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Clustering 
• Cluster analysis or clustering is the task of assigning a 

set of objects into groups (called clusters) so that the 
objects in the same cluster are more similar (according to 
some metrics) to each other than to those in other 
clusters. 

• Clustering is a task of descriptive data mining 

• Unsupervised technique (no training set) 



Clustering 
instance debt income 

1 100.000 150.000 
2 80.000 60.000 
… … … 



Clustering 



K-means problem statement 
• Given a set of instances (data set) 

X = {x1, …, xn} 
•  find a partition of k subsets (clusters) which minimizes the 

objective function Sum of the Squared Error 
 

SSE = Σi=1,k ΣXj ∈ Ci distance(xj,ci)  

• where Ci is the i-th cluster, ci is the centroid of Ci 

•  The problem is NP-hard 



K-means algorithm 
•  Input: data set, k (number of clusters) 
• Select (non-deterministically) k points as initial centroids 
•  repeat 

•  Form k clusters by assigning each point (instance) to the closest 
centroid 

•  Recompute the centroid of each cluster 

•  until centroids do not change 
•  end. 

• What does “closest” mean? 
•  minimum distance, e.g., Euclidean distance 



K-means - An Example 

Object X Y 
1 1.0 1.5 
2 1.0 4.5 
3 2.0 1.5 
4 2.0 3.5 
5 3.0 2.5 
6 5.0 6.0 0,00 
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Data set 

Problem