such that lim,_,., b, = 0. Assume
that 0 < y < 7/a and x, is defined by (3.1). Then we have the following:

(a) There is a nonempty closed convex bounded subset D of H such that D is S(t)-
invariant for each t >0 and {x,} is in D.

(b) ||x: - S()x,|| > 0 as t — oo.

Proof. (a) Taking p € F(S), we have

”xt - P” = ”bt)/f (x) + I = bA) S (1) x; — P”
b |[vf ) = Ap[[+ (1 = b.y) [S@®x —p]
be |[vf () = Ap[ + (1 = bip) % = p|
by ”f(xt) - f(p)H + b ”)/f(P) - Ap” + (1 = by) ”xt - PH
[1 = b = yo] | = pf + b [[vf(p) — Ap].

IANIA TN TA

It follows that
1
bee = ol <5, [¥F (o) = 4p].

This implies that {x;} is bounded. Let D be the ball B(p, r), centered in p and with radius
r= 30 IvFe) =l e, D=fweH:fw—p] <, |vfo) - 4l }

Then {x;} is contained in set D. Moreover,

IS®x —p||= [S®x — SO
< |x =]
1
< — Ap| .
< 5 e ) = Al

Thus, D is a nonempty closed convex bounded subset of H and S(¢)-invariant.

(b) The boundedness of {x;} implies that {fx;} and {AS(¢)x,} are bounded. Thus,

lxe — S (@) x| = by | vf (x) — AS (1) x| - Oast — o0. O

We now establish our strong convergence theorems.

Theorem 3.2. (Implicit scheme) Let H be a real Hilbert space H and
T ={T(t) : 0 <t < oolbe a family of nonexpansive self-mappings on H such that
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F(T) #9. Let f: H — H be an a-contraction and A be a strongly positive linear
bounded self-adjoint operator on H with the coefficient y>0. Let
S={S(t) : 0 <t < oolbe a family of nonexpansive self-mappings on H such that T has
property (A)with respect to the family Sand F(T)C F(S). Assume that
0 < y < y/aand that (b, : t > 0} is a net in (0, ||A||™") such that lim,_,., b, = 0.
Then {x;} defined by (3.1) strongly converges as t — oo to x* € F(T), where
x* = Prey(I — A + yf)is a solution of the following variational inequality

(nf =A)x5p—x) <0, VpeFT. (3.2)

Proof. The uniqueness of the solution of the variational inequality (3.2) is a conse-
quence of the strong monotonicity of A-yf (Lemma 2.5). Next, we shall use x* € F(7)
to denote the unique solution of (3.2). To prove that x, — &~ (t — o), we write, for a
given p € F(T),

X = p = bi(vf () = Ap) + (= bA) (SOx = p).
Using x; — p to make inner product, we obtain that

| = p|* = (A = bA) (S@®x — p), x — p) + be(yf (x) — Ap, x, — p)
(1 - by) ”xt - P”2 + bt<)’f(xt) — Ap, X — P>~

IA

It follows that

1
[x —p|* < 5 (v{f @) = f(p), x — p) + {vf(p) — Ap, % — p))
1
sﬁw%—pW+fWﬂm—Anm—m,
which yields that
2 1
|x —p|" = P (vf(p) — Ap, x — p). (3.3)

Since H is a Hilbert space and {x;} is bounded as t — , there exists a sequence {t,}
in (0, ) such that £, > « and x,, — X € H. By Lemma 3.1(b), we have ||x; — S(¢)x/]|
— 0 as t — oo. Since T has property (A) with respect to the family S, it follows that
x¢— T(T)x; — 0 as t > o for all 7 >0. Hence, by Lemma 2.2, x € F(7) C F(S). By
(3.3), we see x,, — X. We next prove that x solves the variational inequality (3.2).
From (3.1), we arrive at

1
A =yhx == =) x=SOx].
For p € F(T), it follows from (2.4) that
1
(A= yf)x, x. —p) = — . (@ = tA) [x — S x], x;, — p)

1
== (@ = 5@ —a = sOp] x —p) + (AU = SO, x — p)
< (Ad = S®)xt, x — p).
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Since x;, — X, we obtain
(A-vxx-p) =0

i.e., x satisfies the variational inequality (3.2). By the uniqueness, it follows x = x*.
In a summary, we have shown that each cluster point of {x,} (as t &> ) equals x*.
Therefore, x, — x~ as t —> . The variational inequality (3.2) can be rewritten as

([=A+yf)x]—x"x"—p) =0, peF(T).
This, by Lemma 2.4, is equivalent to
Pr(T) (I —A+ ]/f) X" =

This completes the proof. O

Theorem 3.3. (Inexact explicit scheme) Let H be a real Hilbert space H and
T ={T(t): 0 <t < oolbe a family of nonexpansive self-mappings on H such that
F(T) #9, f: H— H be an a-contraction and A be a strongly positive linear bounded
self-adjoint operator on H with the coefficient y > 0. Let {t,} be a positive real divergent
sequence and let I = {Szn i n e N} be a sequence nonexpansive self-mappings on H

such that F(T) € Nuen F (Stn). For xy € H, let {x,} be a sequence in H generated by
Xn+1 = Olnyf @) + Buxy + (1 — Bp) I — aA) St,, (X)) + ey, n >0 (3.4)

where {0} < (0, 1], {8,} < [0, 1], and {e,} is an error sequence in H satisfying the fol-
lowing conditions:

oo
(R1) lim,,_,., &, = lim,_,., B,, = 0 and Z ) = 0%
n=

(Rz) lim lenl - O‘

n—oo %

Assume that 0 < y < y[/a and that {Sz,, (xn)}is an approximating fixed point
sequence of family T . Assume that x* € F(T), which solves the variational inequality
(3.2). Then {x,} strongly converges to x*.

Proof. Set y, = S;,(xn). We divide the proof into three parts.

Step 1. Show the sequences {x,} and {y,} are bounded.

Noticing that lim,, ,., ¢, = lim,,_,.. B,, = 0, we may assume, with no loss of generality,
that lf"ﬁn < JAI™' for all # > 0. From Lemma 2.7, we know that
(1 — Bn)I — anAll < (1 — Bn — any). Noticing that x* € F(T), which solves the
variational inequality (3.2). By assumption (R2), we have that {Hft:”} is bounded. Then,
there exists a nonnegative real number K such that

llenl|
On

[vf (x*) — Ax*| + < Kforalln > 0.

From (3.4), we have

[[Xns1 — ™|
= [lon (Vf(xn) - AP) + Bn (xn - x*) + (1 = Bo) I — anA) (Stn (xn) — x*) + eq|
anllyf (en) — AX|| + Ballxn — x*|I + (1 = B — an¥) IS, (en) — x*|| + |lenl]
any|If Gen) — f(x*) [+ an”)’f(p) — Apll + Bullxn — x*|

(1 = Bn — o) llxn — &[] + lleal|

(1 —an@ =yl Il — &Il + (||yf(p) — Apll + ”2””)

n

0N A

IA

S —an(y — vl llen — x| + anK.
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By simple inductions, we see that

K
/ } =: R, (3.5)
v —va

Jso = w1 = max{ o

which yields that the sequence {x,} is bounded. Note that

’

e I L

and hence the sequence {y,} is bounded.
Step 2. Show that

lim sup ((yf — A)x*, y» — &) < 0,

n—o0

where x is the solution of the variational inequality (3.2).
Let D be the ball centered in x” and with radius R, i.e.,

, K ” (3.6)
Yy —yo

From (3.5) we see that D is a nonempty closed convex bounded subset of H which is

D := {weH: [w — x| fmax{”xo—x*

T(t)-invariant for each ¢ € [0, ) and contain {x,}. Therefore, we assume, without loss
of generality, 7 = {T(t) : 0 <t < oo} is a family nonexpansive self-mappings on D.

Taking a suitable subsequence {yni} of {y,}, we see that

lim sup ((yf — A)x", yp — x*) = ll_l)rglo ((vf — A)x*, yn, — x¥).

n—o0

Since the sequence {y,} is also bounded, we may assume that y,, — X. Note that {y,;}

is an approximating fixed point sequence of family T, i.e.,

lim ||yﬂ — T () ynH = Oforall0 < h < oo. (3.7)
n—oo

Using (3.7) we obtain, from the demiclosedness principle, that x € F (7). Therefore,
we have

lim sup ((yf — A)x*, yu —x*) = ((yf — A) x*, X —x*) < 0. (3.8)

n—oo
On the other hand, we have
||xn+l — Vn ” =y ” Vf(-xn) — Axy ” + B ”xn — Vn ” .
From the assumption lim,,_,.., o, = lim,,_,., 8, = O that JLTEIO ||xn+1 — Vn || = 0, which
combines with (3.8) gives that
lim sup ((vf — A) x*, xps1 —x*) < 0.
n—oo
Step 3. Show x,, = & as 1 —> .

Since the sequence {x,} is bounded, we may assume a nonnegative real number L
such that ||x, — x*|| < L for all # > 0. Note that

Page 10 of 19
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[ = =
= {an(yf(xn) — AX*) + Bn(xn — &%) + (1 — Bu) I — anA)(yn — x*) + €n, X1 — &)
= an (Vf () — AX", Xpa1 — %) + Bty — X%, X1 — %)

+ (1 = B — agA)(yn — X*) + en, Xpp1 — x¥)
< an (Y (F(xn) = F(&"), X1 — x) + (¥f(x") — AX®, Xpi1 — x7))

+ Bualln — &[] Hner — ¥+ 11(1 = Bu)I — ctwAll |lyn — X*|| [Xne1 — & + [lenl|L
< oy |[xn — x| o1 — &*|| + o (yf(6%) — Ax", %01 — x7)

+ Bualln — &[] Nlner — x*[| + (1 = B — cnP ) 1w — &[] %1 — x¥|| + |len]IL
= [1—an(7 — ya)llxn — x| 11 — x| + otn (yf(x*) — Ax*, Xpu1 — &%) + |lenl|L
< 1—ay(y —ya)
= 2

1—%(; —Va)llx

(1120 = X*[17 + [16ne1 — x*[17) + ot (¥ f () — Ax*, Xpu1 — x%) + [|en|L
1
w— x|+ 5 Il — 2|12 + o (yf (£°) — Ax*, 01 — X°) + [|en]]L.

It follows that

_ 2|lenl|
P =217 < [1—an (7 =y )|l lxa—x*[1*+an (Z(Vf(X*) — Ax", xpa1 — x7) + a" L).
n

By using Lemma 2.8, we can obtain the desired conclusion easily. O

4. Applications
4.1. Applications to zeros of maximal monotone operators
Let H be a real Hilbert space. Let A ¢ H x H be an operator on H. The set D(A)
defined by D(A) = {x € H: Ax # (} is called the domain of A, the set R(A) defined by
R(A) = UyexAx is called the range of A and the set G(A) defined by
G(A)={(x,y) e Hx H:xe D(A),y € Ax} is called the graph of A. An operator
A C H x H with domain D(A) is said to be monotone if for each x; € D(A) and
vi € Axi(i =1,2), we have (x; — x5, 1 — y2) = 0. A monotone operator A is said to be
maximal monotone if the graph G(A) is not properly contained in the graph of any
other monotone operator on H. If A : H — 2! is maximal monotone, then we can
define, for each A >0, a nonexpansive single-valued mapping J* : H — H by
JA = (I+2A)7L It is called the resolvent of A. Let
N(A)=A"10={x € D(A) : 0 € Ax}. It is known that N'(A) is closed and convex.
Lemma 4.1. ([22]) Let A ¢ H x Hbe a maximal monotone operator. Then

1 1
r||]tx—]f]§x|| < t||x—]§x||forallx € Handr, t > 0.

Proposition 4.2 shows that the family {J* : ¢ > 0} of resolvent operators of a maxi-
mal monotone operator A enjoys property (A).

Proposition 4.2. Let A C H x Hbe a maximal wmonotone operator. Let
{zi}i=0 € B(H)such that ||z, — J*z|| — 0as t —> . Then ||z, — JAz|| — 0ast— o
for each r > 0.

Proof. Let r, t >0. By Lemma 4.1, we have

1 1
. Az, — JATR2,|| < NIa —JAz]|. (4.1)
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Using (4.1), we have

A A A A7A ATA A
llee = Jrzdl < llee = Jiadl + Wize =TT adl + W Tz — Tzl

"
< <2+ t> ||zt—]§zt|| — Qast — oo.

O

Given a monotone operator A C H x H, we consider the following problem of find-
ing z € H such that:

0 € Az. (P)

The Problem (P) can be regarded as a unified formulation of several important pro-
blems. For an appropriate choice of the operator A, Problem (P) covers a wide range
of mathematical applications; for example, variational inequalities, complementarity
problems, and non-smooth convex optimization. Problem (P) has applications in phy-
sics, economics, and in several areas of engineering. Therefore, one of the most inter-
esting and important problems in the theory of maximal monotone operators is to find
an efficient iterative algorithm to compute approximately zeroes of maximal monotone
operators. One method for finding zeros of maximal monotone operators is the proxi-
mal point algorithm. Let A be a maximal monotone operator in a Hilbert space H.
The proximal point algorithm generates, for starting x; € H, a sequence {x,} in H by

Xpe1 = ]fixn foralln e N, (4.2)

where {r,} is a regularization sequence in (0, «). Note that (4.2) is equivalent to

1
0€ (X1 — %) + Axpyp foralln € N,
Tn

This was first introduced by Martinet [23]. If ¢ : H - R U {00} is a proper lower
semicontinuous convex function, then the algorithm reduces to

1
(1% —y||2} foralln € N.

Xpe1 = arg min {1/f(y) + o,

yeH

Rockafellar [24] studied the proximal point algorithm in the framework of Hilbert
space and he proved the following:

Theorem 4.3. Let H be a Hilbert space and A C H x Ha maximal monotone opera-
tor. Let {x,} be a sequence in H defined by (4.2), where {r,} is a sequence in (0, o) such
that lim inf, ... r, > 0. If A='0 # 0, then the sequence {x,} converges weakly to an ele-
ment of A—10.

Rockafellar [24] has given a more practical method which is an inexact variant of the
method

en € Xy — Xp—1 + TnAXy,
where {e,} is regarded as an error sequence. The method is called inexact proximal
point algorithm. It was shown in Rockafellar [24] that if e, — 0 quickly enough such
that Zool llen]l] < oo, then x,, ~ z € H with 0 € A(z). In 2002, Xu [12] modified the
n=
proximal point algorithm for solving Problem (P) and gave strong convergence of the

[o¢]
algorithm in a Hilbert space setting under the same assumption anl llen]] < oc.
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oo
The criteria E . [len]] < oo imposed for convergence of inexact proximal point
n=

algorithms (see [12,24]) is somewhat undesirable, because it impose increasing preci-
sion along the iterative process. This brings us to the following natural question:
Question 4.4. Is it possible to further modify inexact proximal point algorithm with-

[o.¢]
out the assumption E . [len]] < oo so that it can generate a strongly convergent
n=

sequence?

Recently, Sahu and Yao [25] introduced and studied the prox-Tikhonov method for
solving Problem (P) in the Banach space setting and they partially answered Question
4.4. We now establish more general results in the Hilbert space setting:

Theorem 4.5. Let H be a real Hilbert space H. Let A C H x Hbe a maximal mono-
tone operator with N'(A) # @, f: H— H an a-contraction and A a strongly positive
linear bounded self-adjoint operator on H with the coefficient y > 0. Assume that
0 < y < y/aand that (b, : t > 0} is a net in (0, ||A||™") such that lim,_,., b, = 0.
Then {x;} defined by

x = by f(x) + (I — bA)x..

strongly converges as t — oo to x* € N(A), where x* € Pxray(I — A+ yf)x¥is a solu-

tion of the following variational inequality:
((yf =A™, p—x*) <0, Vp € N(A). (4.3)

Proof. Set T () := JAor ¢ >0. Then {T(#): ¢ >0} is a family of nonexpansive mappings
with F(T(t)) = N(A) for each ¢ > 0. Proposition 4.2 shows that the family
{]f* > 0} of resolvent operators enjoys property (A). Therefore, Theorem 4.5 fol-
lows from Theorem 3.2. O

Theorem 4.6. Let H be a real Hilbert space H. Let A C H x Hbe a maximal mono-
tone operator with N'(A) # 0, f: H—> H an a-contraction and A a strongly positive
linear bounded self-adjoint operator on H with the coefficient y > 0. Assume that
0 < y < ylaand {t,} is a positive real divergent sequence. For xo € H, let {x,} be a
sequence in H generated by

Xna1 = ¥ f(Xn) + Buxn + (1 — Bu)l — anA) (%n) + €0, n =0

where {a,,} < (0, 1], {B,} € [0, 1] and {e,} is an error sequence in H satisfying condi-
tions (R1) and (R2). Then {x,} strongly converges to x% where
x* = Pyray(I — A + yf)x*is a solution of the variational inequality (4.3).

Proof. Set S;, = ]ﬁand Yn = S5, (xn). Then it remains to show that {y,} is an approxi-
mating fixed point sequence of the family {]§ > O} of resolvent operators of A. As
in the proof of Theorem 3.3, one can show that {x,} and {y,} are bounded. Then, there
positive real number M such that ||x,, - ]éxn H < M for all n > 0. For any fixed r > 0,
by Lemma 4.1, we have

s = JETEall < ] 1l = Tl

n

r
< M.
ln
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Thus, in particular, we derive
A
1Yn — ] yull — Oasn — oo.

for all » >0. Therefore, Theorem 4.6 follows from Theorem 3.3. O
Theorem 4.6 is more general than results of Kamimura and Takahashi [26] and Xu
[12]. In particular, Theorem 4.6 provides an affirmative answer of Question 4.4 in the

context of finding solution of variational inequality (4.3).

4.2, Applications to equilibrium problems
Let H be a Hilbert space and G : H x H — R be an equilibrium function, that is

G, u =0 forevery u € H.
The equilibrium problem is defined as follows,

Findx € HsuchthatG (x, y) > Oforally € H.

A solution ¥ of the equilibrium problem is called an equilibrium point and the set of
all equilibrium points will be denoted by EP(G). The topic has been considered by sev-
eral authors (see [27,28]). We shall assume some mild conditions over G in such a way
that results can be applied in several cases including optimization problems, fixed
point problems, variational problems, variational inequality problems, and convex vec-
tor minimization problems [29,30].

Lemma 4.7. ([29]) Let C be a nonempty closed convex subset of H and
G : C x C — Rsatisfy,

(A1) for all x € C, G(x, x) = 0;

(A2) G is monotone, i.e., G(x, y) + G(y, x) <0 forall x, ye C;

(A3) for all x,y,z€ C,

lim sup G(z + (1 — 0%, y) < G(x, y)ast —> 0;

(A4) for all x € C, y a G(x, y) is convex and lower semicontinuous.
For x € Cand r >0, set S, : H— C to be the resolvent for G,

1
Si(x) := {zeC : Gz y) + . (y—z,z—x) >0, VyeC},

then S, is well defined and the following hold:
(1) S, is single-valued;
(2) S, is firmly nonexpansive, i.e.,

[1S:x — Syll? < (Sx — Sy, x— ),

for all x, y e H;

(3) K(S,) = EP(G);

(4) EP(QG) is closed and convex.

In order to show that the family {S; : £ > O} of resolvent operators of G enjoys prop-
erty (A), we need the following technical lemma.

Lemma 4.8. Let G be an equilibrium function satisfying the assumptions of Lemma
4.7. Then
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19,6 =SS < e = SiCx)l

forall xe Handr,t >0.
Proof. Let x, y € H and r, ¢t > 0. By the definition of S;, we have

G(Su(x), 2) + : (2 — Si(x), Se(x) —x) = 0,Vz € H (4.4)
and

G(S:(v), 2) + 1 (2 =5:(y), Ss(¥) =y = 0,Vz € H. (4.5)
Put z = S,(y) in (44) and z = S,(x) in (4.5), we obtain

G, ) + | (5:0) = (), $:(0) =) 2 0 @6)
and

G0 Si) + | (5:3) = 5,00, 5,0) — 1) 2 0, @7)

respectively. Since G is monotone, from (4.6) and (4.7), we have

S =y _ Si(®) —x> -0
r t -

@m—&m, (4.8)

Set y = Sy(x) in (4.8), we get

S$pSi(x) — Se(x)  Si(x) —x -
T B t > z0

<St(x) — 5;S¢(x),
and hence

1 2 _ x — Si(x) <1 B M xS, (x

’ [1S:(x) = SrSe(x)1]7 < <Sz(x) - 5:5(x), " > = tlIS[(X) SrSe() I x =S (x)1l.

Therefore,
r
[1S:(x) — S:Se(x)I] < tllx = S(x)1l.

o

From this, we deduce the property (A) for the family {S; : £ > 0} of resolvent opera-
tors of G.

Lemma 4.9. Let G be an equilibrium function satisfying the assumptions of Lemma
4.7. Then the family {S, : t > 0} enjoys property (A).

Proof. Let {z;} € B(H) such that z; - Siz; — 0. Then, for any fixed r >0,

llze — Spzel| < llze — Sezel| + [ISeze — SeSezel| + ||SrSeze — Srzil|

.
(2+ ) 1le = Seal

IA

by nonexpansivity and Lemma 4.8. In particular, we derive that z, -S,z, > 0 as t —>

oo, O

From this last and from Theorem 3.2, we have

Page 15 of 19
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Theorem 4.10. Let H be a real Hilbert space H. Let G : H x H — Rbe an equili-
brium function satisfying the assumptions of Lemma 4.7 and let {S, : t > 0} be the
family of resolvent operators for G. Let f: H — H be an o-contraction and A be a
strongly positive linear bounded self-adjoint operator on H with the coefficient y > 0.
Assume that EP(G) 23 and 0 < y < y/a. Let {b, : t >0} be a net in (0, ||A||™") such
that lim, ,., b, = 0. Then {x,} defined by

xe = bryf(x) + (I — bA)Sx;. (4.9)

strongly converges as t — oo to x € EP(G), where x = Prpgyl -A + }j)x* is a solu-
tion of the following variational inequality:

((yf —A)x*,p—x*) <0, VpeEPG). (4.10)

Proof. Note that {S; : ¢t > 0} is a family of resolvent operators for G such that F (S,) =
EP(G) for each ¢ > 0. Lemma 4.9 shows that the family {S, : £ > 0} of resolvent opera-
tors of G enjoys property (A). Therefore, Theorem 4.10 follows from Theorem 3.2. O

Theorem 4.11. Let H be a real Hilbert space H. Let G : H x H — Rbe an equili-
brium function satisfying the assumptions of Lemma 4.7 and let {S, : t >0} be the family
of resolvent operators for G such that EP(G) #J. Let f: H — H be an o-contraction
and A be a strongly positive linear bounded self-adjoint operator on H with the coeffi-
cienty > 0. Assume that 0 < y < y[a and {t,} is a positive real divergent sequence.
For xo € H, let {x,} be a sequence in H generated by

Xne1 = &V f (%) + Buxn + ((1 — Bu) — @nA)St, (%) + €0, n > 0 (4.11)

where {o,,} < (0, 1], {B,} € [0, 1] and {e,} is an error sequence in H satisfying condi-
tions (R1) and (R2). Then {x,} strongly converges to x € EP(G), where x™ = Prpigy -
A + Y0« is a solution of the variational inequality (4.10).

Proof. Set yn := S, (xn). Then it remains to show that {y,} is an approximating fixed
point sequence of the family {S; : £ > 0} of resolvent operators of G. As in the proof of
Theorem 3.3, one can show that {z,} and {S,n (xn)} are bounded. Then, there positive
real number M such that ||x, — Si,xs|| <M for all n > 0. For any fixed r > 0, by
Lemma 4.8, we have

19480 = $:Symll < | M.
tn
In particular, we derive ||y, - S,y,|| = 0 as n — . for all r >0. Therefore, Theorem
4.11 follows from Theorem 3.3. O
Theorem 4.11 extends the corresponding result of Song et al. [31] in the context of
the variational inequality (4.10).

4.3. Applications to common fixed point problems
In this section, we deduce some results by using Theorems 3.2 and 3.3. As a direct
consequence of Theorem 4.12, we first have the following result.

Theorem 4.12. Let H be a real Hilbert space H and T = {T(t) : 0 <t < oo}be a non-
expansive semigroup on H such that F(T) # 0. Let f: H — H be an o-contraction and
A be a strongly positive linear bounded self-adjoint operator on H with the coefficient
7>0. Assume that 0 < y < y[a and that {b, : t > 0} is a net in (0, ||A||™") such
that lim,_,., b, = 0. Then {x;} define by
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t

%= by f(e) + (1= bA) / T(s) ruds.

0

strongly converges as t — oo to x* € F(T), where x* = Prey(I — A + yf)x*is a solution
of the variational inequality (3.2).

Proof. Example 2.12 implies that nonexpansive semigroup7 = {T(t) : t € R*} has
property (A) with respect to a nonexpansive semigroup {o; : t € R*}. Therefore, Theo-
rem 4.12 follows from Theorem 3.2. O

Remark 4.13. Theorem 4.12 which include the corresponding results of Shioji and
Takahashi [16]as a special case is reduced to Plubtieng and Punpaeng [14]when A = 1,
the identity mapping and y = 1.

Theorem 4.14. Let H be a real Hilbert space H and T = {T(t) : 0 <t < oo}a nonex-
pansive semigroup such that F(T) # 0. Let f: H — H be an oa-contraction and A a
strongly positive linear bounded self-adjoint operator on H with the coefficient y > 0.
Assume that 0 < y < yla and {t,} is a positive real divergent sequence. For xy € H,
let {x,} be a sequence in H generated by

tn

1
Xns1 = oY f(xn) + Bnxn + (1 — o) — oznA)t /T(s)x,,ds +e;, n>0
"0

where {o,,} < (0, 1], {B,} < [0, 1] and {e,} is an error sequence in H satisfying condi-
tions (R1) and (R2). Then {x,} strongly converges to x* € F(T) where
x* = Ppey(I — A + yf)x*is a solution of the variational inequality (3.2).

Proof. For eachn e N, definey, = S, (x4). Note that {y,} is in a bounded set D defined
by (3.6). As in the the proof of Theorem 3.3, 7 = {T(t) : 0 < t < oo} is a semigroup of
nonexpansive self-mappings on D. It follows from Lemma 2.1 that {y,} is an approxi-
mating fixed point sequence of semigroup 7. O

Remark 4.15. If y = 1 and A = I, the identity mapping, then Corollary 2.4 is reduced
to Theorem 3.3 of Plubtieng and Punpaeng [14].

If the sequence {,} = 0, then Theorem 4.14 reduces to the following:

Corollary 4.16. Let H be a real Hilbert space H and T ={T(t) : 0 <t < oo}be a non-
expansive semigroup such that F(T) # (. Let f: H — H be an o-contraction and A be
a strongly positive linear bounded self-adjoint operator on H with the coefficient y > 0.
Assume that 0 < y < y[a and {t,} is a positive real divergent sequence. For xy € H,
let {x,} be a sequence in H generated by

Iy

1
X1 = AV f(xn) + (I — a"A)t /T(s)xnds +e, n>0
n
0

where {a,} < (0, 1] and {e,} is an error sequence in H satisfying the following
conditions:

oo
(R3) lim,,_,.. ,, = 0 and ano oy = 00,
; lleall _
(R4). lim 7" =0
Then {x,,} strongly converges to x* € F(T), where x* = Ppey(I — A + yf)x"is a solution
of the variational inequality (3.2).
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Remark 4.17. Corollary 4.16 includes Theorem 2 of Shimizu and Takahashi [17]as a
special case.

Remark 4.18. Theorem 2.2 and Corollary 4.16 improve Theorems 3.2 and 3.4 of
Marino and Xu [10]from a single nonexpansive mapping to a nonexpansive semigroup,
respectively.

Using [[17], Lemma 1], we derive the following result, which generalizes Theorem 1
of Shimizu and Takahashi [17].

Corollary 4.19. Let H be a real Hilbert space H and let S, T : H — H be two com-
muting nonexpansive mappings such that F(S) n F(T ) #J. Let f: H — H be an a-con-
traction and A be a strongly positive linear bounded self-adjoint operator on H with the
coefficient y > 0 Assume that 0 < y < y/a. For xy € H, let {x,} be a sequence in H
generated by

n

2 L
Xn+1 = Oln)/f(xn) + (I - OlnA) (T’l + 1)(n i 2) Z Z §Txn+en, =0
k=0 i+j=k

where {a,,} € (0, 1] and {e,} is an error sequence in H satisfying conditions (R3) and
(R4). Then {x,} strongly converges to x*c F(S) n F (T), where x = Prsyneend — A + yf)x
is a solution of the following variational inequality:

((vf — A", p—x*) <0, VpeF(S)NE(T).
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Abstract  An implicit algorithm for finding common fixed points of an uncountable family
of nonexpansive mappings is proposed. A new inexact iteration method is also proposed for
countable family of nonexpansive mappings. Several strong convergence theorems based on
our main results are established in the setting of Banach spaces. Both algorithms are applied
for finding zeros of accretive operators and for solving convex minimization, split feasibility
and equilibrium problems.

Keywords Fixed point - Nonexpansive mappings - Accretive operators -
Resolvent operator split feasibility problem - Equilibrium problem

1 Introduction

From a theoretical point of view, many problems which arise from real-world applications
can be translated into equivalent fixed point problems. This approach had been successfully
applied in different topics, including convex minimization, split feasibility and equilibrium
problems, as well as for finding zeros of accretive operators.

In order to find an approximate solution of the above mentioned problems a theoretical
framework was developed in which the study of iterative methods in abstract spaces plays
an important role. We also note that a qualitative analysis of the results obtained in the
abstract model had only been studied in few papers (see, e.g., [23,38] and the references
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therein). However, a qualitative examination can be generally and more easily performed on
the algorithm, when it is implemented for specific problems.

The aim of this paper is to study iterative algorithms for countable families of nonexpan-
sive mappings in the setting of Hilbert and Banach spaces. We study implicit and explicit
methods, and we prove the strong convergence of the generated sequences to acommon fixed
point of the family of mappings. To this end, for a family 7 of nonexpansive mappings, we
introduce an asymptotic regularity condition, namely property (<), which is weaker than the
uniform asymptotic regularity introduced in [27]. We prove that important and frequently
used families of mappings satisfy property (<), so that our results apply. In particular, if
A C H x H is a maximal monotone operator on a Hilbert space H and if {c,} ey 1S a
sequence in (0, co), the family {JCA,, }nen of resolvents of A satisfies the property (o). We
mention that such family plays a fundamental role in convex analysis and it is a common
tool to approximate zeros of the operator A.

One of the first and mostly celebrated result in this direction is due to Rockafellar [48]. In
his work, he introduced and studied an inexact proximal point method which can be described
as follows

Take an arbitrary zo € H and zxy1 & ch:zk.

Then the sequence {z;} weakly converges to a zero of A, provided that ||zx4+1 — sz 2kl < ek
and that {€; }reny C (0, 00) satisfies

o0
> e < oo (1.1)
k=1

Later, Eckstein and Berstekas [25] extended a related result due to Gol’shtein and Tret’yakov
[30] by introducing and studying the iterations

21 = (I — pp)zk + prwg,

where {pi}reny C (0,2) and ||lwg — Jézlkﬂ < €. Moreover, they proved that under the
assumption (1.1), the method weakly converges to a zero of A.

A question naturally arising from the above mentioned results is if it is possible to con-
struct an iterative sequence which converges under weaker assumptions on the error sequence
{€n}nen. Indeed, condition (1.1) is somewhat undesirable as it implies a fast increasing
precision along the iterative process. In this paper, we formulate an inexact iterative algo-
rithm for which the conditions on the error sequence can be relaxed. Moreover, our results
hold in the more general setting of Banach spaces and accretive operators.

Let H be a Hilbert space and let G : H x H — R be a bifunction. The equilibrium

problem for G is stated as
find X € H such that G(x,y) >0 forall ye H. (1.2)

The above mentioned problem had been considered by several authors (see, for instance,
[2,8-10,28,46]) and it contains as special cases optimization problems, problems of Nash
equilibria and complementarity problems, among others.

In [24], it had been proved that under mild assumptions on G and for any » > 0, the
mapping S, : H — H defined by

1
X [zeH:G(Z,y)—i—;(y—z,z—x)20, VyeH]

@ Springer
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is single-valued and nonexpansive. Moreover, the fixed point set F'(S,) coincides with the
solutions set of the problem (1.2). The family {S;},<(0,00) is called the family of resolvents
of G.

In this paper, we prove that the family {S; },¢(0,00) satisfies the property (), so our results
apply in this setting. It is also shown that our algorithm can be successfully applied and with
the same results for finding solutions to convex minimization and split feasibility problems.

For an arbitrary sequence of nonexpansive mappings {7}, },<n Which lacks of asymptotic
regularity, a partial workaround had been introduced in [3] by constructing the sequence
of nonexpansive auxiliary mappings {S, },en, defined by S, (x) := 22’:1 Bi.n Tk (x), where
{Bk.n} C RT satisfies particular conditions. In the same paper, the improved asymptotic
behaviour of the family {S,} is then used to prove a convergence result for an iterative
sequence in Banach spaces. We suspect, although we have no proof, that the sequence {7}, },,eN
satisfies the property (&) with respect to the family {S, },en.

2 Preliminaries

Let C be a nonempty subset of a normed space X and let 7 : C — C be a nonexpansive
mapping, i.e., ||Tx—Ty| < |[x—y| forallx, y € C.Theset C is called a retract of X if there
exists a continuous mapping P from X onto C such that Px = x for all x in C. We call such
P aretraction of X onto C. A retraction P is said to be sunny if P(Px +t(x — Px)) = Px
for each x in X and all # > 0. If a sunny retraction P is also nonexpansive, then C is said to
be a sunny nonexpansive retract of X.

Remark 2.1 (cf. [50]) If X is a smooth Banach space, then there is at most one sunny non-
expansive retraction Q from X onto C.

Let C be a nonempty subset of a Banach space X, let Z4(C) denote the collection of all
bounded subsets of C and let S1, $> : C — X be two mappings. The deviation between S
and $> on B € #(C) (see [51]), denoted by Z5(S1, S2), is defined by

Z5(S1, $2) = sup [|S1x — Sax|.
xeB
Throughout this paper, G denotes an unbounded subset of R™ := [0, co) such thats +¢ € G
for all s, € G (often G = N or R"). Let 7 := {T; : s € G} be a family of map-
pings from C into itself. We denote by F(7) the common fixed points set of 7, that is,
F(T) = ;e F(T1). A family 7 is said to be uniformly asymptotically regular on C (for
short u.a.r. on C) (see [1,6,27]) if
lim (sup ||T;x — TsTyx||) =0 forall s € G and Ce B(C).
teG,t—o0 =
xeC
A family 7 := {Ty : s € G} satisfies the property (/) if the following holds, for any
{xs}seg € #(C) which satisfies x; — Tyx; — 0 as s — oo we have that x; — T;xy; — 0 as
s — oo forallt € G.

Remark 2.2 1f T is a singleton, i.e., 7 = {T}, or Ty = T for all s in G, then {T'} always
satisfies the property ().

We further remark that the notion of uniform asymptotic regularity introduced by
Edelstein and O’Brine [27] plays an important role for studying the property (/) of nonlinear
Lipschitzian-type operators. Indeed, if 7 := {7 : s € G} is a nonexpansive semigroup and
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a.ur., then 7 has property («7). Indeed, for any {y;}scg € Z(C) with x; — Tyxg — 0 as
s — oo, we have forallr € G

lys = Teysll < llys — Tsysll + 1 Tsys — Te Ty ys || + 1 T Tsys — Trysl

<2lys = Tyysl +  sup | Tsy — T:Tsy|| — Oas s — oo.
yelyyyeG)

Let G = {G5 : s € G} be a family of mappings from C into itself. We say the family
T :={T, : t € R"} has property (/) with respect to the family G = {Gy : s € G} if the
following holds:

forany {xs}sec € #(C) which satisfies x; — Gsxg — 0ass — oo, wehave xg —Tixs — 0
ass — oo forallt > 0.

Remark 2.3 (1) If a family 7 := {T, : t € R™} has the property (<), then 7 has the
property (<) with respect to itself.

(2) Ifafamily 7 := {T, : t € R"} has the property (.«7) with respect to a family S :=
{T,, : n € N}, then the following holds:
for any {x,},en € A(C) which satisfies x, — S,x, — 0 as n — oo, we have
Xp — Tixy — 0asn — oo forall t > 0.

We now give an example.

Example 2.4 Let C be a nonempty, closed and convex subset of the Banach space X and T
be a nonexpansive mapping from C into itself with F(T') # @. Foreacht € G, and b; € R
with0 <a < b, <b < 1, define G, : C — C by

Gix=0—=b)x+b;Tx forall xeC.
Then T has property (/) with respect to the family {G, : t € G}.
Proof Let {x;};cc € #(C) such that ||x; — G;(x;)|| = 0 ast — oo. Note that
e = Toxell = byllxy — G (x)
and0 <a <b, <b < 1forallt € G. Therefore, ||x; — Tx;|| - 0ast — oo. O

Let [ be the space of all bounded and real-valued sequences and let (ag, ai, ...) € [*°.
For a functional ¢ on [*°, we write ¢, a, instead of ¢ (ag, ay, .. .).

Definition 2.5 A Banach limit LM is a continuous and linear functional on 1*° such that

(1) |LIM| =LIM,1 =1,
2) LIM,a,y+1 = LIMya, forall (ag, aj,...) € [*°.

The normalized duality mapping J from X into 2% is defined by
J() = {f* e X* x5 = 2P = 1£17).

Lemma 2.6 Let X be a Banach space. Then for each x,y € X, there exists j(x +y) €
J(x + y) such that

I+ 1% < Ixl® + 20y, j(x +y).
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Lemma 2.7 (cf. [32, Lemma 1]) Let X be a Banach space with a uniformly Gdteaux dif-
ferentiable norm, C be a nonempty, closed and convex subset of X and {x,} be a bounded
sequence in X. Let LIM be a Banach limit and let y € C be such that LIM, | x, — y||2 =
iIElELIMonn - x||2. Then LIM,(x —y, J(x, —¥)) <0 forall x € C.

X

Lemma 2.8 (cf. [29, Lemma 13.1]) Let C be a convex subset of a smooth Banach space
X, D be a nonempty subset of C and Q be a retraction from C onto D. Then the following
are equivalent,

(a) Q is a sunny and nonexpansive.
(b) {(x—0x,J(z— Q0x)) <0forallx € C,z € D.
© (x—y,J(Qx—Qy) = |0x — Qy|* forall x,y € C.

Lemma 2.9 (cf. [44]) Let {y,}, {a,} and {e,} be sequences of nonnegative numbers satisfy-
ing limy, 00 0y = 0, >0 | &ty = 00 and lim,,_, o &, /ty = 0. Assume

Ve <V — () +en, YnEN,

where  : [0, 00) — [0, 00) is a strictly increasing function such that it is positive on (0, 00)
and Y (0) = 0. Then lim,, o, ¥, = 0.

3 Main results

First, we prove a strong convergence result of Browder’s type for a family 7 = {T; : t > 0}
of nonexpansive mappings in a Banach space.

Theorem 3.1 Let X be a reflexive Banach space X with a uniformly Gateaux differentiable
norm and let C be a nonempty, closed and convex subset of X. Let T = {T; : t > 0} be a fam-
ily of nonexpansive mappings from C into itself such that F(T) # (. Let S = {S,, : n € N}
be a sequence of nonexpansive mappings from C into itself such that T has the property (<)
with respect to the family S and F(T) C F(S). Let {b,} be a sequence in (0, 1) such that
lim,,_, o b, = 0. Assume that the family T has common fixed point in every weakly compact,
convex and T —invariant subset of C. Then we have the following,

(@) foreachu € C, the unique fixed point y,, € C of the contraction C 3 y +> byu + (1 —
bn)Syy converges strongly to Qu € F(T) as n — 00;
(b) the mapping Q is a sunny nonexpansive retraction from C onto F(T).

Proof (a) Let u be an element in C. From the Banach contraction principle, for every
n € N, the unique fixed point y, € C of the contraction C 3 y — b,u + (1 —by)S,y,
is defined by

Yo = bou + (1 — by)Spyn. (3.1)
One can easily see that {y,} is bounded. Hence
lyn = Suynll = bullyn — ull = Oasn — oo.

Since 7 has property (<) with respect to the family S, it follows that y, — 7y, — 0 for all
r > 0.

Define the function ¢ : C — R* by ¢(x) = LIM,|y, — x||?,x € C and set M :=
{y € C: ¢o(y) = infycc @(x)}. Since X is reflexive, ¢(x) — oo as ||x|| — oo and ¢ is
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a continuous convex function. From [5, Theorem 1.2, p. 79] we have that M is nonempty.
From [55, Theorem 1.3.2, p. 22] and the above considerations, we see that M is also closed,
convex and bounded. Moreover, M is invariant under 7, for each » > 0,1.e., T,(M) C M
for all » > 0. In fact, we have for each y € M,

@(T,y) = LIMyllyu — T,y1* < LIMu | T, 3, — ToyII* < LIMy |y, — yI* = 0(3).

Noticing that the set M is weakly compact, convex and 7 —invariant. By assumption, the
family 7 has a common fixed point in M, thatis, F(7) "M # #. Let y* € F(T) N M.
From Lemma 2.7, we get

LIM,(z—y*, J(ya —y")) <0 forall zeC. (3.2)

The proof now follows similarly as in [6, Theorem 3.1]. We sketch here the proof for the
sake of completeness. Fix p € F(7). From (3.1), we have

= =1, JOn—p)
= (by(u—p)+ (1 —=b)(Spyn — p)s J(yn — P))
< bylu—p, Jw — )+ A = bp)llyn — plI%,

lyn — plI?

which implies that
lyn = pII> < {u = p. J(yn — P))- 3.3)
From (3.2) and (3.3) with p = y*, we get
LIMyllyn — y*I* < LIMy(u — y*, J(ya — y*)) < 0.

Then there exists a subsequence {yy, } of {y,} such that y,, — y*. If we assume the existence
of another subsequence {y,,} of {y,} such y,, — z*, then z* € F(7) and hence from (3.3)
we get

Iy =217 < (u = Y5, T = 2).
By repeating last steps for {yj, }, it follows that
1% = ¥ 1P < fu = 25, T @ = ).

Summing last inequalities yields y* = z*.
In a summary, we have shown that each cluster point of {y,}, equals y*. Define Qu =
lim,— o0 Yn- Then Qu is the unique solution the following variational inequality

(Qu —u, J(Qu —p)) <0 forall pe F(T).

(b) By applying Lemma 2.8, we obtain that Q is a sunny nonexpansive retraction from C
onto F (7). ]

Remark 3.2 We note that the assumption that the family 7 has a common fixed point in every
convex, weakly compact and 7 —invariant subset of X had been widely investigated in the

past (see, e.g., [37]).

‘We now prove strong convergence of a new inexact iteration method is for an uncountable
family of nonexpansive mappings.
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Theorem 3.3 Let X be a reflexive Banach space whose norm is uniformly Gdteaux differ-
entiable and let C be a nonempty, closed and convex subset of X. Let T = {T; : t > 0} be a
Sfamily of nonexpansive mappings from C into itself suchthat F(T) # ). LetS = {S,, : n € N}
be a sequence of nonexpansive mappings from C into itself such that T has the property (<)
with respect to the family S and F (T) C F(S). Assume that the family T has a common fixed
point in every weakly compact, convex and T —invariant subset of C. For any u, x1 € C, let
{x,} be a sequence in C generated by

[ Yo =1 —=38)u+8,Pey,neN, (3.4)

Xn41 = (] - )‘n)xn + AnSnxn + }Lnen(yn - xn)s

where {An}, {6,} and {8,} are three sequences of real numbers in (0, 1] with 1,,(1 4+ 6,) <
1, {en} is an error sequence in X and P is a retraction from X onto C. Assume that {Pe,} is
bounded and that the following conditions hold,

(CI) limy— o0 6, =0;

(C2) limy— 00 An /0y = 0;

(C3) 2021 Ay = 00;

(C4) lim, o0 16,1 — On]/(2n6?) = 0;
(C5) limy,— o0 8, = 0.

Define

On

1
EuzlzeC:z= +7S,,z,neN]. (3.5

u
146, 1+ 6,
Assume that the following condition holds:

(C6) lim,— @EL,(Sn’ Sn—l)/(kne,%) =0.

Then {x,} converges strongly to Qu € F(T), where Q is a sunny nonexpansive retraction
from C onto F(T).

Proof Let {b,} be a sequence in (0, 1/2] defined by b, = 1%9,, forall n € N. Let {z,,} be a
sequence in C implicitly defined by

1 1
={1- — S 3.6
Zn ( 1+9n)u+(1+9n) nin (3.6)

From Theorem 3.1 we know that there exists a sunny nonexpansive retraction Q : C — F(7)
such that z;, —> Q(u) asn — oo.

Now the idea underlying the present proof is inspired by [21]. Firstly, we prove that {x, }
is bounded. Let d := ||Q(u) — u|| and o, := ||x, — Q(u)||. From (3.4), we have

ont1 = (1 =2 (1 +6)) llxn — Q)| + Al Suxn — QN + Xnbpnllyn — Q) |l
= (1 - )\n(l +9n))0n +)Ln||Snxn - Sn Q(M)” + )‘ngn((l - 5,,)3—{- Sn”Pen - Q(u)”)
< = Apby)o, + )\nen(g"’_ ullPen — Q)l)).

From the boundedness of {Pe,, — O (u)}, there is aconstant K1 > O such that ||Pe, — Q(u)| <
K for all n € N. Thus,

ont1 < (1 = Au6,)0, + )\ngn(g‘l' K1)
=< max{all7g+ K1}
< max{o,d + K1}.
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Since {x,}, {S,x,} and {y,} are bounded, we have

1xn+1 — xnll = 11 = A (L + 6,))x5 — X5 + ApSpXn + Ay ynll
< AnUISnxnll + (1 + O) 1 xnll + Onllyall)
< K> 3.7

for all n € N and for some K, > 0. From (3.7), we have
Jm flxnr — 2]l = 0.
Now, we will prove that {x,} converges to Q(u«). From (3.6) that
On(u — zp) = 2n — Snzn- (3.8)
Set B := {zn}, ¥n = l[Xn+1 — zull and

en = llzn — Zn—1 1 2llxn — zu—1ll + lzn — Zn=11D + 22,05 1 Xn41 — Xl Xn41 — 2Zall
+ 20100 0n llu — Penllllxn+1 — zall + 4hullXn+1 — XnlllXn+1 — Znll-

We now claim that

We infer that

&n lzn — zn—1ll

= 2lxn — zn—1ll + llzn — zZn=11) + 21 xn+1 — Xnl|Xn+1 — 2
3n6r 70, ( ” n n l” ” n n l”) ” n+1 n”” n+1 n”

¥n+1 = Xallll*Xnt1 — znll

+ 28, llu — PepllllXns1 — zall +4 7
n

3.9

Since S, is nonexpansive, it is well known that I — §,, is an accretive operator, i.e., for any
x,yand r > 0 it holds

1
lx =yl <llx—y+ ;((1 = Sp)x — U =Sl
Then we have

lzn — zn—1ll <

1
Zn — Zn—1 T 9* ((zn = Snzn) — (Zn—1 — Snzn—l))H

n

=

1
Zn — Zn—1 1 ; ((zn = Snzn) — (Zn—1 — Sn—lzn—l))H
n

1
+ —ISnzn—1 — Sp—12n-1ll.
On

It follows from (3.8) that

[6p—1 — 6, 1

lzn — zn—1ll < unzn—l —ull + —2p(Sn, Su—1)-
6, 6
n n

We get from lim,,_, oo W = 0 and Condition (C6) that

. ”Zn - Zn—l”
lim ——mM—— =

n—o00 An6n

0.
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Moreover, from (3.7) we obtain

1xne1 — xnllllXns1 — zaull

A
< K sup || xk+1 —zk||—” — 0asn — oo,
9}1 keN 9”

since lim,,_, o5 1, /6, = 0. Hence, from (3.9), we obtain

En

lim =0.

n—00 A,0,

Note that
Yo = (1 = 8p)u + 8, Pey,
and hence from (3.8) we get

00 (Yn — 2n) — (Zn — Snzn) = 0,6, (Pey — u).

From Lemma 2.6 we have

21 = znll* = 11 = An)Xn + AnSuXn + Ay (Y — Xn) — 2|1
< 130 = zall* + 2((1 = A)Xn + AnSuxy
+ 20 = Xn) = Xy T (g1 — 2n))
= [l%n = 2nll* 4 202000 (@n — X1 + X1 — Zn) — A
+ AnSpXn + Anln O — 2n)s J (Cont — 20))

and hence

Ixn41 = znll® < X0 = 2all* = 2AnBn X041 — 2all®
+ 22, (0n (X1 — 20) — (X — Spxp)
+ 00 n — Xn)s J (Xnt1 — 20))
= [1x2 = zall® = 22060 X041 — 2n)?
+ 20000 (Xnt1 — Xn) + O (Yn — 2n) — (Zn — Suzn)
+ (zn = Snzn) — (pp1 — Spxn41)
+ g1 — Suxnt1) — G — Suxn), J (Xu+1 — 2n))-
From the nonexpansivity of S,,, we obtain
1 = zall® < %0 = 20ll* = 22060 X011 — 21
+ 2000 1 Xn+1 — Xnll X041 — 2Znl
+ 200,80 lu — Penllllxn+1 — zall
+4hnllxp+1 — Xl 1Xn41 — 2all,

which leads to
101 = 2nll® < (U = 2ot | + Iznm1 = 20lD? = 220001 Xn 41 — zal*
+ 225080 %01 — Xl 1Xns1 — Zal
+ 20080l — Pey | %01 — zu
+ 42Xt — Xnll1Xns1 — Znll.

The previous inequality can be written as

ynZ S Vnz—l - 21n9n)’,12 + En.
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Now, from Lemma 2.9, we deduce
lim [lxp41 =zl = lim y, =0.
n—00 n—00

From Theorem 3.1, we know that z, — Q(u) as n — oo and so x, — Q(u) as required.
O

Corollary 3.4 Let X be a reflexive Banach space with a uniformly Gateaux differentiable
norm, let C be a nonempty, closed and convex subset of X which has the fixed-point property
for nonexpansive mappings and let P be a retraction from X onto C. Let T : C — C be a
nonexpansive mapping with F(T) # @ and let {A,}, {6,} and {,,} be three sequences of real
numbers in (0, 1] with A, (1 4 6,) < 1 satisfying Conditions (C1)—(C5) of Theorem 3.3. For
any u, x1 € X, let {x,} be a sequence in C generated by

Xpp1 = (I =2y (1 +602))x0 + AnTxy + 20 ((1 — 8p)u + 8, Pey),

where {e,} is an error sequence in X such that {Pe,} is bounded. Then {x,} converges
strongly to Qu € F(T), where Q is a sunny nonexpansive retraction from C onto F(T).

Now, let X be a strictly convex Banach space and let 7 = {7} be an infinite family
of nonexpansive mappings from a nonempty, closed and convex subset C of X into itself
with F(7) # . Let {1,,}, {6,,} and {6, } be three sequences of real numbers in (0, 1] with
An(1 4+ 6,) < 1 satisfying condition conditions (C1)—(C5) and let {8, «} be a family of
nonnegative numbers with indices n, k € N with k < n such that ZZ: 1 Bux = 1 for each
neN.

‘We now construct an auxiliary sequence of nonexpansive mappings S = {S,,} as follows:
Forx € C,

n
Spx =D BuiTix, neN. (3.10)
k=1

Then from the condition >";_; B, = 1, each S, is also a nonexpansive mapping of C into
itself such that Nien F () € NypenF(Sy).

Theorem 3.5 Let X be a reflexive Banach space whose norm is uniformly Gdteaux differ-
entiable and let C be a nonempty, closed and convex subset of X. Let T = {T,} be an infinite
Sfamily of nonexpansive mappings from C into itself with F(T) # (. Assume that the family
T has a common fixed point in every weakly compact, convex and T —invariant subset of
C. Let {,,}, {6, } and {6,,} be three sequences of real numbers in (0, 1] with A,(1 4+ 6,) <1
satisfying Conditions (C1)—(C5) of Theorem 3.3 and let {B, r} be a family of nonnegative
numbers with indices n, k € N with k < n such that

(BI) > %_ Buk = 1foreachn € N;
(B2) Timyo0 5gx 34 |Bn-tk = il = 0.

Suppose that S = {S,} be a sequence of nonexpansive mappings defined in (3.10) and that
T has the property (/) with respect to S. For any u, x| € C, let {x,} be a sequence in C
generated by (3.4), where {e,} is an error sequence in X and P is a retraction from X onto
C. Assume that {Pey} is bounded. Then {x,} converges strongly to Qu € F(T), where Q is
a sunny nonexpansive retraction from C onto F(T).
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Proof Noticing that the set E, defined by (3.5) is in Z(C). Let K* = sup{|| Tzl : z €
E, and n € N}. By using argument of [3], we see that

n
D, (S Su1) 2 |Buk — Burra] K*.
k=1

From the condition (B2), we obtain lim,— oo Z£, (Sn. Sn—1)/ ()»,,03) = 0. Therefore, Theo-
rem 3.5 follows from Theorem 3.3. m]

Remark 3.6 In view of [12], some convergence theorems are established in [3,51] under the
following assumptions:

(i) X f— Bux = 1foreachn e N;
(1) lim,— oo Bk > Oforeachk € N;
(i) 202 2o h=y 1Btk — Bukl < 0.

4 Applications
4.1 Zeros of accretive operators

In the general setting of Banach spaces, let A C X x X be an operator on the Banach space
X. The set D(A) defined by D(A) = {x € X : Ax # 0} is called the domain of A, the set
R(A) defined by R(A) = J,cx Ax is called the range of A and the set G(A) defined by
G(A)={(x,y) e X x X :x € D(A),y € Ax} is called the graph of A. A zero (or root) of
Aisapoint z € D(A) such that 0 € Az. We denote by A0 the zeros set of A. An operator
A C X x X is said to be

(1) accretive if, for each x; € D(A) and y; € Ax; (i =1, 2), thereis j € J(x; — x2) such
that (y; — y2, j) = 0;

(2) maximal accretive if it is accretive and the inclusion G(A) € G(B), with B accretive,
implies G(A) = G(B);

(3) me-accretive it A is accretive and R (I + nA) = X for any pu > 0.

If A is an m-accretive operator, A has no proper accretive extension. However, not every
maximal accretive operator is m-accretive.

An accretive operator A defined on a Banach space X is said to satisfy the range condition
if D(A) C R({ + AA) for all A > 0, where D(A) denotes the closure of the domain of A. If
A is an accretive operator, the resolvent of A defined for each A > 0, as the nonexpansive sin-
gle-valued mapping J;* : R(I +XA) — D(A) by J# = (I+1A)~!.1tis well known that for
an accretive operator A which satisfies the range condition, A7l =F (Jf) forall A > 0.
The Yosida approximation A, definedby A, = (I — J,A) /r. We know that A, x € AJ,Ax for
allx € R(I +rA) and ||A,x|| < |Ax| =inf{||y|| : y € Ax}forallx € D(A) N R(I +rA).

Accretive operators were introduced independently in 1967 by Browder [11] and Kato
[36]. Interest in such maps stems mainly from their firm connection with evolution equations.
It is known (see, e.g., [62]) that many physically significant problems can be modeled by
initial-value problems of the form

x'(t) + Ax(t) = 0, x(0) = xo, 4.1)

where A : X — X is an accretive operator in an appropriate Banach space. Typical exam-
ples where such evolution equations occur can be found in the heat, wave or Schrodinger
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equations. The solutions of the problem
findz € X suchthat Az =0

are precisely the equilibrium points of the system (4.1). Consequently, considerable research
efforts have been devoted, especially within the past 25 years or so, to iterative methods for
approximating these equilibrium points.

In case of a Hilbert space H, accretive operators are also called monotone. An interesting
fact is that a monotone operator A on H is maximal if and only if R(/ + A) = H. This was
originally due to Minty [43] who provided a crucial characterization of maximal monotone
operators. The best-known example of maximal monotone operator is the subgradient map-
ping 0y of a closed, proper and convex function v : H — R U {oo} (see for instance, [48]).
In the case that A is the subdifferential map 91 of a convex function i, A~10 is the set of
all global minima of . In this paper, we study a more general situation.

Given an accretive operator A C X x X, we consider the following problem

findz € X suchthat 0 € Az. P)

The Problem (P) can be regarded as a unified formulation of several important problems.
For an appropriate choice of the operator A, Problem (P) covers a wide range of mathe-
matical applications; for example, variational inequalities, complementarity problems and
non-smooth convex optimization. Problem (P) has applications in physics, economics and
in several areas of engineering. Therefore, one of the most interesting and important prob-
lems in the theory of maximal monotone operators is to find an efficient iterative algorithm
to compute approximately zeroes of maximal monotone operators. One method for finding
zeros of maximal monotone operators is the proximal point algorithm. Let A be a maximal
monotone operator in a Hilbert space H. The proximal point algorithm generates, for starting
X1 € H, asequence {x,}in H by

Xp41 = Jr/:xn (4.2)

where {r,} is a regularization sequence in (0, co). Note that (4.2) is equivalent to

1
0€ —(xn+1 — Xn) + Axpt1.
T'n
This method was first introduced by Martinet [42]. If v : H — R U {00} is a proper, lower
semicontinuous and convex function, then the algorithm reduces to

. 1
Xt = argminge (Y (9) + 5= 16 — yI%)
\ -

Rockafellar [49] studied the proximal point algorithm in the framework of Hilbert space and
he proved the following result.

Theorem 4.1 Let H be a Hilbert space and let A C H x H be a maximal monotone opera-
tor. Let {x,,} be a sequence in H defined by (4.2), where {r,} is a sequence in (0, co) such that
liminf, o7, > 0. If A710 % @, then the sequence {x,} converges weakly to an element of
Ao

Giiler [31] constructed a counterexample showing that the sequence generated by (4.2)
does not converge strongly, in general. This brings us a natural question on how to modify
the proximal point algorithm so that strongly convergence is guaranteed. Recently, motivated
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by Halpern [33], some authors (see, for examples Benavides, Acedo and Xu [7], Kamimura
and Takahashi [35], Mainge [39], Marino and Xu [41], Takahashi and Ueda [54] and Nakajo
[45]) modified the proximal point algorithm to generate strongly convergent sequences.

However, as pointed out in Eckstein [26], this ideal form of the proximal point method
is often impractical, since in many cases the exact iteration (4.2) may require a computation
as difficult as solving the original Problem (P). Rockafellar [49] has given a more practical
method which is an inexact variant of the method

ey € Xp —Xp—1+ rnAxna

where {e,} is an error sequence. The method is called inexact proximal point algorithm. It
was shown in Rockafellar [49] that if ¢, — O quickly enough such that ZZO: el < oo,
then x, — z € H with 0 € A(z). In 2002, Xu [57] modified the proximal point algorithm
for solving Problem (P) and proved strong convergence of the algorithm in a Hilbert space
under the same assumption Z;’lozl llenll < oo.

The criteria > oo |lex|| < oo imposed for convergence of inexact proximal point algo-
rithms is somewhat undesirable, because it impose increasing precision along the iterative
process. This brings us to the following natural question,

Question 4.2 Is it possible to further modify inexact proximal point algorithm without the
assumption Y oo | |lex|l < 00, so that it can generate a strongly convergent sequence in
Banach space setting?

Recently, Sahu and Yao [53] introduced and studied the prox-Tikhonov method for solving
Problem (P) in Banach space and they partially answered Question 4.2.
Before pressing our results, we need the following:

Proposition 4.3 (cf. [55]) Let X be a Banach space X and let A C X x X be an accretive
operator satisfying the range condition, i.e., D(A) C R(I +tA) forallt > 0. Then

1 1
~ Il — JATAX| < I = JAx| forall x € RU+rA) and r,t>0.

Lemma 4.4 (cf. [56, Corollary 3.4]) Let X be a reflexive Banach space with a uniformly
Gdateaux differentiable norm, C be a nonempty, closed and convex subset of X and let
A C X x X be an accretive operator such that A~'0 % $and D(A) C C C Nyoo RUA+1A).
Suppose that every closed, convex and bounded subset of C has the fixed point property for
nonexpansive self-mappings. Then we have the following

(a) for each x € C,{J;x} converges strongly to Qx ast — 0o, where Q is the sunny
nonexpansive retraction from C onto A~'0,
(b)  the set A~10 is a sunny nonexpansive retract of C.

The following proposition shows that for an accretive operator A, the family {JA : ¢ > 0}
of resolvent operators enjoys property (&7).

Proposition 4.5 Let C be a nonempty, closed and convex subset of a Banach space X and
let A C X x X be an accretive operator such that D(A) C C C (\,oo R(UI + tA). Then:

(a) The family {]tA 1t > 0} of resolvent operators enjoys property (7).

(b) If{t,} is a sequence in (0, 00) such that inf{t, : n € N} > 0, then the family {J,A >
0} of resolvent operators enjoys property (<) with respect to the sequence {JI:‘ in €
N}.
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(¢) For A, u > 0and B € #(C), it holds:
A — ul
A

28I I < sup |x — Jx|| for all x € B.

xeB

Proof (a) Letr > Oandlet{z;};~0 € Z(C) such that ||z; — J,Az, | = 0ast — oco. From
Proposition 4.3, we have

%IlJ,Az, —JAIA < ;Ilz, — Iz, (4.3)
Using (4.3), we have
lze = JA2e ) < llze = Izl + 10 2 — TR T A 2l + 1920 2 — T2
< (14 2) llze = Il + 1420 = 2]l = Oas 1 — oo
(b) Assume that {t,} is a sequence in (0, c0) such that inf{#, : » € N} > 0. Let r > 0 and

let {z,} be a bounded sequence in C such that ||z, — J,fzn | = 0asn — oo. From
Proposition 4.3, we have

A A A A A A TA A
lzw — T2zl < Mz — TPzl + 1820 — IA Tzl + 1A T A 20 — T2zl

A A A TA
<2z — Ji, Znll + 15 zn — J I, Znll

’
= 2lizn = Jizall + = lizw = Jitzall
n
Sinceinf{z, : n € N} > Oand ||zn—J,:‘z,,|| — Qasn — 00, we obtain ||z,,—JrAz,,|| —
0asn — oo.
(¢) Leti,u > 0and B € #(C). From [3,55] and x € B, we have

|2 — pl
I73x — J12x| < — - JAx|. (4.4)

It follows from (4.4), we have

A — ]
sup [lx — Ji'x.
xeB

78I TH <
O

Theorem 4.6 Let X be a reflexive Banach space with a uniformly Gateaux differentiable
norm and let C be a closed and convex subset of X. Let A C X x X be an accretive operator
with resolvent JtA fort > 0 such that A='0 % @ and D(A) C C C N,=0 RU + tA). For
t > 0, assume that J,A has a fixed point in every weakly compact, convex and J,A-invariant
subset of C. Then we have the following

(a) for each fixed u € C, the unique fixed point y, € C of the contraction C 3 y >
bpu + (1 — bn)szy converges strongly as n — oo to Q(u), where Q is a sunny
nonexpansive retraction from C onto A0, {t,} isa sequence in (0, 00) and {b,} is a
sequence in (0, 1) with b, — 0 as n — oo.

(b) The set A~'0 is a sunny nonexpansive retract of C.

Proof Theorem 4.6 follows from Theorem 3.1. O

Remark 4.7 The conclusion of Theorem 4.6 slightly differs from that of Lemma 4.4.
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Theorem 4.8 Let X be a reflexive Banach space with a uniformly Gdateaux differentia-
ble norm, let C be a nonempty, closed and convex subset of X and let P be a retrac-
tion from X onto C. Let A C X x X be an accretive operator such that A~'0 # @ and
D(A) C C C ()29 RU +1A). Fort > 0, assume that ]tA has a fixed point in every weakly
compact, convex and J,A-invariant subset of C. Let {},}, {0,} and {5,} be three sequences
of real numbers in (0, 1] with 1,(1 4 68,) < 1 satisfying the Conditions (C1)—(C5) of Theo-
rem 3.3. For any u, x| € C, let {x,} be a sequence in C generated by

yo =U-=368)u+38,Pey,,neN,
Xp1 = (I = Ap)x, + )\n-]{fxn + 10,0, (Y — Xp),

where {e,} is an error sequence in X and {t,} is a sequence in (0, c0) such that inf{t, :
n € N} > 0andlim,_, |t;, — t,—1 |/(An93) = 0. Assume that {Pe,} is bounded. Then {x,}
converges strongly to Qu € A~'0, where Q is a sunny nonexpansive retraction from C onto
Ao

Proof Let {b,} be a sequence in (0, 1/2] defined by b,, = %’;}n for all n € N and let {z,,} be
a sequence in C defined by z,, = (1 — b,)u + b, J;:z,,. Proposition 4.5 (b) implies that the
family 74 := {J,A : t > 0} satisfies the property (<) with respect S* = {th :n € N}
Noticing that F(J Ay = F(8%) = A~'0. It follows from Theorem 3.1 that there exists a
sunny nonexpansive retraction Q : C — A~10 such that z, — Q(u) asn — o0. Set
S, = J,f and B = {z,}. We now show that the Condition (C6) holds. From Proposition 4.5
(c), we get that

ltn — ta—1]
DB(Sp, Su—1) < ———— sup llzu — I/ 2l
n m€eB
|tn — tn—ll A
< —————sup(llza — QI + IV zn — Q@)D
In z€B
[tn — ta—1]
< ———supQ2llzx — QW)I).
n keN

By assumption, we conclude that 2 (S, Sn_l)/(kne,%) — 0 as n — oo. Therefore, Theo-
rem 4.8 follows from Theorem 3.3. m]

Remark 4.9 An example of the sequences {A,}, {0,} and {§,,} which satisfy the hypotheses
of Theorem 4.8 is

Remark 4.10 (i) Theorem 4.8 provides an algorithm for finding solutions of the problem:
find z € X suchthat0 € A(z) N C.

(i) We suspect, although we have no proof, that property (<) for the family {S,, } is granted
by the fact that {JIA} does satisfy such property.

(iii) The assumption “acceptably” paired for the sequences {},} and {6,} are used the for
finding zeros of accretive operators in [9,13,50]. In our results the sequences {A,} and
{6, } are not necessarily acceptably paired.
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4.2 Minimization

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let
Y : H — R U {o0o} be a proper, lower semicontinuous and convex function, where H is an
Hilbert space. The subdifferential 9y of ¢ is defined by

W@ ={weH: f(y) = f@+({y—z,w)y€H]

If A = 9, then A is a maximal monotone operator (see, Rockafellar [48, Theorem 4]). We
also know that

(1) 0 € Avifandonly if v = argmin_ .y f(2),
(ii) JAx = argmin, g {¥(2) + llz — x[|?/2t} forall # > O and x € H.

As direct a consequence of Theorem 3.1, we obtain the following result.

Theorem 4.11 Let H be a Hilbert space and let  : H — R U {oo} be a proper, lower
semicontinuous and convex function with (3y)~'0 # (. Let A = 3. Then for each fixed
u € H and any sequence {b,} in (0, 1) such that b,, — 0 as n — 00, the sequence {y,}
defined as

Yn = bpu + (1 — by)zy,

where {t,,} is a sequence in (0, 00) and z, = argmin,c y{(z) +z—yn ||2/2t,,}f0r alln € N,
strongly converges 1o Pp-1g)(u).

4.3 Split feasibility problems

Let C be a nonempty, closed and convex subset of real Hilbert space H andlet A : C — H
be a nonlinear operator. We say that A is

(a) n-strongly monotone if there exists a constant 7 > 0 such that
(Ax — Ay, x —y) = nllx — y||> forall x,yeC,
(b) v-inverse strongly monotone (v-ism) if there exists a constant v > 0 such that
(Ax — Ay, x —y) > v||Ax — Ay||2 forall x,yeC.

Recall that a mapping T in a Hilbert space H is said to be averaged if 7 can be written as
(1 —a)] + oS, where @ € (0, 1) and S is nonexpansive on H.

Construction of fixed points of nonexpansive operators is an important subject in the theory
of nonexpansive operators and its applications in a number of applied areas, in particular,
in image recovery and signal processing (see, e.g., [15,47,60,61]).

For instance, split feasibility problem (SFP) was first introduced by Censor and Elfving
[16] in finite dimensional Hilbert spaces and finds applications in medical image recon-
struction [14] and to model the intensity-modulated radiation therapy [17-20]. Iterative
algorithms for approaching solutions for the SFP in infinite-dimensional Hilbert spaces,
had been recently studied by Xu in [59].

The SFP is formulated as follows:

find a point x € C such that Ax € Q, 4.5)
here C is a closed and convex subset of a Hilbert space Hi, Q is a closed and convex

subset of another Hilbert space H and A : Hy — Hj is a bounded linear operator. The
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SFP is said to be consistent if (4.5) has a solution. It is easy to see that SFP is consistent
if and only if the following fixed point problem has a solution:

findx € C suchthat x = Pc(I —yA*(I — Pg)A)x, (4.6)

where Pc and Pg are the orthogonal projections onto C and Q, respectively; y > 0, and
A* is the adjoint of A. Note that for sufficient small y > 0, the operator Pc(I —y A*(I —
Pp)A) is nonexpansive. Set g (x) := %||Ax - PQAx||2 forallx € C.

Consider the minimization problem:

findz € C suchthat z € ming(x).
xeC

From [4], the gradient of ¢ is
Vg = A*(I — Pp)A.

Since I — Py is nonexpansive, it follows that Vg is L-Lipschitzian with L = A2
Therefore, Vg is 1/L — ism (cf. [4]) and for any 0 < y < 2/L, I — yVq is averaged.
Therefore, the composite Pc(I — Vg) is also averaged. Set T := Pc (I — Vq). Note that
solution set of SFP(4.5) is denoted by F(T).

It is well known that the sequence {7" x} of iterates of nonexpansive operator 7 at a point
x € C may, in general, not behave well. This means that it may not converge (even in the
weak topology). One way to overcome this difficulty is to use the Krasnoselskii-Mann (KM)
iteration method (see, [15]) that produces a sequence {x,} via the recursive manner:

Xn+1 = (1 - an)xn + oy Txy,

where the initial guess x; € C is chosen arbitrarily. It is worth noting that the KM iteration
process is a well known process for finding fixed points of nonexpansive operators (see,
[15]) and it is further developed in a general context in [58]. See also [52] for improved
convergence results.

We now apply the result established in Sect. 3 for finding solutions of SFP (4.5).

Theorem 4.12 Assume that SFP(4.5) is consistent. Let {1,,}, {6, } and {8,,} be three sequences
in (0, 1] with A, (1 + 6,)) < 1 satisfying the Conditions (CI)—(C5) of Theorem 3.3. For any
u,x; € H, let {x,} be a sequence in H generated by

Xpp1 = (L =2y (X +0))x0 + Ay Pc(U — yV@)xp + 20, (1 + 8,)u + 8yey), n €N,

where 0 < y < 2/L and {e,} is a bounded error sequence in H. Then {x,} converges
strongly to the solution of SFP(4.5) nearest to u.

Proof Since T := Pc(I —XVgq) is nonexpansive, Theorem 4.12 follows from Corollary 3.4.
]

4.4 Equilibrium problems
Let H be a Hilbert space and let G : H x H — R be an equilibrium function, that is
G(u,u)=0 forevery ue€ H.
The equilibrium problem is defined by
findx € H suchthat G(x,y) >0 forall ye€ H.
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A solution x of the equilibrium problem is called an equilibrium point and the set of all
equilibrium points will be denoted by EP(G). The topic has been considered by several
authors (see, for instance, [2,8-10,28,46]) with the purpose of extending results concerning
particular problems to more general settings. We assume some mild conditions over G in such
a way that the results can be applied in several cases including optimization problems, fixed
point problems, variational problems, variational inequality problems, and convex vector
minimization problems [24,34].

Lemma 4.13 (cf. [24]).Let C be a nonempty, closed and convex subset of H and assume
that G : C x C — R satisfy

(Al) forallx € C,G(x,x) =0;
(A2) G is monotone, i.e. G(x,y) +G(y,x) <O0forallx,y € C;
(A3) forallx,y,z € C,

limsupG(tz+ (1 —tHx,y) < G(x,y)ast — 0;
(A4) forallx € C,y +— G(x,y) is convex and lower semicontinuous.

Forx € Handr > 0, set S, : H — C to be the resolvent of G,
1
Sr(x) = [zeC:G(z,y)+;(y—z,z—x) >0, VyeC],

then S, is well defined and the following hold:

(1) Sy is single-valued;
(2) S, is firmly nonexpansive, i.e.,

1S, — Sryll? < (Spx — Spy, x — ¥),

forallx,y € H,;
(3) F(S)=EP(G);
4) EP(G) is closed and convex.

Lemma 4.14 (cf. [40]) For any fixed x € H and t,r > 0 it holds
t—r
I1Sex = SpSexll = {1+ - lx — Sex|l.

From this, we deduce the property (<.

Lemma 4.15 Let G be an equilibrium function satisfying the assumptions of Lemma 4.13.
Then the family {S; : t > 0} enjoys the property ().

Proof Let {z;} € #A(H) such that z; — S;z; — 0. Then, for any fixed r > 0,

lze — Srzell < llze = Sezell + 1Seze — SrSezell + 11SrSeze — Srzel

t—r
<\{3+ - llze — Szl

by the nonexpansivity and Lemma 4.14. In particular, we get

lim |z, — Srzl = 0.
—>00
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Similarly, we have

Lemma 4.16 Let G be an equilibrium function satisfying the assumptions of Lemma 4.13
and let {t,} be a sequence in (0, 00). Then the family {S; : t > 0} enjoys property (<) with
respect the sequence {S;, : n € N}.

Theorem 4.17 Let H be a Hilbert space. Let G : H x H — R be an equilibrium function
satisfying the assumptions of Lemma 4.13. Let {A,}, {6, } and {5,,} be three sequences of real
numbers in (0, 1] with A,,(1 + 6,)) < 1 satisfying the Conditions (C1)—(C5) of Theorem 3.3.
Let {S;,} be a family of resolvent operators for G, where {t,} is a sequence in (0, o) such
that inf{t, : n € N} > 0 and lim,,—, » |t;, — th—1 |/()»n9,%) = 0. For any u, x1 € H, let {x,}
be a sequence in H generated by

Yn = (1 _Sn)“+8nenan eN,
Xpgp1 = (1 = X)x, + )\nSlnxn + 20 (Y — Xn),

where {ey} is a bounded error sequence in H. Then {x,} converges strongly to Pgp)(u).

Proof Note that the family {S; : + > 0} enjoys the property (&) with respect the sequence
{S:, : n € N} by Lemma 4.16. Moreover, from Lemma 4.13 (3), we get that F(S;,) =
i F(Sy) forany n € N.

To proceed as in Theorem 4.8, we have only to show that

|tn _tn—1|
1 Se,x — S,y x|l < ti(nst,,x” + [lxID, x € H.

n

This last inequality had been implicitly proved in [22, Lemma 5]. O
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ON THE CONVERGENCE OF APPROXIMANTS OF PSEUDO-CONTRACTIVE
SEMIGROUPS IN BANACH SPACES

D. R. SAHU, V. COLAO, AND G. MARINO

ABSTRACT. The purpose of this paper is to estabilish some results on the convergence of approxi-
mated fixed point sequences for uniformly lipschitzian semigroups of pseudo-contractive mappings.

1. INTRODUCTION

Let X be a Banach space and let C' be a nonempty, closed and convex subset of X. Let T': C' — C
be a mapping, we denote by the symbol F(T') := {z € C : Tz = z} the set of fixed points for T" and
by k(T') we denote, whenever it exists, the Lipschitz constant defined by

k(T) :=inf{k € [0,00) : |Tx — Ty| < k|| — y|/for all z,y € C}.
We recall that T is called
(1) L—lipschitzian if k(T) = L < oo,
(2) nonexpansive if k(T') = 1 and
(3) contraction if k(T) < 1.
One classical method to approximate fixed points for a nonexpansive mapping 7" is by passing through
fixed points of particular contractive mappings.

More precisely, for a fixed element u € C, define for each ¢t € (0,1), a contraction Gy by Grr =
tu+ (1 —t)Tx for all z € C. Let x4 be the fixed point of Gy, i.e.,

Browder [2] proved that z; strongly converges, as t — 0, to a fixed point of the mapping T, in the
setting of Hilbert spaces. Later, Reich [12] extended the result to uniformly smooth Banach spaces.
Similarly, many authors have studied the behaviour of the approximants {x} defined by

0=cRxe+ (1 —e)(I —T)x..

for nonexpansive self-mappings T in Banach spaces, where R =I— A and A : C' — C' is a contraction
mapping. In [6], Gwinner proved strong convergence of inexact approximants {y,} in a uniformly
convex Banach space as follows:

Theorem 1.1. Let X be a uniformly convexr Banach space with a weakly sequentially continuous
duality mapping J : X — X*. Let C' be a nonempty closed convex subset of X and T : C — C
a nonexpansiwe with F(T) # 0. Let R : C — X be a continuous, bounded operator. Suppose R is
strongly ¢-accretive. Let {b,} be a sequence in (0,1) and let {6,,} be a sequence in (0,00) such that
limy, 00 by, = limy, o g—z = 0. If the approximate solutions y, € C satisfy

(1'2) anRZjn + (1 - bn)(I - T)@n“ < 0y for alln € N,
then {yn} converges strongly to an element y* € F(T') which uniquely solves the variational inequality:
(1.3) (Ry*, J(y* —v)) <0 for allv e F(T).

Let R be the set of nonnegative real numbers and let .% := {T'(t) : t € R*} be a one-parameter
family of mappings from C to itself. .F is said to be a strongly continuous semigroup of mappings if

Mathematics subject classification: 47H09, 47H10
Key words and phrases: ®-strongly accretive operator, Pseudo-contractive operators, Reflexive Banach spaces,
Uniformly Géateaux differentiable norm.
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(i) T(0)z = «x for all z € C,
(i) T(s+t) = T(s)T(t) for all s,t € RT;
(iii) for each x € C, the mapping T'(-)z from R™ into C is continuous.
Moreover, % is said to be an uniformly continuous semigroup of mappings, if condition (iii) holds
uniformly over any bounded subset of C.

We denote by F'(.%) the set of all common fixed points of .7, i.e., F(.F) := (\,cp+ F(T'(1)).

An interesting problem is to modify Browder’s result (|1.1]) to approximate a common fixed point
for a semigroup of nonexpansive mappings. Suzuki [15] proved the following implicit iteration process
in a Hilbert space.

Theorem 1.2. Let C' be a nonempty closed convex subset of a Hilbert space H. Let % = {T(t) : t €
RT} be a strongly continuous semigroup of nonexpansive mappings from C into itself with F(F) # 0.
Let {b,} be a sequence in (0,1) and {t,} a sequence in (0, 00) satisfying lim, o t, = limy, 00 by /tn =
0. Fizu € C and define a sequence {y,} by

(1.4) Yn = bpu+ (1 = b)) T (tn)yn for all n € N.
Then {yn} converges strongly to the element of F(.%) nearest to u.

Xu [18] extended Suzuki’s result to uniformly convex Banach spaces with weakly sequentially
continuous duality mappings and he posed the following question. Can the iteration sequence
provide the same result in Banach spaces that include the L, spaces, 1 < p < 0o?

To give a partial answer to the question, we deal with an important and widely studied generalization
of nonexpansive mappings, that is the class of pseudo-contractions. We say that a mapping T : C —
C is said to be

(1) pseudo-contractive if for all z,y in C, there exists j(x — y) in J(z — y) satisfying (Tx —
Ty, j(z — y)) < Iz — yll%

(2) ¢-strongly pseudo-contractive if there exists a strictly increasing function ¢ : [0, 00) — [0, 00)
with ¢(0) = 0 such that for all z,y in C, there exists j(z — y) in J(z — y) satisfying (T'x —
Ty, j(@ — ) < llz — gl — 6z — yll)llz — yll;

(3) generalized ®-pseudo-contractive (cf.[17]) if there exists a strictly increasing function & :
[0,00) — [0,00) with ®(0) = 0 such that for all z,y in C, there exists j(z —y) in J(z — y)
satisfying (Tz — Ty, j(z — y)) < |z — y[|* = @(ll2 - yl)).

We remark that R = I — T is accretive (resp. ¢-strongly accretive, uniformly accretive) if T is
pseudo-contractive (resp. ¢-strongly pseudo-contractive, generalized ®-pseudo-contractive), where I
is the identity operator.

Recently, applications of semigroups on the existence of solutions to certain partial differential
equations had been explored by Hester and Morales in [7]. They proved that the semigroup result
directly implies the existence of a unique global solution to a time evolution equation of the form
u' = Au, where A is a combination of derivatives.

Our concern now is the following;:

Problem 1.3. Does iteration process provide the same result for Lipschitz pseudo-contractive
semigroups F even in uniformly convex spaces?

In this paper, we prove a version of Theorem for a uniformly continuous semigroup of pseu-
docontractive mappings in a Banach space much more general than uniformly convex spaces. This
partially settles the open problem posed by Xu [I8] and Problem

2. PRELIMINARIES

Throughout this paper, N denotes the set of natural numbers, X is a real Banach space, C is a
nonempty, closed and convex subset of X, X* is the dual space of X and J is the normalized duality
mapping from X to 2%~ defined by

J(z):={j € X" : (z,) = ll2[]” = ljlI*},
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where (-,-) denotes the generalized duality pairing. It is well known that if X™* is strictly convex,
then J is single-valued.

Recall that X is said to be smooth provided the limit

ety o]

t—0 t
exists for each x and y in Sx = {x € X : ||z| = 1}. In this case, the norm of X is said to be Gateauz
differentiable and it is said to be wniformly Gateaux differentiable if for each y € S, this limit is
attained uniformly for z € S. X is said to be wuniformly smooth if the limit is attained uniformly for
z,y € X. Classical examples of uniformly smooth Banach spaces are the L, spaces, for 1 < p < oo
(see e.g., [1, 4]).
Let {z,,} be a bounded sequence in X. Consider the functional r,(-, {z,}) : X — R defined by

ro(x,{x,}) = limsup ||z, — z||, z € X.
n—oo

The infimum of r4(-, {z,}) over C is said to be the asymptotic radius of {z,} with respect to C' and
is denoted by 7,(C,{zn}). A point z € C is said to be an asymptotic center of the sequence {x,}
with respect to C' if

ro(z,{zn}) = inf{ry(z, {z,}) : x € C}.
The set of all asymptotic centers of {z,} with respect to C' is denoted by Z,(C, {zy}).

X is said to satisfy property (I) (cf. [9]) if asymptotic center of every bounded sequence in X with
respect to closed convex subsets of X consists of exactly one point.

Uniformly convex spaces are examples of this type Banach spaces (cf. [T, [5]). It is known (cf.
Lim [8]) that Z,(C,{xy}) consists of a single point if X is reflexive and uniformly convex in every
direction.

We need the following known fact (cf. Morales [I1], Proposition 11]).

Lemma 2.1. Let X be a reflexive Banach space with a uniformly Gateauz differentiable norm and let
C be a closed and convex subset of X. Suppose {xy} is a bounded sequence in C and v € Z,(C,{zy}).
Then, there ezists a subsequence {xy,} of {xn} such that
lim sup(u — v, J(zp, —v)) <0 for allu € C.
k—o0

A semigroup .7 := {T(t) : t € R"} of Lipschitzian mappings from C into itself, is said uniformly
Lipschitzian if there exists a constant L > 0 such that || T(t)x — T'(t)y|| < L|jz — y|| holds for any
t € RT and for any z,y € C.
Let C be a nonempty, closed and convex subset of a smooth Banach space X and D a nonempty
subset of C. Given an accretive operator R : C' — X, we consider the following variational inequality
VIp(C,R):

find z € D such that (Rz, J(z —v)) <0 for all v € D.

We denote by Qp(C, R) the set of solutions of variational inequality VIp(C, R).

Remark 2.2. If R is uniformly accretive and if Qp(C, R) is nonempty, then this last consists of a
unique element.

Proof. Let z1,29 € Qp(C, R). Then
(Rz1,J(z1 — 22)) <0
and
(Rzo, J(z2 — 1)) < 0.
Summing the two inequalities and by the uniform accretivity of R, we get
O(||z1 — 22]]) < (Rz1 — Rz, J (21 — 22)) <0

for some strictly increasing function ®, with ®(0) = 0. From this last, it is easily derived that
zZ1 = Z292. O
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3. MAIN RESULTS

Firstly, we prove a result on the existence of common fixed points for a semigroup of pseudo-
contractions.We assume the existence of an approximated fixed point sequence only for countable
many elements of the semigroup.

Lemma 3.1. Let X be a reflexive Banach space satisfying property (I) and let C' be a nonempty
closed convex subset of X. Let T = {T(t) : t € R} be a strongly continuous semigroup of continuous
pseudo-contractive mappings from C into itself and let {t,,} be a sequence in (0,00) converging to 0.
Let {yn} be a bounded sequence in C' such that limy, oo ||yn — T (tm)ynl| = 0 for allm € N and let y*
be the unique element in Z,(C,{yn}), then F(T) is nonempty and y* € F(T).

Proof. Fix m € N. Since T'(t,,) is continuous and pseudo-contractive, we derive from [10, Theorem
6] that gn, := (21 — T'(t,,))~! is a nonexpansive mapping from C' into itself.
Since

limsup ||yn — gm(y™)|| < limsup ||gm(yn) — gm (¥l
n—oo n—oo

+ lim sup IIyn - gm(yn)H
n—00

< limsup ||y, — ||
n—oo
+limsup (27 - T(tm)) " Cuyn — T(tm)yn) — (21 — T(tm)) " (yn)||

< limsup ||y, — y*|| + limsup ||yn — T (tm)ynl|
= limsup ||y, — v,
n—oo

it follows that g, (y*) € Z,(C,{yn}) and hence g,,(y*) = y* for any m € N.
As a consequence, y* € [,y F(tn), where {t,,} C (0,00) converges to 0. Applying [16, Proposition
1], it is easily derived that y* € F(%). O

Our second lemma proves the existence of approximating fixed point sequences for a lipschitz
semigroup under mild assumptions on the Banach space.

Lemma 3.2. Let X be a Banach space and let C' be a nonempty closed conver subset of X. Let
A:C — X be a bounded mapping (i.e. A maps bounded sets into bounded sets) and let # = {T'(t) :
t € R*} be a uniformly continuous semigroup of uniformly Lipschitz mappings.
Let {b,} be a sequence in (0,1) and let {t,} and {0,} be two sequences in (0,00) such that
lim ¢, = lim b,/t, = lim §,/t, = 0.
n—oo n—oo n—oo
If {yn} C C is a bounded sequence of approzimate solutions, i.e. it satisfies
(3.1) 1on (I — A)yn + (1 — b)) (I — T (tn))yn|| < 0p for alln € N
then limy, 00 [|Yn — T (tm)yn|| = 0 for all m € N.

Proof. Let L > 0 be the Lipschitz constant of the semigroup .# and assume that {y,} is a bounded
sequence in C satisfying (3.1]).

Without loss of generality, we may assume that {b,} is a sequence in (0, d] for some ¢ € (0,1). Since
{yn} and {Ay, } are bounded, there exists a constant K > 0 such that ||(I — A)y,|| < K for alln € N.
Note that

(3:2) (I =T(tn))ynll = (1 =bn) (1 = bn)(I = T(tn))yn + bu(I — A)yn — bn(I — A)yn||

(1- bn)_l(én +n[|(L = A)yall)

(1—08)" (6n + Kby,).

Let d be the metric on X defined by

d(z,y) = Sup 1T (s)x —T(s)yll-

<
<
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By standard arguments, it is easily derived that
(3.3) lz = y|| < d(z.y) < Lz —y|| for any 2,y € C,

and that for any n € N, T'(¢,,) is nonexpansive with respect to d.
Let [-] be the integer part and fix m € N. Then, for any n > m,

(B4) Nyn = Ttm)ynll < d(yn,T(tm)yn)
[ton /tn]—1

< Z d(T (itn)yn, T((i + Dtn)yn) + d(T([tm/tultn)yn, T(tm)yn)

[tm/tn] 1

=3 AT T )T )

+d( [tm/tn}( tn)Yn, [tm/tn](tn)T(tm = [tm/tnltn)yn)
< ( m/t ) (ymT(tn)yn) + Cz(yan(Sn)yn),
where s, 1=ty — [tm/tn]tn > 0.
Note that by (3.2) and (3.3)), we have
d(yn’ T(tn)yn) < L(l - 5)_1(671 + Kbn)a
thus (3.4) becomes
(3.5) 19 — T (tm)ynll < Ltm(1 = 8) " (60 /tn + Kby /tn) + sup |ly — T(sn)yl).
yE€{yn}

Observe that

Sn = tm — [tm/tn]tn < tn — 0
and hence
(3.6) lim sup ||y —T(sn)y| =0,

"0 ye{yn}

by the uniform continuity of .%.
On the other hand and by hypothesis,

it (1 — 0) 7 (6n/tn + Kbp/ty) =0
n—o0
which, together with (3.6)) and (3.5)), implies limy, o0 ||y, — T'(tmm)yn|| = O for any fixed m € N. O
We now prove our main result.

Theorem 3.3. Let X be a uniformly smooth Banach space, which satisfies property (I). Let C C X
be nonempty, closed and conver. Let A : C — X be a bounded and continuous generalized ®-pseudo-
contractive mapping and F = {T(t) : t € R} a uniformly continuous semigroup of uniformly
Lipschitz pseudo-contractive mappings from C into itself. Let {b,} be a sequence in (0,1) and let
{tn} and {6} be two sequences in (0,00) such that

(3.7) lim ¢, = hm bn/tn = hm On/tn = hrn On/bp, = 0.

n—oo
If the approzimate solutions y, € C satisfy (3.1 (l) and {yn} is bounded, then
(a) F(&) is nonempty,
(b) F(F)NQpz)(I — A, C), is nonempty and
(¢) {yn} converges strongly to the unique element y* € F(F) N Qpz)(I — A,C)

Proof. (a) Assume that the approximate solutions y, € C satisfy and {y,} is bounded. By
Lemma [3.2] we have y, — T'(t;)yn — 0 as n — oo for all m € R.

Since X has property (I), it follows from Lemma that F(F) N Z,(C,{yn}) is nonempty and
singleton. In particular, F(%) # (.
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(b) Let v € F(.Z). Set B, = (bp(I—A)yn+(1—by)(I=T (tn))Yn, J (yn—2)) and ¢, = sup,,en ||yn—0|.
Observe that 8, < d,¢, and
<yn - T(tn)ym J(yn - 'U)> = <yn — v+ T(tn)v - T(tn)yna J(yn - U)>

= llyn — vII> = (T(tn)yn — T(tn)v, J(yn — v))
> (0 for all n € N.

Thus,
(I = A)yn, J(yn —v)) = b7_Ll<bn(I = Ayn + (1 =)L = T(tn))yn
—(1 =)L = T(tn))yn, J (yn — v))
= brjlﬁn - bgl(l = bp)((I = T(tn))yns J (Yn — v))
< b, By
(3.8) < by loncy.

Let y* be the unique element of Z,(C, {y,,}), which also lies in F(.#). By Lemma[2.1] there exists
a subsequence {y,, } such that

(3.9) lim sup(Ay* — 4, J(yn, —y*)) < 0.
k—o0
From (3.8)), we have
[Yne = U117 = (Ynp — AYny + Ay, — AY* + Ay* — 4, T (Yn, — ¥*))

< by oy llyne — v 1P = @y — v D + (AY* =y T (Yny, — v),s
which gives us that
(3.10) S ([, =yl < bl Oy + (AY" = y*, T (Y, — y7))-
Together with (3.9)), this last implies that {yy, } strongly converges to y*.
Let v € F(%) and observe that, by (3.8)),
" —Ay*, J(y" —v)) = (T-A" J(y" —v) = (I = Ay, J(yn, —v))
I = Ay, J(yn — ) = (I = Aynys J Yy — )
(I = Ay, J Yy, — v)
< KT =A)y Iy —v) = (I = A", J(yn, —v))l

HI(I = Ayny, — (I = Y1 Yy, — V)| + b7 Sy
Since the duality mapping J is single-valued and norm to weak* uniformly continuous on any bounded
subset of a Banach space X with a uniformly Gateaux differentiable norm and {y,, } converges to
y*, we have

(y* — Ay*, J(y* —v)) <0 for any v € F(.F),
ie y* e F(ﬁ) N QF(y)(I — A,C) # 0.
(c) Suppose that the sequence {y,} does not converge to y*. As a consequence, there exists g9 > 0

and a subsequence {yy,, }, such that for any m € N,

(3.11) Ynm — ¥*[l = 0-
Let 2* be the unique element in Z,(C, {yn,, }) and note that by Lemma[3.1] z* also belongs to F/(.%).
By Lemma n and passing to a further subsequence, if necessary, we can assume that

limsup(Az* — 2%, J(yp,, — 2)) <0.

m—r0o0
Following the same arguments as in (b), we then derive that y,, — z* and that z* € F(%#) N
Qpz)(I — A,C). Since Qp(7)(I — A,C) is singleton, we obtain that z* = y*, which contradicts
(3.11)). Hence limy, o0 yn = y*. O

By the next proposition, we prove the existence of a sequence satisfying (3.1]). Moreover we obtain
an answer to the problem posed by Xu in [I8].
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Proposition 3.4. Let C be a nonempty closed convez subset of a smooth Banach space X, A: C — C
a continuous generalized ®-pseudo-contractive mapping and F = {T(t) : t € RT} a semigroup of
pseudo-contractive mappings from C' into itself. Let {b,} be a sequence in (0,1) and {t,} a sequence
in (0,00). For eachn € N, define G,, : C — C by Gpz := by Az+ (1 —0,)T(ty)z, y € C. Then, there
exists exactly one fized point z, in C of G, defined by

(3.12) Zn = bpAzy + (1 — b,)T(tn) 2y for alln € N.

Proof. Set ®,(-) := b,®(-) for each n € N. Then the mapping G, : C — C is continuous and
generalized ®,,-pseudo-contractive. Indeed, for =,y in C, we have

<an - Gnya J(x - y)> = bn<Ax - Ay7 J(x - y)> + (1 - bn)<T(tn)x - T(tn)ya J(l’ - y))
< b(llz = ylI* = @(llz = ylD) + (1 = bn) = — y?
=z =yl = u(llz — gl

Note also that ®,(+) is a strictly increasing function with ®,,(0) = 0. By Xiang [I7, Theorem 2.1],
G, has a unique fixed point z, in C. O

Corollary 3.5. Let X be a uniformly smooth Banach space, which satisfies property (I). Let C C X
be nonempty, closed and conver. Let A : C — X be a bounded and continuous generalized ®-pseudo-
contractive mapping and F = {T(t) : t € R} a uniformly continuous semigroup of uniformly
Lipschitz pseudo-contractive mappings from C into itself. Let {b,} be a sequence in (0,1), let {t,}
and {0, } be two sequences in (0,00) such that

(3.13) 7}1_}11;10 ty = nh_)n(f)lo b /[ty = nh_g)lo On/tn = nh_}II;O On/bp =0

and let {z,} be defined by (3.12).
If {z,} is bounded then
(a) F(%) is nonempty,
(b) F(F)NQpz)(I — A, C), is nonempty and
(¢) {zn} converges strongly to the unique element y* € F(F) N Qg7 (I — A,C)

Remark 3.6. We remark that,

(a) in both Lemma and Theorem if the sequence {t,} can be chosen so that, for n >
m, tm/tn € N (e.g. t, = a™" for some a € N), the uniform continuity condition on the
semigroup can be weakened by only assuming strong continuity;

(b) in Theorem we prove the existence of a solution of a variational inequality problem on
the set F(F), which can fail to be convez.

(c) the asymptotic center technique is used in Theorem . Therefore, our approach is different
from the results recently studied in Sahu, Wong and Yao [13].
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X(t) = Ax(1) + f(t, x(1), x(0 (1)), aet € 0, 51]UUN, (i, tig1]

(P) 1 x(0) =y, x(0), re UL, sil,

x(t) = ¢(@), t €[-r0], x'(0)=¢'(0)=n,
where x maps [—r, +00) into (R”, | - |) (] - | being a norm, but not necessarily the Euclidean
norm), T := {0 < 11 < --- < ty} C [0, 4+00), ty41 := +00, s; € (1, ti+1) for each
i=1,...,Nand A is areal n x n matrix.

Impulsive differential equations have been widely investigated (see [11,13,14,16,18,20,
22,23] and references therein), but only the instantaneous case has been deeply studied. On
the other hand, in many real-world applications, the reaction of a system is transitory but
lasts for a finite time interval.

To give a concrete example in Hernandez and O’Regan [13], the following simplified
situation concerning the hemodynamical equilibrium has been pointed out. In the case of a
hyperglycemic patient, an intravenous drug can be prescribed (insulin). The introduction of
the drug into the bloodstream causes an abrupt change in the system, followed by a continuous
process until the drug is completely absorbed.

We model the situation by considering a non-instantaneous impulse which starts with a
jump and continuously proceeds for a finite time.

On the other hand, delay differential equations have been deeply studied and incorporated
into models in different branches of science (see, for example, [4,5,25] and the book [7]).

Focusing our attention to pharmacokinetics, we observe that in Perelson et al [19], delay
equations have been applied to the study of the correlation between the administration of
drugs and the decline of the viral load in HIV infections.

Our approach consists in translating the problem (P) into a fixed point problem in the
Banach space

BPCr[—r, +00) := {y : [-r, +00) \ T — R"|y is bounded and continuous in z ¢ T,
there exist y(t, ) = y() and y(#;") < oo, # € T},

where y(t,:r ) and y(z,") represent the right limit and the left limit at #, respectively. This
space is endowed with the supremum norm

[Ylloo := sup{ly ()] : 7 € [=r, +00)}.

We shall introduce two operators, one concerning the differential equation and the other
related to the non-instantaneous impulses, in order to equivalently convert the solution of the
problem (P) to a fixed point of the sum of the above-mentioned operators.

To this end, we use a generalization, given in [9], of the following well-known theorem.

Theorem 1.1 (Krasnosel’skii [15]) Let C be a closed, convex and bounded subset of a
Banach space. Let T = A + B, where A is a contraction, B is completely continuous and
T(C) C C. Then, T has a fixed point in C.

To the best of our knowledge, this approach represents a new strategy for differential
equations with non-instantaneous impulses.

Finally, we remark that we will prove the existence of strong solutions defined on an
unbounded interval, i.e., the existence of a function x € BPCt[—r, +00) twice differentiable
for any ¢ ¢ T and which satisfies (P). In this direction, our result represents a step forward
in the study of this class of equations.
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Existence of solutions for a second-order differential equation

The rest of the paper is structured as follows. In the next section, notations are introduced
together with preliminary results. Incidentally, a new compactness criterion for piecewise
continuous functions is obtained. In Sect. 3, problem (P) is translated into a fixed-point
problem, by introducing a compact integral operator. In Sect. 4, our main result is proved
and the existence of solutions is obtained (Theorem 4.1 and Corollary 4.2).

2 Notations and preliminaries

In the sequel, we indicate by |x| the norm of a vector x € R" and by |||A]|| := sup{|Ax] :
|x| = 1} the norm of a linear operator A in R” (i.e., an n x n matrix). If Q is a topological
space, we denote by BC(Q) the space of continuous and bounded functions defined in Q
into R” endowed with the supremum norm

lulloo := sup lu()l,
teQ
whenever u € BC(Q).

Letr > Oandlet ® := {0 < d; < --- < dy} be a finite subset of [—r, +00). By
BPCp[—r, +00), we denote the Banach space of bounded and continuous functions y :
[—r, 400) \ ® — R" such that the limits

y(d;) == lim y(t) = y(dy) and y(d;"):= lim y(t) < +oo,
t—>d; t—df
existforanyk =1,..., M.

Let E be a Banach space and let C be a subset of E. We also cite the following well-known

definition.

Definition 2.1 [1] The Hausdorff measure of noncompactness of a bounded set C is
defined as

x(C) :=inf{e > 0 : there exists a finite e-net for C}.

We recall the following properties of x :

x(C) = 0if and only if C is compact,
x(©C) = x(0),

x([0,1]- C) = x(C),

x(D) < x(C) for D C C,

x(C) = [Alx (C),

x(C+ D) < x(C) + x(D),

x(C U D) = max{x(C), x(D)},

NonhA RN -

whenever C and D are bounded subsets of £ and A is a real number.

Definition 2.2 A map F : C — E is said to be completely continuous if it is continuous
and maps bounded subsets of C to relatively compact sets.

2.1 Compactness criteria in BPCg[—r, +00)
Definition 2.3 A subset £2 in BPCg[—r, +00) is quasi-equicontinuous if, for every u € £2

and ¢ > 0, there exists § > 0 such that |u(t;) — u(12)| < & whenever |t] — 72| < § and
11, 2 € [—r,d1], 11, T2 € (dy, dr41] forsome k =1,..., M or 1y, 12 € (dp, +00).
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For a closed and bounded domain, the following is well known.

Lemma 2.4 A set 2 C PCla, b] is relatively compact in PCla, b] if and only if 2 is
bounded and quasi-equicontinuous.

For unbounded domains, the above conditions do not guarantee the relative compactness,
as the next example shows.

Example 2.5 Let {u,} C BC(R) be the sequence defined by u, () = arctan(¢ + n). Then,
it can be easily seen that the set {u,} is bounded and equicontinuous, but it is not relatively
compact.

For the space of continuous and bounded functions on a general topological space Q, we
point out the following compactness criteria due to Bartle.

Theorem 2.6 [2] Let 2 C BC(Q) be a bounded subset. The following is equivalent:

1. 2 is relatively compact.
2. For any positive €, there is a partition Ay, ..., Ay, of Q such that if s, t belong to the
same set A; then

(@) = f(s)l <€

forevery f € £2.
To the best of our knowledge, the next lemma represents a new result.

Lemma 2.7 A bounded set 2 of BPCg|—r, +00) is relatively compact if and only if it is
quasi-equicontinuous and has the property that for any € > 0, there exists L = L(¢) > dy
such that

XL 400) < £. @)

Proof 1t is easy to see that if §2 is relatively compact, and then, it is quasi-equicontinuous
and x (£2|[L,4+00)) = O forany L.
To prove the converse, fix ¢ > 0 and note that (2.1) implies that there exists L > dj; and
a finite /3—net {¢; : i = 1..., m} for £|;1 ;0). Since the set {¢y, ..., @, } is compact in
BCI[L, +00), by Theorem 2.6, there exists a partition {Vj, ..., V,} of subsets of [L, +0c0)
with the property that
lpi (1) — @i ()] < £/3, 2.2)

wheneveri € {1,...,m}and t,s € V;, for some index j.
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Existence of solutions for a second-order differential equation

For j e{l,...,p}lett,s € Viand v € £2. Since {g; : i = 1...,m} is a ¢/3—net for
0, there exists i € {1, ..., m} such that

lu = g5lloo < £/3.
Combining this last with (2.2), we obtain

lu(r) —u(s)| = [(u@) = ¢; () + (@3 (1) — ¢;(5)) + (@3 (5) — u(s))]

< 2lu = @illoo + 93 (1) — @3(s)| <&, 23)
uniformly on u € 2. Let Q := [-r,d)) U Ulit/[:il(dk,dk+l) U (dy, L). By the quasi-
equicontinuity of £2, it follows that there exists a finite partition Uy, . .., U; with the property
that

lu(t) —u(s)| < e,

whenever u € £2 and t,s € U; for some j € {1, ...,[}.

It is a consequence of (2.3) that, for any ¢ > 0, there exists a finite partition = :=
{Ur,...., U, V1,...,V,} of Q with the property that [u(t) — u(s)| < &, whenever u € 2
and ¢ and s belong to the same element of Z. By Theorem 2.6 and since BPCg[—r, +00) is
a closed subspace of BC(Q), it turns that £2 is relatively compact in BPCg[—r, +00). O

Corollary 2.8 Let F : BPCg[—r, +00) — BPCg[—r, +00) be an operator. Suppose that
for any bounded set 2 C BPCg|[—r, +00), F(£2) is a bounded and quasi-equicontinuous
subset of BPCg[—r, +00). Suppose also that for any € > 0, there exists L > dps such that

X (F($2)|[L,100)) < €. 2.4

Then, F is a compact operator.

2.2 Cosine family of bounded linear mappings

Firstly, we recall definitions, notations and useful facts regarding the cosine families (see
[8,10,24] for more details).

Definition 2.9 A one-parameter family (C(¢));cr of bounded linear mappings on R”" into
itself is called a strongly continuous cosine family if and only if:

1. Ct+s)+C(t—s)=2Ct)C(s),forallt,s € R;
2. C(0) = I, where [ is the identity map;
3. C(-)x € C(R,R"), for all x € R".

The sine family (S(t));er is defined as
t
S(t)x := / C(s)xds.
0

The relations below follow immediately from the above definition:

(ul) S(t)x is continuousint € R, S(0) =0 and S(—t) = —S(¢), forall r € R;

(u2) C(t) =C(—t),forallt e R;

W3) C®)S(s) = S)C (@), C(1)C(s) = C(s)C(¢)and S(1)S(s) = S(s)S(¢) forallt, s € R;
ud) St+s)+ St —s)=25@)C(s),forallz,s € R;

us) St +s5)=SHC)+C()S(s), forallz, s € R.
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Definition 2.10 [24] The infinitesimal generator of a strongly continuous cosine family is
the operator A : Dom(A) C R* — R”" defined by

d2
A:=—C(t
dr? @ =0
and Dom(A) := {x € R" : C(¢)x is continuously differentiable at r = 0}.

Note that, forx € R” and ¢t € R,

2
(;%C(z)x =AC(#)x = C(t)Ax

and
d 13 t
aC(t)x :/ AC(s)xds = A/ C(s)xds = AS(t)x. 2.5)
0 0
Then, it is easily derived from (u5) that
u6) C(t+s)=C()C(s) + AS()S(s), forallz,s € R.

Definition 2.11 [24] A cosine family (C(¢));er (resp. a sine family (S(¢));er) is uniformly
bounded if there exists M¢c > 0 (resp. Mg > 0) such that

NCOII = Mc (resp., ISl = Ms), 1 €R.

If Mc =1 (resp., Mg = 1), we say that the family is 1-uniformly bounded.
The above definition is illustrated in the following examples.

Example 2.12 Let us consider R” with the maximum norm. Let A be a bounded and linear

2
—as .
operator in R” such that A = (”) with a; ; > 1. Then,
n
i,je{l,...,n}
cos(ay 1t) cos(aiat) ... cos(agnt)
1 | cos(azit) cos(azpt) ... cos(az,t)
Ciy=-1.
n . . . .
cos(an,1t) cos(ayat) ... cos(apnt)

is a 1-uniformly bounded cosine family generated by

d2
A= —SC(t
a2 )

=0
Indeed,

1 - I <
C(t)x| = — max cos(a;, jt)xj| < — xj| < |x].
IC0)x] nlsifn@l <,,,>,|_nzl|,|_||
J= J=

The sine family is given by

1 1
S(t)=— ( sm(a,-,jt))
n \dai,j i

Again S(¢) is 1-uniformly bounded.

We also give an example in an infinite-dimensional Banach space.
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Existence of solutions for a second-order differential equation

Example 2.13 [8,12] Let E = L2[0, 7] and define A by Af(£) := f”(§) with D(A) =
{feH 20, 7) : f(0) =0, f(r) = 0}. The operator A is the generator of a cosine family
on E defined by

C)f =D cosn){f.zn)zn

n=1

where z,(§) = \/g sin(n&). The sine family is given by

s f =3 20D p e,

n
n=1

Moreover, [[C(O|l = IS@IIl = 1.

Remark 2.14 We stress that the case depicted in Example 2.12 can be generalized to obtain
sufficient conditions for an operator A to generate 1-uniformly bounded families of cosine
and sine. Indeed, let A be a self-adjoint operator on a Hilbert space. Assume that A satisfies
the coercivity condition

(Ax,x) < —|x|I>  Vx € D(A).

2n
Then, A is the infinitesimal generator of the cosine family C(t) = Z;O:O (tzin)' A". Moreover,

NCOIl < 1and IS < 1. (See [8, pp. 145-147] and [24]).

From now on, we shall assume that the cosine and sine families are 1-uniformly bounded.
We note that the uniform boundedness of cosine and sine families guarantees their uniform
continuity in ¢, as the following remark explains.

Remark 2.15 The sine family satisfies the property

2

[(S(t1) — S(w2))x] S/ [C(s)xlds < |11 — 2llx], T, 2 €R.
7
The uniform continuity of S(¢)x, therefore, follows for all fixed x. As arule, S(¢) is uniformly
continuous. Furthermore, from (2.5),

2

I(C(71) — C(12))x] S/ |AS(s)x|ds < [|AllllT1 — z2]|x]

Tl

and the uniform continuity of C(¢) follows.

2.3 A fixed-point theorem

In order to prove our results, we will use a Krasnoselskii’s type fixed-point theorem proved
by Garcia-Falset [9].

Definition 2.16 [3,9,21] We say that S : C — E is a p-contraction if there exists a continu-
ous nondecreasing function p : [0, +00) — [0, +00) and p(¢) < t for which the inequality
1S(x) = S < p(llx — yl) holds for any x, y € C.

We note that each p-contraction is continuous and has at most one fixed point. Moreover,
p-contractions are a proper generalization of classical contractions. In fact, a classical k-
contraction is a p-contraction with p(#) = k¢, but the converse does not hold as the following
example shows.
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Example 2.17 [17] Let X = C(R, [0, 1]) and S : X — X defined as
4 22
x*(t) — sin“(¢)
(S() (@) =x() — —
[17, Conclusion 4.2] ensures that, if p(¢t) = ¢ (1 — %), then

ISx) = SO loo < p(lx — ¥lloo)-
However, S fails to be a contraction.

Theorem 2.18 [9,21] Let E be a Banach space. Let F, S : E — E be mappings satisfying:

(i) S isa p-contraction,
(i) F is completely continuous.

Let
aF+sy={er:x=xﬂ§y+uu,0<x<1y
Then, either {(F + S) is unbounded or F + S has a fixed point.
The following corollary easily follows from the above theorem.

Corollary 2.19 Let T| and T, be finite (and disjoint) subsets of [—r, +00). Suppose

1. T : BPCt,ut,[—1, +00) — BPCr,ut,[—7, +00) is completely continuous,
2. I" : BPCt,ut,[—r, +00) — BPCrt,ut,[—F, +00) is a p-contraction,
3. ¥ : BPCt,ut,[—r, +00) — BPCr,[—r, +00) (i.e., Tx is continuous on T) such that

Tx=Tx+ Ix.
If the set

X

(T +T):={x €BPCrur, : x = A" ()\) + ATx for0O < A < 1}

is bounded, then X admits fixed points in BPCt,[—r, +00).

3 The integral problem

From now on, we assume that the functions f, ¢, o, y; and the matrix A satisfy the following
properties:
(h4) The linear operator A : Dom(A) C R" — R” is the infinitesimal generator of a
strongly continuous, 1-uniformly bounded cosine family (C (¢));cr. Assume, in addition,

that the corresponding sine family (S(¢));er is 1-uniformly bounded, as well.
(hf) f:10, +00) x R" x R" — R" is such that

o f(t,-,-):R" x R" — R”" is continuous for a.e. fixed ¢t € [0, +00);
e there exist a Lebesgue integrable function p : [0, +00) — [0, +-00) and a continuous
nondecreasing function ¥ : [0, +00) — [1, +00) for which

[f(t, x, )] < pOW¥ (x| + |y]), forae.r >0, x,y e R",

/oo & _ oo 3.1)
0 W) ’ '

and
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(hg) o : [0,4+00) — [—r, +00) is a continuous and increasing function, such that
o(t) <t foranyr € [0, +00).

(hg,y) The function ¢ belongs to C'([-r, 0], R"), and for anyi = 1,...,N, y :
(i, si] x R" — R" is a p-contraction with respect to the second variable, such that there
exists y; (tl.+, x) for all x € R" and

lyi(t, x)| < a;i(t) + bilx|
where a; (¢) is a bounded function and b; € (0, 1).

Let ¥ := {51, ..., sn}. In order to apply Theorem 2.18 and Corollary 2.19 we define, for
x € BPCryy[—r, +00),

& (1), t €[-r0]
t
Tox(t) := Ct)p(0) + S(t)n —I—/ St —s)f(s,x(s5),x(o(s)ds, t € (0,11] (3.2)
0

0, otherwise.

Foralli =1, ..., N, taking into account the assumption 7y := +00, we define

t

C(t = si)yi(si, x(si) +/ St —5)f(s,x(s), x(0(s))ds, 1 € (i, li41]

Tix(t) := Si
0, otherwise
3.3)
and
yi(t, x(1)), te(t,si] and i=1,...,N

Fx():= 0, otherwise. (3.4)
In this way, we can write
N
Tx(t) := > T;x(t) and Tx(r) := Tx(t) + I'x()
i=0
or equivalently
o), t€[—r0]
!
C()90) + S()n +/ St —5)f(s,x(s), x(o(s))ds, 1€ (0,1]
0
= x ), re (8]
i=1,...,N
t
C(t — s5:)yi(si, x(s:)) +/ S(t —$)f(s,x(s), x(0(s))ds, 1 € (si, li+1]
) i=1,....N
3.5)

In the next propositions, we will prove some properties of the operator T which will be
useful in the sequel.
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Proposition 3.1 The operator ¥ maps BPCtyx[—r, +00) into BPCt[—r, 400). Moreover,
for any fixed x € BPCt[—r, +00), x is twice differentiable in t € (0, t;] U UlN:1 (sis tix1l-
In addition, the fixed points of ¥ are solutions of the problem (P).

Proof At first, we show that ¥ maps BPCtyx[—r, +00) into BPCt[—r, +00), that is, for
any fixed x € BPCtyy[—r, +00), Tx is continuous at each (s;);=1,... y and right-continuous
ateach (¢;);i=1,..N-

Indeed, for any fixedi =1, ..., N, we have

yaees

t
lim Tx(t) = lim+ C(t —si)yi(si, x(si)) +/ St —s)f(s,x(s), x(o(s)))ds

t—s; t—s;
= yi(si, x(si)),
since C(¢) is strongly continuous and C(0) = /. On the other hand,

lim_ Tx(t) = vi(si, x(s51)) = Tx(s5).

I—s;
Moreover, by assumption (¢, ) and for any fixed k = 1, ..., N, there exists

lim Tx(t) = lim+ I'x(t) = lirn+ Vi (t, x(1)).

+
=1 t—)tk g 7

Now, we prove that Tx is a bounded function. To this end, we note that by (A4, ), (h ) and
the 1-uniform boundedness of C(-) and S(-), forz € [—r, #1]:

1
[Tx(@®)] = |Tox ()] < [Pllec + 0| + l1’(2||x||oo)/ p(s)ds. (3.6)
0
In a similar way, for fixedi € {1,..., N} and t € [s;, t;41], we get
fit1
Tx(@)] = |Tix(®)] < llaillco + billxlloc + W(lexlloo)/ p(s)ds. 3.7
Si

On the other hand, (44,, ) guarantees that for r € UlN:] (4, si]
[I'x ()| < max{llajlloc + billXlloc :i =1,..., N}. (3.8)
By (3.6), (3.7), (3.8), we conclude that for all ¢ € [—r, +00)

N
(€)@ < Tox )] + D1 Tix(®)] + | Tx ()]

i=1

n
< 1@lloc + Inl +lI’(2||x|Ic>o)/0 p(s)ds

N tip
+> (uai loo + Billxlloo + mnxnoo)/ p(s)ds)

i=1
+max{||ailloo + billxlloo 17 =1,..., N}

= lollco + Il + ¥ 2lixlleo)lI Pl
+WV + Dymax{laifloo + bilxfloo}- (3.9)

This implies that ||Tx||sc < 00, and so, ¥ maps BPCtyx[—r, +00) into BPCt[—r, 4-00).
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By Torricelli-Barrow’s classical result, the assumption (% ) and the properties of C(-)x
and S(-)x, (¥x)(¢) are differentiable, and for almost every t € (0, #;] U UlNzl(si, tit1], it
follows that:

t
AS(@)¢(0) + C()n +/ C(t —5) [ (s, x(s), x(0(s)))ds,
0
ae.r € (0,1]

(E)' (1) = ' (3.10)
AS(t — sp)yi(si, x(si)) +/ C(t =) f(s,x(s), x(o(s)))ds,
5i
ae.t € UlNzl(Si, tiv1l.
By the same argument, we obtain that Tx (¢) is twice differentiable and
t
AC(1)¢(0) + AS(#)n +/ AS(t —s)f(s,x(s), x(o(s)))ds
0
t,x(1), 1)), e.te (0,1
oy | HEIOXE@O).ae e ©.n]
AC(r — si)yi(si, x(si)) +/ AS(t —5) f(s, x(s), x(0(s5)))ds
K
+f@x@0),x@@0),  aer e Uit
Consequently, it is not hard to find that
N
(T0)"(1) = AZx (1) + f(t,x(1), x(0 (1)), aete€ U(Si, fit1].
i=1
Since Tx|[—r0) = ¢, (Fx)'(0) = n and Tx()|, 51 = vi(t, x (1)), foralli = 1,..., N, we
obtain that the fixed points of ¥ are solutions of the differential system (P). m}

Proposition 3.2 The operator I' : BPCryux[—r, +00) — BPCryux[—r, +0) is a p-
contraction.

Proof Let us note that, for any x, y € BPCtyz[—r, +00):

i\l — i\, ) iai5':lv~“7 s
|Fx(t)—Fy(t)|:[(|)y (500 = 4O, (s i N

So, forallt € [—r, +00) \ {TU X'},
[I'x(t) — I'y®] < p(x@) — y@©D < pllx — ylloo)-
The claim follows by passing to the supremum in the left side of the inequality. O
Proposition 3.3 The operator T : BPCtyy|[—r, +00) — BPCtyux|[—r, +00) defined by
N
Tx(t) == Y Tix(r) (3.11)
i=0
is completely continuous.

Proof In order to prove the continuity of 7', let ¢+ € [—r, +00) be fixed and let {x,} be a
sequence in BPCty x[—r, +00) converging to x. From (3.2) and (h y), it follows that

t
[Tox, (1) — Tox(1)] < I/0 St =) (f (s, xn(5), X (0 (5))) = f (5, x(s5), x(0(5)))) ds]|
S VACEAO R ACION BN ACEIORICION] T
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In a similar way, by (3.3),

[Tixn (1) — Tix ()| < |C(t = si) (Vi (855 X (5i)) — yi(si, x(si))) |
HIFC X0 () xn(0())) = fCx0()y xn (0 (D))
< p(lxn = xlloo) + 1 F G x0(), X0 (0 (D)) — f,xC), x(0 ()

for any fixedi =1,..., N.
From the above inequalities and (3.11), it is readily derived that

ITxn (1) = Tx@]l = No(llxn — xlloo) + (N + DILf (. xa(-), X (0 (1))
=[x, x(eODIh (3.12)

By using (h ) again, we note that f(z, x, (t), x, (o (t))) converges to f (¢, x(t), x(o (¢))), and
fora.e., t € [0, +00)

|f (@, X (0), X (0 (D))] = p(1) Sugq’@llxnlloo)-
ne

Then, since {x,} is bounded, from the Lebesgue dominated convergence theorem, it follows
that

1fCoxn () X0 (0 () = fCxn (), Xn(a (D)1 — 0.

This last relation, together with (3.12), implies that ||Tx, — Tx||.c — 0 asn — oo. For a
fixed R > 0, let
Br = {u € BPCrux[—r, +00) : [ullo < R}.

Corollary 2.8 ensures that, in order to prove the compactness of T, it is enough to show that
T (BR) is a bounded set, quasi-equicontinuous and that for every € > 0, there exists L > ty
such that

X (T (BR)|[L,+o0)) < €.

By using (3.9), for all x € Bg:

ITx(0)] = ¢ llso + Il + ¥ QR Pl + max (laglloc + biR):

which implies that 7' (Bg) is bounded.
Let ¢ > 0. We first prove the quasi-equicontinuity on [—r, +00) \ (T U X') by dividing
the proof into steps.
Step 1. If 71, 7p € [—r, 0] then
|(Tx)(t1) = (Tx)(2)| = |p(71) — P (w2)].

Let 71, o be in (0, #1] with 75 > 7). Then,

(Tx)(t1) — (Tx)(r2)| = [(Tox)(t1) — (Tox)(r2)]
= IC(z1) = C(@)lllP O)] + [IS(r1) — Sl In]

T
+ /0 [S(z1 —5) = S(12 = 9)]1f (s, x(s5), x(0(5)))ds

(3.13)

+ . (3.14)

™
/ S(r2 = 5) f(s,x(s5), x(0 (5)))ds

3l
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Existence of solutions for a second-order differential equation

Now, by property (#5), we obtain that
S(r2 —5) — S(t1 — ) = [S(12) — S@DIC(s) — [C(2) — C(T1)]S(s).

It turns out that

71
/0 [S(z1 — 5) — S(z2 — $)1£ (5, x(5), x(0 ()))ds
71
< IS(z) — @l /0 HCEIILF (5. x(5), x (o ()))]ds

13!
+I||C(t2)—C(Tl)|II/0 SIS (s, x(5), x(0(5)))|ds
= (IS(z2) = SEDIl + IC(2) = C@)IDY 2RI pll1- (3.15)

Substituting this into (3.13), we get

|(Tx)(71) — (Tx)(r2)| = [(Tox)(71) — (Tox)(r2)]
= IC(r1) = C(@)lI¢O)] + lI1S(z1) — S(z2)llln]
+(IS(z2) = SEDIl + IC(r2) = CEDID¥Y 2RI Pl

+ /2S(t2—S)f(s,x(s),x(a(s)))ds

Using (h r), we also obtain that

(%) 2
/ (1 —s)f(s,x(s),x(o(s)))ds‘ < W(2R)[/ p(s)ds]. (3.16)

7 7

A further substitution into (3.14) gives that

[(Tx)(t1) — (Tx)(r2)| = [(Tox)(t1) — (Tox)(w2)|
< IC(z) = C@)I(P(O)[ + ¥ 2RI pll1)
+IS(T) = S)lIAnl + ¥ 2R)IIpl)

(%3 T1
—HI/(ZR)[/O p(s)ds—/0 p(s)ds].

So, calling & = ¥ (2R) || pll1 + max{|¢(0)|, |n|}, we have if 71, 75 € [—r, #1]:

|(Tx)(t1) = (Tx)(w2)| = [(Tox)(r1) — (Tox)(z2)]
= 2lIC(x1) — C(@)IIl + IS (z) — Sl

%) T]
+lI/(2R)[/ p(s)ds —/ p(s)ds]
0 0

+lo(t1) — ¢ ().

Step 2. Suppose that, fori = 1,..., N, 71,2 € (si_1,t;] or 71, 72 € (si, +00) with
75 > 11. We have

[(Tx)(t1) = (Tx)(w2)| = [(Tix)(r1) — (Tix)(72)]
= NIC (1 = si) — C(x2 — s llllyi(si, x(si))] (3.17)
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7|
+ / [S(T1 — ) = S(r2 = $)1f (5, x(5), x(0(s5)))ds
I (3.18)
+ / ’ S(mo —5) f(s,x(5), x(o(s)))ds]|. (3.19)
7

In (3.17), we use (u6) to derive

C(z1 —s5i) — C(r2 — sp)lllyi (i, x(5:))]
< (IC(x1) = C@)Il + MANNS (1) — SN a; (si)| + bilx(si)D)-

In (3.18), we use (3.15) to get

7]
/ [S(t1 — ) = S(z2 — )1 S (5, x(s5), x(0(5)))ds

< (IS(z2) = SEDI + IC(r2) — CEDINY CR)Ipll-
Now using (3.16), we deduce

|(Tx)(t1) — (Tx) ()| = [(Tix) (1) — (Tix)(12)]
= (NC(x) = C@)Il + MAINMNS (r2) = S lD(ai (i)l + bilx(si)D)
+ (1S(r2) = SOl + IC(2) — CDID¥Y CR) I plly

+ ¥ (2R) |:/T2 p(s)ds — /T1 p(s)ds] .
0 0

Thus, in view of Step 1, we can redefine

,,,,,

to get that, for t € [—r, #;] U (UlNzl (si, Ii+1])i

4
[(Tx)(z1) — (Tx)(2)] < Z Yk (1) — Y (T2l

k=1

where Y1 (1) = 0 C (@), Y2 (1) = 0S(1), ¥3(1) = Y (2R) fé p(s)ds and Y4 (1) = ¢ ().

By the uniform continuity of C(-), S(-) and ¢, we have that there exists § > 0 such that if
[t1—1r2| < 8forty, 1o € [—r, t1]or 71, T2 € (8, tiy1],forsomei =1, ..., N (ty+1 = +00),
then

[(Tx)(t1) — (Tx)(2)| <e.
Let us note that if 71 < 0 < 1 with |t; — 72| < §, then

[(Tx)(z1) — (Tx)(12)| = ¢ (1) — (Tox)(12)]
< 1¢(r1) — C(2)9 (0)] + [S(r2) — SO

+ ‘/ ’ S(t2 — ) f (s, x(s), x(0(s)))ds
0
< l¢(r1) — ¢(0) + lIC(r2) — C(O)[llP(0)]
™
IS (w2) — SOlnl + "P(ZR)/O p(s)ds

<€
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Existence of solutions for a second-order differential equation

since |7p — 0] < |12 — 1] < §. We also note that if 1, 1o € (;, s;) forsomei =1,..., N,
(Tx)(t1) = (Tx)(r2) = 0. So, T is quasi-equicontinuous on [—r, +00) \ (TU X).

To conclude the proof, note that since by (i), p is integrable. Thus, for an arbitrary
e > 0, there exists L > ty such that:

+00
/ p(s)ds < e.
L

So, for x € Bg,

t
(TX)|[L,400) (1) = C(t = sN)YN(sn, X(sN)) +/ St —s)f(s, x(s), x(0(s)))ds. (3.20)
SN

On the other hand,

L
K = [C(~ —SN)YN (SN, X(sN)) +/ S =8)f(s,x(s), x(0(s)))ds : x € BR]

SN

is a finite dimensional and bounded subset of BPCty x [ L, +00) and hence relatively compact.
Fix t > L; then,

L
’(Tx)[L,+oo)(f)_C(t—SN))’N(SNsx(SN))_/ St —5)f(s,x(5), x(0(s)))ds

SN

+00
S/ p(s)ds < e.
L

t
= ‘/ St —5)f (s, x(s), x(0(s)))ds
L

It turns out that
T(BR)|[L,+0c) C K + Be

and

X (T(BR)|[L,+00)) < X (K) + x(Be) < e.

As a consequence, (2.4) holds and 7' (Bp) is relatively compact. O

4 Main result

Theorem 4.1 Assume the hypotheses (ha), (hr), (hs), (hg,y). Then, the problem (P) has
at least one strong solution.

Proof Our problem (P) can equivalently be reduced, by Proposition 3.1, to a fixed-point
problem for the operator T. We shall make use of Theorem 2.18 and Lemma 2.19. We have
already proved that:

— ¥ maps BPCtyx[—r, +00) into BPCt[—r, +00) by Proposition 3.1.

— I' : BPCyyy[—r, +00) = BPCyyx[—r, +00) is a p-contraction by Proposition 3.2.

— T : BPCtyx[—r, +00) — BPCryux[—r, +00) is a completely continuous operator by
Proposition 3.3.

It remains to prove that the set

¢(T +T) := {x € BPCrus[—r, 400) : x = AT (%) L ATxfor0 < A < 1)

is bounded.
The idea is to divide the proof into four steps and proceed as in [6].
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Assume x = AI'(5) + ATx with A € (0, 1). Then:
)‘¢(t)s re [_rs 0]’

xy= A A2 7 (1 42) a1 € UL @osil,

* o(Ti) (@), e ©n1UUL i, b1,
Step 1. For ¢ € [—r, 0), we have
x(@)] = Ao O] = 9llco-
Step 2. For all £ € [0, 1], we have

§
1x()| = Al(Tox)(E)] = |9 (0)] + [n] +/0 P (|x(s)] + [x (o (s))])ds.

So, for & € [—r, 11],
X < Illoo + [HO)] + 1]
+f P OW ()] + x5 s
< 20lloe + I
+/0S POV (x)] + 1x(0 () ds
Fix t € [—r, 11] and let us define the function s, : [0, 1] = [0, 4+-00) by

mx(t) :==sup{|x (&) : —r < & <1}.

As o (t) <t fort > 0, one has

sup [x(a(s))] = sup |x(s)| = sup |x(s)| = px(2).

O<s<t o(0)<s=<o(t) —r=s=<t

Taking the supremum over [—r, ¢] in the inequality (4.3), we obtain

t
px () = 2Pl + [0l +/0 P()W (2pax (s))ds.

4.1)

4.2)

4.3)

Denoting by v, (¢) the right-hand side of the last inequality, we have that the function v, is

absolutely continuous,

¢ :=vx(0) = 2[|}llcc + [n]

and () < vi(2) fort € [0, t1]. Moreover, since ¥ is nondecreasing,

v (1) = p(O¥ Qux (1)) < p(O¥ QRux (1)) ae.
This implies that for a.e. t € [0, #1]
v ()
700 @) = p®,
and for any ¢ € [0, #1],

O ‘ B
/0 mds S/0 P(S)ds =: G; < o0.
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Existence of solutions for a second-order differential equation

Note that v, is absolutely continuous and nondecreasing. Since v/, is nonnegative, it follows

that

(1) g

/ * <G, (4.4)
2 20 (s)

We will show by contradiction that

sup  lvxlleo < 00.
xet(T+T)

Indeed, suppose that there exists an unbounded sequence {v, := vy, (¢,)} and

oo ds . Zun ds
= lim / < o0 4.5)
26 2W(s) n—otoo foe 2W(s)

holds as a consequence.

To conclude, we note that inequality (4.5), together with condition (3.1), permits us to
conclude that (vy)yes(r+r) is bounded by a constant A depending only on the functions
¥, p,nand ¢.

Step 3. For ¢ € (11, s1], we have

)

< Mar )]+ bilx(@)| < lar(t)] + b1|x(2)]

lx(O)] =2

S0,

Ol < 7=

latlloo := 81.

This implies that for t € [—r, s1],
Ix(1)] < Ay == Ay + 6.

Step 4. Let & € (s, 2], we have

&
X)) = A(T1x)(E)] < llatlloo + b1lx(s1)] +/ PW(|x ()] + [x(a(s)Dds

51
and so, for & € [—r, 1],

~ 3
X&) = A1+ llatlloo + b1lx(s1)] +/ PEOY(x()] +x(o(s)Dds.  (4.6)

51
We reason as for (4.3) in Step 1. Let us fix t € [—r, 2] and define the function p, : [0, 1] —
[0, +00) by

px (1) = sup{|x(§)| : —r <& <1}.

Observe now that p is not necessarily continuous at #; and s1, but the right limits exist. For
o(t) < tfort > 0, one has

sup [x(a(s)] = sup |x(s)| = sup |x(s)| = px(2).

0<s<t o (0)<s<o(t) —r<s<t

So, by taking the supremum over [—r, ¢] in the inequality (4.6), we obtain
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_ t
px(t) < At llatlloo + brjax (1) +/0 P()Y 2ux(s))ds =

t
px(t) < (A~1 + llatlleo +/O P(S)W(QMX(S))dS) :

1—b

Denoting by v, (¢) the right-hand side of the last inequality, we have that the function v, is
continuous,

1 ~
e =00 = ;=5 (&1 +llarlc)
and (1) < vy (¢) for t > 0. Moreover, since ¥ is nondecreasing, for ¢ # t1,t # s1,
v (1) = p(OW 2ux (1)) < p(HOW Quy(1)).
This implies that
vy (1)
— < (t), t 1, t S1
v o) 7 At
and so, for any b > 0,
b ’ b
t
/ vxi()dt 5/ pt)dt := 1T} < oo.
0 ¥(Q2u.(0) 0

Since v, is a continuous function for all 7 # 7, ¢ # s1, we have

20,(0) gy
/ <TI
2 20 (s)

This, together with condition (3.1), permits us to conclude that v, is bounded by a constant
A, depending only on the functions ay, a2, ¥, p, 1, ¢ and the values by, b;.

By repeating the last two steps N -times, we obtain thatifx € ¢(T+1")andt € [—r, +00),
then there exits Ayy := An+1(, @, ¥, p, (@i)i=1,...N, (bi)i=1,..,n) such that

X ()] < px () < vx(t) = Ayy1 < F00.

This completes the proof. O

As a side result of Theorem 4.1, we have proved that the obtained solution is bounded
in [—r, +00). We stress that hypothesis (k) can be lowered at the expense of losing the
boundedness of the solutions, as the following corollary shows.

Corollary 4.2 Assume the hypotheses (h), (hs), (hg,y ). Assume also the following condi-
tion is satisfied:

(h?-) f [0, +00) x R" x R" — R" is such that a nonnegative function p* € LllOc [0, +00)
and a continuous nondecreasing function ¥ : [0, +00) — [1, +00) exist for which

[f(t,x, ) < p*O¥ (x| +|yD), t =0, x,y € R",

/Oo B _ oo 4.7
0o W) ' '

Then, the problem (P) admits at least one (not necessarily bounded) strong solution.

and

Proof The proof follows a standard argument which we sketch in the sequel.
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Existence of solutions for a second-order differential equation

Fix n € N such that n > #y and let

() 1, ift €[0,n]
i =
" 0, otherwise

be the indicator function of the set [0, n].

Let f, (¢, x,y) := i, (¢t) f(t, x, y) and p, (t) := i, (¢t) p* (). Then, it holds that f, satisfies
the condition (4 ), with p = p, € L'[0, +00).

From Theorem 4.1, it follows that the problem

X"(t) = Ax(t) + fu(t, x(0), x(0 (1)), 1€ ©0,01UUN, i, ti1]
(P) {1 x(t) =y (t,x(0), te UL, s,

x()=¢@), te[-r0] x'0)=4¢0):=n

has a solution x,,. For t € [0, 4+00), let n(t) := min,cn{n > ¢} and define x : [—r, +00) —
R”" by

x(t) = xn(t)(t).

Then, it easily follows that x is a solution of the problem (P). O

5 Conclusions

Theorem 4.1 differs from previous results on the subject (see [12] and [13]) in several ways.
At first, we analyzed a second-order system with non-instantaneous impulses, while the
previous literature concerns only the first-order case. On the other hand, the problem is stated
and studied on unbounded intervals and with an ad hoc technique. Lastly, the delay introduced
exploits the role played by the non-instantaneous impulses.

In our opinion, the results can be of interest for modeling the actions of chemotherapeutic
drugs. Indeed, in this case:

1. Second-order differential systems naturally arise in models where the spatial components
play animportantrole (e.g., cancers), as well as in the so-called two-compartment models.

2. By using an unbounded interval, we can shape a multiscale model, where the jump at each
point of discontinuity may represent the diffusion of the drug in the bloodstream (which
occurs in few minutes), the non-instantaneous part represents the absorption of the drugs
by the cells (which can be measured in days), while the differential system defined on
the unbounded interval models the whole trend from the first chemotherapeutic session
up to the end of the cure, which may last years.

3. By following [19], the delay can shape the behavior of the affected cells. Indeed, we
stress that in case of chemotherapy, the cells react to the drugs by committing “suicide”
only after the DNA checking cycle, i.e., with a delay.
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A HIERARCHICAL APPROACH TO FIXED POINT PROBLEMS
FOR UNIFORMLY ASYMPTOTICALLY REGULAR SEQUENCES.

VITTORIO COLAO, LUIGI MUGLIA

ABSTRACT. We study the hierarchical iterative scheme defined by 1 € H and
Tnt+1 = anZp + (1 —an)(I — pn D)Wnpxpn + anfn(S — Izy (n > 1), involving
a UAR sequence (Wn)neN' We prove that the limit point depends from the
value 7 := limyp— o0 @nfBn/pn.

1. INTRODUCTION AND MOTIVATIONS

The approximation of solutions for Variational Inequality Problems (VIPs) had
always been a wide and catalyzing research area. This is due, among other moti-
vations, to the fact that many real-world problems can be modeled as VIPs. To
recognize eligible problems, we refer to the Cabot’s paper [8], Deutsch and Yamada’s
paper [15], Combettes and Hirstoaga’s paper [13], Yamada’s paper [33] on mono-
tone inclusions, Solodov’s paper [27]) on convex optimization and [11, 21, 22, 30, 32]
on quadratic minimization over fixed point.

It is well known that if D is a monotone operator and C' is a closed and convex
subset of the Hilbert space H, then the existence of solutions for the (VIP)

Find z* € C such that (Dz*,y —z) > 0, YyeC (1.1)

is not guaranteed. Nevertheless, under the assumption that A is continuous, the
set of solution is nonempty.

In this paper we consider a strongly monotone and Lipschitzian operator D, i.e. D
satisfies

(Dx — Dy, —y) > o®|lz — y||* and || Dz — Dy|| < L|lz —y],

for any x,y € C. By this assumption, the set of solution for the problem (1.1) is
reduced to a unique point (see Browder and Petryshyn [6] or Deimling [14]).
Despite the fact that the above mentioned hypothesis may appear tricky, several
examples of (VIPs) involving strongly monotone and Lipschitz operators can be
easily found in the literature.

For instance, if we fix u € H and set Dz = x — u, the inequality in (1.1) becomes

(" —u,y—x) >0, Yy e C.
In this case x* is the solution of the minimum distance problem

Jo* — ull = min & — ul.
zeC

2000 Mathematics Subject Classification. 47H09,58E35,47H10,65J25.
Key words and phrases. hierarchical fixed point problems, variational inequalities, nonexpan-
sive mappings, two-step algorithms.
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In 2006, Marino and Xu [22], studied the problem of minimizing a quadratic
function over the set Fiz(T) of the fixed points of a nonexpansive mapping T  on a
real Hilbert space H, i.e.

1
in —(A —h
v iy 3 A7)~ )
where h is a potential function of a contraction f (i.e., h'(x) = vf(x) for x € H)
and A is a strongly positive linear and bounded operator.
We note that «* € Fiz(T) solves the minimization problem if and only if

((A=~f)a*,z* —2) >0,z € Fiz(T),

where D = (A — v f) is strongly monotone and Lipschitzian.
Reich and Xu in [26] considered the constrained least squares problem:

1
min | Az — b|?, (1.2)
€7 Ci
where A is a bounded linear operator on H, {C; };¢; is a family of closed and convex
subsets of H and b € H is fixed. Since this problem may be ill-posed (i.e. it may
have more than one solution), its Tichonov regularization

1 2 2
miny ([ Az~ b + ef]) (1.3

is introduced and studied by translating (1.3) into te following:
Find z* € N;erC; such that ((A*A+el)x. — A*b,x —x.) >0, =€ NierCy,

where A* is the self adjoint operator of A and (A*A + eI) becomes a strongly
monotone and Lipschitzian operator.

We point out that (1.2) belongs from an interesting case of (VIPs), i.e. the class
of convex feasibility problems (CFPs). The convex feasibility problem can be stated
as follows,

i [}
pin , ®(@),

where ® represents a cost-function to be minimized and {C;};c; are convex and
closed property sets, representing the constraints.
Firstly applied in Optimization, (CFPs) gained importance in different branches of
sciences and they are currently used to model problems arising in image reconstruc-
tion, linear prediction theory and signal processing (see [5]), among others. For an
exhaustive introduction on the subject, one can refer to [3].
Apart from the linear case, where {C};};cs is a family of half-planes, it can be con-
venient to threat each C; as the fixed point set Fiiz(T;) for a nonexpansive operator
T;, so that N;, C; represents the set of common fixed points of a family of nonex-
pansive mappings. The solution is then reached by means of iterations involving
the family {T;};er (see [1, 2, 3, 4, 10, 18, 21] and references therein).
In [20] and [21], an unifying approach to the problem had been proposed, by in-
troducing the UAR—class of procedures. This approach consists into introduce a
sequence of mappings (W, ),en that preserves the fixed points of the family (T;);er
and such that the following conditions are satisfied:

(hl) W, : H — H are nonexpansive mappings, uniformly asymptotically regular

on bounded subsets B C H, i.e.

lim sup |[Wy112 — Wz =0,

n—oo rE€B
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(h2) it is possible to define a nonexpansive mapping W : H — H, with Wz :=
lim W, such that if F':=, .y Fiz(W,,) # 0 then Fiz(W) = F.

n—oo
Classes of UAR—procedures can be widely found in the existing literature, as the
following examples show.
Example 1.1 have been introduced by Atsushiba and Takahashi, while Shimoji
and Takahashi developed the construction in example 1.2. Both results had been
essential to detect the role of (hl) and (h2). We emphasize that the introduction
of families of auxiliary mappings, essentially due to Professor Takahashi, represents
the starting point of wide and deep line of research.

neN

Example 1.1 (Atsushiba-Takahashi, [1] 1999). Let E be a strictly convex Banach
space. Let ¥ = {T;}N| be a family of nonexpansive mappings from C to C with

N
ﬂ Fix(T;) # 0. Let (An)nen = Ay --5Ann) C (0, 1) such that \;,, — \i €
i=1

(6,1), asmn — oo, foralli=1,...,N.
Let
Uin =MD+ (1= An)I

U2,n = )\Q,nT2U1,n + (]- - )\Z,n)I
| (1.4)

Wp=Wsa, =Unn=AN2INUn_in+ (1= Ann)]

The mappings (Wp)nen satisfies (h1) and (h2) and the proof of this fact is con-
tained in Lemma 3.1 and Lemma 3.2 of [1] (see [12, 21] for details). In particular

N

() Fiz(T;) = () Fix(W,) = Fiz(W).

i=1 neN

Example 1.2 (Shimoji-Takahashi, [28] 2001). Let X be a strictly convex Banach

space and C C X closed and convex.

Let (Ty,)nen be a sequence of nonexpansive mappings from C to C' with m Fix(T,) #
neN

0. Let A:= (A\p)nen C (0,0] C (0,1). Let consider the following construction:
Un,n+1 = 17
Unn = \ToUpni1 + (1 — )1,
Un,k = AkaUn,k—i-l + (1 — /\k)l, (1.5)

Un)g = )\QTQUn)?) + (1 — )\2)1,
Wn = n,l ‘= )\1T1Un,2 + (1 — Al)I
The Shimogi- Takahashi’s approach in (1.5) satisfies (h1) and (h2) and the proof eas-
ily follows by Lemma 3.1 and 3.2 in [28] (see [20]). Also in this case ﬂ Fix(T;) =
i€N
() Fiz(W,) = Fiz(W).
neN
Example 1.3. Let A be a d-inverse strongly monotone operator, i.e. satisfies:

(Az — Ay,x —y) > 6||Az — Ay|*.
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with A710 # 0 (see [29]). Let (An)nen C (0,26] be a sequence converging to A €
(0,24].

Then Wy, := (I — M\, A) is a family of nonexpansive mappings (see page 419 in
[29]) with common fived point set F = A~'0, satisfying (h1) and (h2).

Our last example is due to Gu et.al. in [17].

Example 1.4. Let (T,)nen be a sequence of nonexpansive mappings with at least
one common fized point. Let (A\p)nen C (0,1) a strictly decreasing sequence such
oo

that A\g = 1 and Z()‘i—l — ;) < oo. Let, for everyn > 1

i=1

i N = N) Tz
W = 11—\,

Note that all W, are nonexpansive mappings such that,

Z?:ll (Ai-1 = X\)Tix _ Z?Zl(&el - )Tz
1-— )\n+1 1- )\n

- ()‘n - /\n-i-l)”Tn-i-le

||Wn+1x - an” <

1 1
< - S (it = MIIT
= ‘1An+1 1— i:l( 1= MlITel + 1

An = At (i (Nim1 = M) [ Tix|
1- )\n+1 1- )\n

- )\nJrl

n ||Tn+1x||)

So, if x lies in a bounded set, by an opportune M > 0

i (i1 = M) N 1)

)\n - )\n
[Wht1z — Wyl < M (

1- /\n—i-l 1- /\VL
_ 2M)\n - )\n+1
1- )\n+1

o0 (o]

Thus, since Z()‘i—l — ) < o0, Z IWhi1x — Wox|| converges and this guar-
i=1 n=1

antees that (Wy,)nen is pointwise convergent and uniformly asymptotically regular

Aic1 — N )
on the bounded subset of C. Notice that, since 117)\ € [0,1], for all i and

Fix(T;) =

oot — A
Zl:ll( )\1 ) =1 for all n then
Lemma 3, T;tl)age 257, proved in [7].

ieN nen Fiz(Wy,) = Fiz(W) by

Here we consider a sequence of mapping (W,,)nen with common fixed points to
emphasize the role played by (h1l) and (h2) to the convergence of the method.

The hierarchical approach draws on from Moudafi in [25], where the following
explicit algorithm is carried out:
Tnt1 = (L —ap)xy + an(onSey + (1 — 0,)Txy,). (1.6)

In the same paper, it is proved a weak convergence result of the method (1.6) to a
solution of

(I —8S)z*,y —a*) >0, Yy € Fiz(T). (1.7)
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Following [23] and [24], Cianciaruso et al., in [9] studied the following scheme:

Tl = nf(@n) + (1 — n)Tyn, n>1

and proved three convergence results to solutions of variational inequality problems.
Inspired by the above mentioned results, we investigate the convergence of the
iterative method generated by x; € H and
Tnt1 = QnZp + (L —ap)( — pn D)Wy, + @nfn (S — Ny, n>1 (1.9)
where D is a strongly monotone and Lipschitzian operator, W, is a sequence of
mappings satisfying (h1) and (h2) and S is a nonexpansive mapping.
In particular we will show that the iterative method (3.1) converges to a solution
of a variational inequality problem that involves the operators D and (I — S) and
that such convergence depends by the value
. anfn
7:= lim —.
n—oo /,l,n

2. PRELIMINAR RESULTS
We recall some general results about Hilbert spaces and monotone operators.
Lemma 2.1. For all x,y € H, there holds the inequality
lz +yll* < [lz]|* +2(y, = + ).
[tz + (L = t)yl* < ¢z + (1 = t)lly[* — (1 — )|z — y]?
If K is closed convex subset of a real Hilbert space H, the metric projection

Py : H — K is the mapping defined as follows: for each x € H, Pk« is the only
point in K with the property

— Pxa|| = inf ||z — y]|.
Iz = Prel| = inf ||z —yll

Lemma 2.2. [6] Let K be a nonempty closed convex subset of a real Hilbert space
H and let Pg be the metric projection from H onto K. Given x € H and z € K,
z = Pxx if and only if

(x—2z,y—2)<0 VyeK.
Lemma 2.3. [16] Let W : C — C be a nonexpansive mapping. Then, for all
x,y € C:
e the mapping (I — W) is %-inverse strongly monotone that is

(T = W)a — (1= Wy, — ) > (= Wa — (1~ W)y

1
e The operator (D+(I-W)) is a o-strongly monotone operator and <Z + 2) -

tnverse strongly monotone operator.

Lemma 2.4. [31] Let D : H — H be a o—strongly monotone and L-lipschitazian
20 20 — ulL?

operator. If p < T3P and (tn)nen C (0, p| then:
I = pn D)z = (I = pu D)yl| < (1 = pp)l|lz =y

i.e. (I —pupD) is a (1 — punp)-contraction.
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Finally, we conclude this section with a lemma due to Xu on real sequences which
has a fundamental role in the sequel.

Lemma 2.5. [30] Assume (an)nen S a sequence of nonnegative numbers such that
apt1 < (1 —yp)an + 6y, n >0,

where (Yn),cn 5 a sequence in (0,1) and (6,),cy 95 @ sequence in R such that,
(1) Z;;O:l Tn = 005 -
(2) limsup,, o 0n/7n <0 or Y 7 |0n] < 0.

Then lim,,_,o an, = 0.

3. PROPERTIES AND CONVERGENCE OF THE ITERATIVE ALGORITHM

Let (W,,) be a sequence of mappings with common fixed point set F' := N, enFiz(W,,) #
() and satisfying the properties

(hl) W, : H — H are nonexpansive mappings, uniformly asymptotically regular
on bounded subsets B C H, i.e.

lim sup [ W1z — Wy =0,

n—o0 r€B

(h2) it is possible to define a nonexpansive mapping W : H — H, with Wz :=
lim W,z such that if F':=, .y Fiz(W,,) # 0 then Fiz(W) = F.

n—o00 neN

Let D : H — H be a o-strongly monotone and L-lipschitzian operator on H, i.e.
D satisfies
(Dz — Dy,z —y) > o*||z — y||* and || Dz — Dy|| < Lljz —y|

and let S : H — H be a nonexpansive mapping.

Moreover, fix a € (0,1) and p € (0,2%) and consider the sequences (an), ey C
(0,0, (Bu)nen C (0,1) and (pn), ey C (0, 1), with the property that there exists
the limit

. Oénﬂn
7:= lim ——.

n—roo /*’LTL
We introduce the iterative scheme defined by z; € H
Tp41l = QpTp + (1 - an)Banxn + O‘nﬁn(s - I):En, n>1, (31)

where B,, := (I — uD) and we will prove that the convergence of the iterated
sequence mainly depends on 7.

Lemma 3.1. Assume that either

T < 400, (H1)

(i) FNFiz(S)#0,0r
(ii) S has bounded range.

Then (Zn)nen is bounded.
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Proof. Let z € F be a fixed element.
Assume that (H1) holds and, as a consequence, that
by some constant v > 0. We have then,

a;ﬂ is bounded from above
[#ne1 =21 < Nlan(zn —2) + (1 = an)(BaWyan — Bpz) + (1 — ) (Bnz — 2)
+anfn(Sx, — )|
= |lan(xn —2) + (1 — apn)(BaWoxy — Brz) + (1 — @) (Bpz — 2)
+anBn(Sxn — S2) + anfn(Sz — 2) + anfBn(z — x,)||
= |an(l = Bn)(@n — 2) + (1 — apn)(BuWhay — Bpz) + (1 — o) (Brz — 2)
+0n Bn (ST — S2) 4+ B0 (Sz — 2)||

< an(l=Bu)llen — 2l + (1 — an) | BaWyay — Bpz|| + (1 — a)|| Buz — 2|
+anBnl|Sxrn — Sz|| + anBullSz — 2||
< apllzn = 2l + anBullSz — 2|l
+(1 = an) (1 = pmp)llzn — 2] + (1 — an)pn || Dz||
< (1= Q1 = an)pnp)llen — 2l + pnl| Dzl + anBnl|Sz — 2| (32)
< (1= QA =an)pap)llen — 2l + pall| Dz + 71152 — 2]])

So, by an inductive process, one can see that

| | Dz|| + ]Sz — 2| } .
’ P

|z — 2| < max{”a:l — 2|
so the claim follows.

Suppose that (i) holds. In this case, z can be chosen in Fiz(S) N F, so that
ISz — z|| = 0. By using (3.2), it is easily derived that

[Zn+1 — 2z < (1= (1 —an)unp)|lzn — 2l + pnl| Dz||
and
ey Dz
|z — 2| <max< [|z1 — 2|, .
p
Lastly, note that

[Znt1 — 2l = llom (1 = Bn)(@n — 2) + Bn(Szn — 2))
+(1 - an)(Banxn — Bnz+ Bz — Z)”

< an((l_ﬁn)nxn_zn+ﬂn||5$n—2:“)
Dz
- ) ((1 — pnp)llen — 2| + ,W“p')
D
< anmax{nxn—zn,wxn—z||}+<1—an)max{|xn_z|, ” Z'l}
P
D
< max{xn—z|,||5xn—z|,'pz”}.

If we assume that (ii) holds, i.e. that

[Szn — z|| < M,
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for some constant M > 0, then it is promptly derived that

D
lm — 2] < max{uxl Y ”'}
P

O

Lemma 3.2. Assume that (x,)nen is bounded and asymptotically reqular; if pi, —
0 and a, B, — 0 as n — +oo then:

(1) lim ||z, — Whz,| = 0;
n—oo
(2) the set of weak cluster points of (xn)nen are fized points, i.e.
wy(xy) C F.
Proof. To prove claim (1) is enough to note that:
|20 = Waznll < lzn — npa | + 2041 — Waas|| (3.3)
< Hxn - CCnJrIH + O‘onn - ann”

+(1 = an)pn [ DWyzn|l + anBull(I — S)zn| =
|20 — Tns1 || + n | DWnzp|| + anBnl|( — S)za||

IN

(1 = an)l|zn — Wy,

and the claim directly follows.
Moreover, observe that

ws(xn) = ws(Whay) and wy, (2,) = wy (Whay).

Suppose that (2) does not hold. As a consequence, let py € wy,(zy) \ F and denote
by (2, )ken a subsequence of (x,) such that z,, — po. By using (3.3), by the
asymptotical regularity and by the Opial’s property of a Hilbert space:

liminf |z, —pol| < liminf|z,, — Wpoll

k—o0 k—o0

< liminf [||xn, — Wa,@n, || + | Waen, — Wa,Dol|
k—o0

hm inf [[|2n, — W, 2n, || + |20, = poll + [[Wn,po — Wpol]]
k—o0

IN

< liminf ||z, — poll
k—o0
which is a contradiction. Then py € F' as required. (I
Theorem 3.3. Suppose that
(H2) lim p, =0, ZM" =00 and lim ltn—1 = 1]

n—00 n—00
neN Hin

sup, ¢ [[Wnz — Wy_12||

= 0"

(H3) lim =0, with B C H bounded.
n—oo l,[,/n

(H4) lim lan—1 — an| —0.
n— 00 l,Ln

Moreover, suppose that

T=0 (H1*)
holds.
Then the sequence generated by x1 € H and the iteration (3.1) strongly converges
to x* € F that is the unique solution of the variational inequality

(Dz*,y —x*) >0, Yy € F. (3.4)
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Remark 3.4. The choice:
1
an:ﬂnzﬁnzﬁa n21

satisfies our hypotheses.

Moreover, let A be a é-inverse strongly monotone operator with A=10 # ) (see [29])
and let (Ap)nen C (0,20] be a sequence converging to A € (0, 20].

We have already stated that W,, := (I — A, A) is a family of nonexpansive mappings
with common fixed points F' = A~'0 satisfying (h1) and (h2) (see page 419 in [29]).
In this particular case, case (H3) of Theorem 3.3 reduces to

lim n|A,—1 — A\p| =0.
n—oo

To prove our first converge result we use the following proved in [20] as Theorem
2.2.

Lemma 3.5. Let (W,,)nen a sequence of nonexpansive mappings defined on H with
common fized points set F # () satisfying (h1) and (h2).
Let D : H — H be a o—strongly monotone and L—Ilipschitzian operator.

2
Let us choose (fin)nen C (0, ) with p < L—Z such that (H2) and (H3) hold.

Let us choose (an)nen C (0,a] C (0,1) such that (H4) holds.
Then the sequence generated by xg € H and the iteration

Tpt1 = QpTp + (1 - aﬂ)(I - MnD)ann
strongly converges to x* € F' that is the unique solution of the variational inequality
(Dx*,y —a*) >0, Yy e F (3.5)

Proof of Theorem 3.3. Fix 1 € H and consider the sequence (a,,) where a,, :=

| — zn|l and (2,),,cy is generated by the iteration

{Zl - (3.6)

neN>»

Znt1 = apzn + (1 — )T — pn D)Wz, n> 1.

Note that by Theorem 2.2 in [20], (25, )nen strongly converges to the unique solution
x* of the VIP (3.4).

To complete the proof, we have only to prove that a, converges to 0. To this end,
we compute

|Tnr1 — 2ngall
anllzn — znll + (1 — )| BaWyyn — BoaWazn || + anBn||Szn — 20 |
(1= (1 = an)pnp)llzn — znll + nfBul|Szn — 24|
= (1= (1 = an)unp)an + anBnllSzn — 24|
(]- - ’Yn)an + anﬂn‘lsmn - ana
where v, := (1 — ay)pnp. Note that [[Sz, — 24|, since (z,),cy is bounded by
Lemma 3.1 and S is nonexpansive. Hence, it holds
im =
n Tn

anJrl

VARVAN

0



10 V. COLAO, L. MUGLIA

by (H1*).
By this last an (H2), we can apply Lemma 2.5 to obtain that a,, — 0 and
lim ||z, — 2*|| = lima,, + ||z, — "] = 0.
n n
([l
Theorem 3.6. Suppose that
(H2) lim p, =0, Z U =00 and lim i = pna] 0;
n— oo = n—o00 anﬁnun
> Wn - Wn— .
(H5) lim SWPzen[Wn? 0 with B ¢ H bounded.
n—o0 Qi Bntin
(HG) lim ‘anﬂn B an—lﬂn—1| _ O,’
n—o0 QB i
. 1 1
(H7) there exists K > 0 such that — < Kup,.
anﬂn O‘nflﬂnfl
Moreover, assume that
T € (0, +00). (H1**)

Then x, — &, as n — oo, where & € F is the unique solution of the variational
inequality
1
(=Di+ (I-S8)z,y—1z) >0, Yy € F. (3.7)
J
Remark 3.7. We note that conditions (H2)-(H7) cannot be satisfied by the same
sequence of Remark 3.4, since

1 1 1 .
— = lim /n = co.
n—00 [l O‘nﬂn anflﬂnfl n—00

However a simple calculation shows that

2 1
unzﬁandoznzﬁn:%,nzl

satisfy the hypotheses of Theorem 3.6.

Proof. At first, we point out that the problem is well-posed. Indeed, Lemma 2.3
ensures that (1D + (I — 9)) is a strongly monotone operator, so that (3.7) has a
unique solution .
Moreover, observe that (z,,),cy is bounded by (H1**) and Lemma 3.1.
‘We compute
Ty — Tp4+1 = (]- - an)(xn - Banmn) + anﬂn(-[ - S):L'n
= (1 - an)(xn -~ Whzn + ﬂnDann) + anﬁn(mn - an)
(1= an)(I = Wy)a, + (1 — ) DWyy, + anfn(I — Sz,
and define
Ty — Tyl 1-a, (1 — ap)pin
= ———= I — S ~ 77
=B, TSt s, b
We will prove that v, — 0 as n — oo; this means that (z,),en is asymptotically
regular with respect to (a5 )nen, i.e.

DW,x,. (3.8)

(I —Wp)xn, +

lim JEner =@l _

n—oo B
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To do so, we compute

Tn+l — Tp = an(xn - xnfl) + (an - anfl)(xnfl - anlwnflxnfl)
+(1 - an)(Banyn - an1Wn—1yn71)
+anBn(Sxy — xn) — @pn_1Bn-1(STp_1 — Tp_1) (3.9)

and note that

(ST — Tn) — an_1Bn-1(STp_1 — 2n_1)
= 0B SThn — nfnTn — Cn_1Bn—15%n—1 + an_18n-12n_1)
= anﬂn(sxn - anfl) + (anﬂn - anflﬁnfl)sxnfl
—n (T — Tp1) = (@nfn — @n_1Bn-1)Tn—1
= anfBn(Sn — Stp_1) + (Wnfn — an—1Pn-1)(STn—1 — Tp_1)
— 0 B (X, — Tpp1) (3.10)

By means of (3.10), computation (3.9) becomes

Tpg1 — Tn = (@ — Tpo1) + (@n — Qne1) (@1 — BpoaWh_125-1)
+(1 = an)(BaWnyn — BnaWo1yn-1)
+an5n(sxn - anfl) + (anﬂn - anflﬂnfl)(sxnfl - sL'nfl)
—n B (T — Tp_1)
= an(l=6n)(@n — 2n_1) + (an — an-1)(@n-1— Bro1Wn-1Zn_1)
+(1 = an)(BaWyyn — Bp-1Wy—1yn—1)
+anBn(Stn — STn—1) + (@B — an—18n-1)(STn—1 — Tpn_1),

S0, passing to the norm and using the nonexpansivity of .S

||xn+1 - xn” é an”wn - l'nfl” + |an - Oénfl|||xn71 - anlwnfll'nfl”
+(1 = an) | BaWnyn — BnaWn_1Yn—1|
+|an6n - an—lﬂn—l‘”'gmn—l - xn—l”- (311)

Moreover

I1BoWyhxy, — BueiWho1Zp-1ll < |BaWaZn — BpnWho1Zn-1||
+|BaWn—12Zn—1 — Bp i Wy 1251
< (= pap) Wiy — Wyo12n 1|
HWh1@n_1 — pin DWy 1201
—Wh1@p—1 + pn1 DWy 12, 1|
< (= pp)llzn — znall + [Wazn—1 — Wa_12n1]|

Flpn = pna[| DWhn—12n || (3.12)
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By means of (3.12), in (3.11) we have that

[Znt1 —2nll < anllzn —2p-a|l + lan — an—all|zn—1 — BpoaWh—12m—1|
+(1 = an)(1 = pnp)llen = zp-1ll + (1 = o) [Waan—1 — W12 1|
+(1 = an)lptn = pn—1||DWy 121
HanBn — an—1Bn-1||STn—1 — zpn_1]|
= (1= 1 —=an)pnp)l|Tn — o1l + |an — an_1|llzn-1 — Bpo1Wn—12p1||
HIWnan—1 = Woazp 1|l + [ptn — pna [| DWy—120 1|

+|an6n - an—lﬁn—llnsxn—l — Tp—-1 ||

By this last and by the boundedness of (z,,) there exists M > 0 such that

neN>?
lZnt1 =zl < (1= (1 = an)pnp)l|Tn — o1l + [Wazn—1 — Wn_1zn1]|
(”,Un - ,Un—1| + ‘anﬁn - O‘n—lﬂn—1| + ‘Oén - an—l‘)M' (313)
Moreover, by (H5)
||Wn$n71 - anlxnfln _

lim 0
n— oo Un
and by (H6)
. |,un - Mn—1| + Ian - an—1| + |anﬁn - an—lﬂn—ll
lim =0.
n—00 Hn,

We can apply Lemma 2.5 to obtain that (x,)nen is asymptotically regular.
Dividing by a8, in (3.13), it can be observed that

| Tn4+1 — Tp ||xn — Tp—1 ann—l - Wn—lxn—l
I O e T
+ |/~Ln - ,U/n71| + |an - an71| + ‘anﬁn - Canlﬂnfﬂ M
o fn
|zn — Trn—1]| 1 1
< (1-(1-a & — Fn—1ll e _
a ( ( aL)lunp) anflﬁnfl * ”xn ! xL” anﬂn anflﬁnfl
+ HWnl‘n—l - Wn—lxn—l ||
anﬁn
+ |ﬂn - ,U/n71| + |an - an71| + |anﬁn - anflﬁn71| M
anfn
Ty — Ty
by (1) < (- (a2 K )
n—1Mn—1
+ HWnIn—l - Wn—lfn—ln
anﬁn
+ |/’('n - ,un—l| + |an - O471—1| + |an6n - an—lﬁn—1|M

anfBn

Since (H2), (H5) and (H6) hold, we can apply again Lemma 2.5 to obtain that

lim v, = lim M =0.
n— oo n—o00 B
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Now, fix z € F; by (3.8) it results

(Vn,n = 2) = (I = 8)n,xn — 2) + 16;51"«1— Wn)n, & = 2)
+W<Dwnxn,xn ~ )
= (=S~ =S)zan—2) +{U = S)z.an — 2)
+ 10;;1" (I = Wa)an — (I = W)z, 2, — 2)
+(1;:Z3/“L<Dwnxn — Dy, — 2)
+%<D% — Dz xn—2) + %U)Z’% —2)

By using the strong monotonicity of D and the monotonicity of (I —.S) we have

1_
(Un,yxp —2) > (I —=9)z,2, —2) + (aog)'un(Dz,xn —z) (3.14)
(1 = an)pin . _ (1 — an)pno 2
—1—7&”@1 (DWy,xyn — Dy, — 2) + By |z — 2|

Since D is Lipschitzian and by claim (1) of Lemma 3.2 we easily show that both
([ DWyp2y — Day|), ey and (vn),, oy are null sequences.
Passing to the limit (3.14), we obtain that all weak cluster points of (zy)nen are
strong cluster points, i.e.

W () = ws(Ty)

and in light of claim (1) of Lemma 3.2
W (Tn) = ws(Tn) = W (Why) = ws(Whay,).

Note that wy, () is not empty since (z,)nen is a bounded sequence in a Hilbert
space. To end the proof, let 2’ € wy(z,) and let (z,, )ken be a subsequence of
(2n)nen converging to x’. Then, by (3.8),

(1 — any ) piny,

UnpsTn, — 2) > I—8S)r,, ,tn, —2)+
e =) 2 (L = S)zay, 0, =2 +

(DWpZn, s Ty — 2)

For any z € F.
Passing to £ — oo we obtain

1
(D' 2" —2)+{((I —S)z,2' —2) <0 VzeF
-

which coincides with (3.7). From the uniqueness of the solution of this last, we
deduce that ©' = Z, i.e. wy(x,) = ws(z,) = {Z} and this, of course, ensures that
T, — T, as n — 00. [l
It remains to investigate the case
T = +00. (H1**)
Theorem 3.8. Assume that (H1***) holds. Moreover, suppose that

: _ _ =
(H2) nh_)ngo tn =0, ZM" =00 and lim ————

= 0"
nel n—oo anﬂnﬂn
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Sup,cp Wiz — Wi_12]|

(H5) lim =0, with B C H bounded;
n—00 QnBnbin
(H6) Tty soe cvp = 0 and lim 2200 = Cntuzal .
n—00 QB fin,
1 1
(H7) there exists K > 0 such that — - <K.
Qnfpin | Bn Bn-1

If () nen is bounded, then every v € wy,(xy,) is solution of the variational inequality
(I = S)v,v—1x) <0, Vo € F.
Proof. Following Theorem 3.6, the boundedness of (2,,)nen permits to prove that

hm ||$n+1 B an —
n—oo0 QP

0.

From this last and by applying Lemma 3.2, we obtain that w,(z,) C F. By using
the same notations adopted in the proof of Theorem 3.6 and by (3.14), we have
that

(1 — an)pn

(v, xn —2) > (I —=9z,z,—2)+ (Dz,x, — z)
B
1- () n
—|-(anaﬁ7n)M<Dann — Dz, xp, — 2)

holds for all z € F. Thus let v € wy(zy), zn, — v € F and note that by

(H1***), klim T a—) Moreover, (x,,)nen is bounded , v,, — 0 and ||[(DW, x,, —
—00 O,y Pn,,

Dz,,)|| = 0 as n — co. Then, we have
(I=8)zv—2) = 11}211(([ — Sz, xp, — 2)

(1 — Ony, )/J’nk

Dz x,, —=z
ank,Bnk < )Nk >

< h]gnKUnk?xnk - Z> +

+ (1 — O"ﬂk)//'nk <

DW,, &y, — Dy, , T, — 2)]
< 0

for any z € F.
Since F is the fixed point set of a nonexpansive mappings by assumption (h2), we
can substitute z with v 4+ p(z — v), p € (0,1) to obtain

(1= 8)(w+ p(z —v),0—2) < 0.
Finally, letting u — 0,
(I —S)v,v—2z) <0, Vz € F.
U

Remark 3.9. An example of sequences satisfying the above conditions is given by
ap = By = pin = T\/ﬁ'

We note that the boundedness requirement on (x,), oy is justified by the next
example.
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Example 3.10. Let H = R, 2o = 1, Wypx := x for any n € N, Sz = z + 1,
oy = ﬁ, Bn=1, ptn =L and B,(z) = (1 — L) z. Our method becomes:

n

1 1 1 1
n = T =dn 1—— 1-— n e
e ﬁ””( n>< ﬁ>z+ﬁ
and the sequence is not bounded. Indeed, suppose the contrary, i.e. that there exists
M > 0 with the property that |z,| < M. Then

o = o) e ()
1 M 1
> (%) 2w

for any m > 4M?, which contradicts the divergence of > n~1/2,

Lemma 3.1 states that if S has a fixed point in F, then the sequence (x;) is
bounded. In this case, Problem (1.7) could be ill-posed because every fixed point is a
solution. We will show that in this situation, the operator D acts as a regularization.

Theorem 3.11. Suppose that:

. o - . |Nn—1 - Hn|
(H2) nh_)ngo tn =0, Zun =00 and lim ————

n—oo
neN Fin

Sup,cp Wz — Wy_12]

= 0;

(H3) lim =0, with B C H bounded.
n— 00 Mn

(H4) lim M —=0.
n— 00 n

(H8) hm ‘Oén—lﬂn—l - Oénﬂn| _ 0
n— o0 Mn

Morover, assume that lim o, 8, =0 # 0.
— 00

n
If the set F'N Fix(S) is not empty, then the sequence generated by v1 € H and the
iteration (3.1) strongly converges to x* € F'N Fix(S) that is the unique solution of
the variational inequality

(Dz*,y —x*) >0, Vy € F N Fix(S). (3.15)

Proof. By Lemma 3.1, since Fiz(S)NF # 0, we know that (z,)nen is bounded by
some constant M > 0. By using (3.13) in Theorem 3.6 we have

[Tne1 —anll < (1= Q= an)pnp)llzn — Tn-all + [Wnan-1 = Won1@n-1|
(”Mn - ,U/n71| + ‘aan - an715n71| + ‘an - Oén,ﬂ)M (316)

Let us observe that by (H2), (H4) and (HS),

lim |:un - ,Un—1| + |an - O‘TL—1| + |O‘n/8n - O‘n—lﬂn—1| _

n—oo /"LTL

0;
moreover, (H3) guarantees that

lim ||Wnyn71 - anlynfln _

n—oo /,Ln

0.
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Hence, we can apply Lemma 2.5 to ensure that (z,,),ecn is asymptotically regular.
Fix v € Fiz(S) N F, then:

[Zni1 —ol* < anllBu(Szn — ) + (1= Bu)(zn — 0)|> + (1 — @) | BuWyzn — v]?
< apBhllST, — U”2 +an(l = Bn)llzn — U||2 — apBn(l = Bn)||STn — an2
(1 = an)[|(Wnzy = v) = o DWop||?
S U||2 — anBn(l = Bn)l[Szn — xn”Q + (1 — an)[[Whan — U||2

2 | DW= 2(1 — ) i (Wi, — v, DWp,). (3.17)
By the boundedness of (), there exists L > 0 such that:

(1= Bu)lSzn — zall> < +pl|DWnan|* + (|20 — 0| — 2041 — v]?
—2(1 — ap) o (Whay, — v, DWyxy)
< (ot llwn = 2pa )M (3.18)

Then ||Sx, —2,| — 0 as n — oo and, by demiclosedness principle, the weak cluster
points of (z,)nen are fixed points of S, i.e. wy(z,) C Fiz(S).
Moreover, following (3.3), since a8, — 0 # 0 and ||z, — Sz,| — 0 then ||z, —
Why| — 0 and, as a consequence, ||2,11 — Wya,| — 0.

Let us show that w,(z,) C F. Assume the contrary, i.e. suppose that there
exists pg € wy(x,) and pg ¢ F. By Opial’s property of Hilbert space:

liminf ||z,, —pol < lminf|z,, — Wpoll
k—oc0 k—o0
< liminf [”xnk - xnk+1” + ||xnk+1 - Wnkxnk”
k—o0
+HWnkxnk - Wnkp()” + HWnpr - Wpo”]
< liminf [”xﬂk - znk+1|| + ||xnk+1 - Wnkxnk ”
k—o0

Flzn, = poll + [Wa,po = Woll] < lim inf [l — poll
k—o0

that is a contradiction, so pg € F'.
To conclude, if z is the unique solution of VIP (3.15),

[ Zns1 — 2”2 = |lan(zn —2) + (1 — an)(BaWnrn — 2) + anfn(S — I)xn”2
len(xr — 2) + (1 — ) (BaWhayn — Brz) + (1 — o) (Brz — 2)
+Oénﬂn(s - I)anz

< lan(@n — 2) + (1 = ) (Bu Wty — Bpz) + anfn(Sz, + 2 — 2,1
+2(1 — ap)pin(=Dz,Tpy1 — 2)
< (1*an)(l*NHP)Hxn*Z‘PJFO‘n”xn*2”2

+2(1 — o) pn(—Dz, Tpy1 — 2)
= (1= = an)unp)llzn = 2|* + 200 (~Dz, 241 — 2).
Since every weak cluster point of (z,)nen is in F N Fiz(S), let (z,,) be such that

Zn, — po- Then, by passing to a further subsequence, if necessary, we have

limsup(—Dz, 2411 — 2) = lim (—Dz,x,, —z) = (=Dz,py — z) < 0.
n—oo k—o00

Applying Lemma 2.5, we get x,, — z as n — 0. O

We stress that we can still recover the result of the previous theorem by slightly
changing the assumptions on the sequences, as the next result shows.
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Theorem 3.12. Suppose that (H2), (H5), (H6) and (H7).
Moreover, assume that lim «,fB, =0 and that F N Fix(S) is not empty.

n— oo

Then the sequence generated by xg € H and the iteration (3.1) strongly converges
to z* € F N Fix(S) that is the unique solution of the variational inequality

(Dz*,y —z*) >0, Yy € Fn Fix(9).

Proof. The proof follows as in the previous case for the boundedness and the asymp-
totical regularity.
By proceeding as in Theorem 3.6, we can prove that

i WZt1 = Zall _
n—00 B

Then in (3.18) we can divide by o, 8, and pass to the limit to obtain that ||Sx,, —
Zn|| = 0 as n — oo. The remaining part follows again as in the proof of the
previous theorem. O
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Abstract Let H be a Hilbert space and let C be a closed, convex and nonempty
subset of H. If T : C' — H is a non-self and non-expansive mapping, we can define
amap h: C — R by h(x) := inf{\ > 0: Az + (1 — \)Tz € C}. Then, for a fixed
xo € C and for ap := max{1/2, h(xo)}, we define the Krasnoselskii-Mann algorithm
Tn+1 = an®n + (1 — an)Tzn, where ap4+1 = max{an, h(zn4+1)}. We will prove both
weak and strong convergence results when C' is a strictly convex set and 7" is an inward
mapping.

1 Introduction

Let C be a closed, convex and nonempty subset of a Hilbert space H andlet T : C — H
be a non-expansive mapping, such that the fixed point set Fiz(T) :={z € C : Tz = x}
is not empty.

For a real sequence {an} C (0,1), we will consider the iterations

{xo eC ()

Tn+1 = AnTn + (1 — an)Tl’n.

If T is a self-mapping, the iterative scheme above had been studied in an impressive
amount of papers (see the book [1] and references therein) in the last decades and it
is often called “segmenting Mann” ([2], [3], [4]) or “Krasnoselskii-Mann” (e.g. [5],[6])
iteration.

A general result on the algorithm (1) is due to Reich [7] and states that the se-
quence {z,} weakly converges to a fixed point of the operator T under the following
assumptions:

(C1) T is a self-mapping, i.e. T : C — C and

IDepartment of Mathematics and Computer Science, Universitd della Calabria, Rende (CS),
Italy

2Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah 21589,
Saudi Arabia
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(C2) {an} is such that Y an(l —an) = +o0.

In this paper, we are interested in lowering condition (C1) by allowing T to be non-self,
at the price of strengthening the requirements on the sequence {an} and on the set C.

Indeed, we will assume that C' is a strictly convex set and that the non-expansive
map 7T : C — H is inward.

Historically, the inward condition and its generalizations had been widely used to
prove convergence results for both implicit ([8], [9], [10], [11]) and explicit (see, e.g.,
[12], [13], [1], [14]) algorithms.

However, we point out that the explicit case had been only studied in conjunction
with processes involving the calculation of a projection or a retraction P : H — C at
each step.

As an example, in [12], the following algorithm is studied:

Tnt+1 = Planf(zn) + (1 — an)Tzn),

where T' : C' — H satisfies the weakly inward condition, f is a contraction and P :
H — C is a non-expansive retraction.

We point out that in many real world applications, the process of calculating P
can be a resource consumption task and it may require an approximating algorithm
by itself, even in the case when P is the nearest point projection.

To overcome the necessity of using an auxiliary mapping P, for an inward and
non-expansive mapping 7' : C — H, we will introduce a new search strategy for the
coefficients {an} and we will prove that the Krasnoselskii-Mann algorithm

Tnt1 = antn + (1 — an)Ton,

is well-defined for this particular choice of the sequence {an }. Also we will prove both
weak and strong convergence results for the above algorithm when C'is a strictly convex
set.

We stress that the main difference between the classical Krasnoselskii-Mann and
our algorithm is that the choice of the coefficient oy, is not made a priori in the latter,
but it is constructed step to step and determined by the values of the map 7" and the
geometry of the set C.

2 Main Result

We will make use of the following

Definition 1 A map T : C — H is said to be inward (or to satisfy the inward
condition) if, for any = € C it holds

Tz elp(z):={x+c(lu—z):c>1andu e C}. (2)
We refer to [15] for a comprehensive survey on the properties of the inward mappings.

Definition 2 A set C' C H is said to be strictly convex if it is convex and with the
property that x,y € OC and ¢ € (0,1), implies that

te+(1—tyeC.

In other words, if the boundary 9C' does not contain any segment.
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Definition 3 A sequence {y,} C C is Fejér-monotone with respect a set D C C if,
for any element y € D
lynt1 =yl <llyn —yll VR eEN.

For a closed and convex set C' and a map T : C — H, we define a mapping h: C - R
as

h(z) == inf{A > 0: Az + (1 — \)Tz € C}. (3)

Note that the above quantity in a minimum, since C'is closed. In the following lemma,
we group the properties of the function defined above.

Lemma 1 Let C be a non-empty, closed and convex set, let T : C' — H be a mapping
and define h : C — R as in (3). Then the following properties hold:

(P1) for any x € C, h(z) € [0,1] and h(z) =0 if and only if Tz € C;
(P2) for any z € C and any « € [h(z),1], az + (1 — a)Tz € C;

(P3) if T is an inward mapping, then h(z) < 1 for any z € C and
(P4) whenever Tx & C, h(z)x + (1 — h(z))Tz € 8C.

Proof Properties (P1) and (P2) follows directly from the definition of h. To prove
(P3), observe that (2) implies

1

C

Te+(1- %)x eC
for some ¢ > 1. As a consequence,
h(z) = inf{A > 0: Az + (1 — \Ta € C} < (1—%) <1

In order to verify (P4), we first note that h(z) > 0 by property (P1) and that
h(z)z + (1 — h(z))Tz € C. Let {nn} C (0,h(z)) be a sequence of real numbers con-
verging to h(x) and note that, by the definition of h, it holds

zn i =mmr+ (1 —nn)Tz ¢ C
for any n € N. Since 7, — h(z) and
lzn — h(z)x — (1 = h(2))Tz|| < [nn — h(z)|llz — Tz,

it follows that z, — h(z)z + (1 — h(x))Tz € C, so that this last must belong to 9C.
O

Our main result is the following:

Theorem 1 Let C be a convez, closed and nonempty subset of a Hilbert space H and
let T : C'— H be a mapping. Then, the algorithm

xo € C,

ao = max{3,h(zo)},

Tnt1 = an®n + (1 — an)Ton,
ant1 := max{an, h(zny1)}

is well-defined.
If we further assume that
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1. C 1s strictly conver and
2. T is a non-expansive mapping, which satisfies the inward condition (2) and such
that Fiz(T) # 0,

then {xn} weakly converges to a point p € Fix(T). Moreover, if > " (1 — an) < oo
then the convergence is strong.

Proof To prove that the algorithm is well-defined, it is sufficient to note that an €
[h(zn), 1] for any n € N; then, by recalling property (P2) from Lemma 1, it immediately
follows that

Tnt1 = antn + (1 — an)Tz, € C.

Assume now that T satisfies the inward condition. In this case, by the property (P3)
of the previous lemma, we obtain that the non-decreasing sequence{ax} is contained
in (%, 1). Also, since T is non-expansive and with at least one fixed point, it follows
by standard arguments that {z,} is Fejér-monotone with respect to Fiz(T) and, as a
consequence, both {xn} and {Tz,} are bounded.

Firstly, assume that > > (1 — an) = oo. Then, since an > %, we derive that
S22 yan(l — ap) = oo and from [16, Lemma 2| we obtain that

n=0

|lzn — Tzn| — 0.

This fact, together with the Fejér-monotonicity of {xy } proves that the sequence weakly
converges in Fiz(T) (see |17, Proposition 2.1]).
Suppose that

2(1 —an) < 0. (5)
n=0

Since,

[#nt1 = znll = (1 = an)|Tn — all,

and by the boundedness of {zn} and {T'zx}, it is promptly obtained that

oo
S flent1 - anll < oo,

n=0

i.e. {zn} is a strongly Cauchy sequence and hence =, — z* € C.

Note that T satisfies the inward condition. Then by applying the properties (P2)
and (P3) from Lemma 1, we obtain that i(z*) < 1 and that for any u € (h(z*),1) it
holds

pr* + (1 —pw)Tz* € C. (6)

On the other hand, we observe that since limy,— o an = 1 by (5) and since oy =
max{an—1,h(xn)} holds, it follows that we can choose a sub-sequence {xn, } with the
property that {h(zn, )} is non-decreasing and h(zy, ) — 1. In particular, for any p < 1,

My, + (1 - M)Txnk ¢C (7)

eventually holds.
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Choose pi,p2 € (h(z*),1) with p1 # po and set v1 = piz™ + (1 — p1)Tz*
and ve := pox™ + (1 — p2)Tx™. Then, whenever u € [u1,p2], by (6) we have that
v:=pz* 4+ (1 — p)Tz* € C. Moreover,

pn, + (1= p)Ten, — v,

since T, — x*. This last, together with (7), implies that v € dC and [v1,v2] C 9C,
since u is arbitrary.
By the strict convexity of C, we derive that

iz’ + (1= p1)Tae™ = poa™ + (1 — po)Ta™

and £* = Tx" must necessarily hold, i.e. {zn} strongly converges to a fixed point of
T. O

Remark 1 Following the same line of the proof, it can be easily seen that the same
results hold true if the starting coefficient ag = max{%, h(zo)} is substituted by g =
max{b, h(zo)}, where b € (0,1) is a fixed and arbitrary value. In the statement of

Theorem 1, the value b = % had been taken to ease the notation.
1

We also note that the value h(zn) can be replaced, in practice, by hn =1 — 55—,

where jp :=min{j e N: (1 — 2%)96” + %T:L’n e C}.

Remark 2 As it follows from the proof, the condition } (1 — an) < oo provides a
localization result for the fixed point ™ as a side result. Indeed, in this case, it holds
that £* = v1 = v2 belongs to the boundary dC of the set C.

Remark 8 In [18], for a closed and convex set C, the map
f(z) :=inf{A € [0,1] : z € AC}

had been introduced and used in conjunction with an iterative scheme to approximate
a fixed point of minimum norm ( see also [19] ). Indeed, in the above mentioned paper,
it is proved that the iterative scheme

An = max{f(zn), \n—1}
Yn = QnIn + (1 — Oén)Txn

Tn+1 = nAnTn + (1 - an)y'm

strongly converges under the assumptions that {ax} is a sequence in (0, 1) such that
limy, (13‘73) = 0 and that > (1 — An)an = oo. We point out that the mentioned
conditions appear to be difficult to be checked as they involve the geometry of the set
C.

We illustrate the statement of our results with a brief example.

Ezample 1 Let H = lQ(R) and let C := By N Ba, where By := {(t;)ien : (t1 —

49.995)% + 3", 12 < (50.005)?} and Bz := {(t;)ien : Dogoq t; < 1}. then Cis a
non-empty, closed and strictly convex subset of H. Let T': C' — H be the map defined
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by T(t1,t2,...,t;,...) := (—t1,t2,...,t;,...), then T is a non-expansive inward map
with Fiz(T) = {(0,t2,...,t;,...) : Doy t7 < 1}. If we use the algorithm

zo = (ti)ien € C,

oo 1= max{%7h(:co)},

Tnt1 = antn + (1 — an)Tzn,

an+1 = max{an, h(zn+1)},
then, by the natural symmetry of the problem, we obtain the constant sequence

Tl =...=Tp = (O,tg,...,ti,...) EFZJJ(T)

If we use the algorithm

zo = (ti)ien € C,

ap := max{0.01, h(zo)},

Tnt1 = an®n + (1 — an)TTy,

an+1 := max{an, h(znt1)},
then {zn} still converges in Fiz(T), but {zn} N Fiz(T) = 0 whenever t; # 0.
We conclude the paper by including few question that appears to be still open, to the
best of our knowledge.
Question 1 It had been proved that the Krasnoselskii-Mann algorithm converges for
general classes of mappings (see, e.g., [20] and [21]). By maintaining the same assump-

tion on the set C' and the inward condition of the involved map, it appears to be natural
to ask for which classes of mappings the same result of Theorem 1 still holds.

Question 2 Under which assumptions the algorithm (4) can be adapted to produce a
converging sequence to a common fixed point for a family of mappings? In other words,
does the algorithm

xg € C,

ap = max{ 5, hn(z0)},

Tn+1 = antn + (1 — an)Tnhxn,

an+1 = max{an, hnt1(Tns1)}

converge to a common fixed point of the family {7}, }, where
hn(z) :=inf{A>0: Az + (1 — \)Thz € C}

and under suitable hypotheses?
We refer to [22] and [23] for two examples regarding the classical Krasnoselskii-
Mann algorithm.

Question 8 In the classical literature, it had been proved that the inward condition can
be often dropped, in favor of weaker condition. For example, a mapping T : C — X is
said to be weakly inward (or to satisfy the weakly inward condition) if

Tz € Io(x) Vo € C.

Does Theorem 1 hold even for weakly inward mappings?

On the other hand, we observe that the strict convexity of the set C' does appear
to be unusual for results regarding the convergence of Krasnoselskii-Mann iterations.
We do not know if our result can hold for a convex and closed set C, even at the price
of strengthening the requirements on the map 7.
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The aim of this paper is to generalize the well-known Krasnoselskii - Mann algo-
rithm defined on a closed and convex subset C' of a Hilbert space H by

(1) Tpt1 = Ay + (1 — ap)Txy,.

where z, € C is a fixed starting point, {a,} C (0,1) is a fixed sequence and
T : C — (' is a nonexpansive mapping which has fixed points.

The main result of this paper is Theorem 1, which is a generalization of the formula
(1). More precisely mappings T considered in Theorem 2 are nonexpansive map-
pings defined on strictly convex, closed subsets of a Hilbert space. These mappings
have fixed points but they are not self-mappings like in formula (1). Instead of
that they satisfy so called invard condition (see p. 2 of the manuscript, Def. 1).
For fixed T : C' — H as above, where C is a nonempty strictly convex and closed
subset of H, the authors define a function A : C' — R by

h(z)=inf{A>0: Xz + (1 - \)Tz € C}

Then having fixed z, € C' and «, = max{1/2, h(z,)} they prove the weak conver-
gence of the folowing scheme

Tpt1 = QnTy + (1 — ap) Tz,

Qpy1 = Max{ay,, hy, , }-

to a certain fixed point of 7' Moreover under the assumption >~ (1 — a,,) < oo,
the convergence of the above scheme is strong. The main difference between (1)
and the method proposed in Theorem 1 is that the choice of coefficients {«,,} is
not made a-priori.

In my opinion the results given in the paper under review are original, they
present a good mathematical level and the proofs of them are correct. Hence 1
recommend the paper entitled Krasnoselskii-Mann method for non-self mappings
to be published in the Fixed Point Theory and Applications.
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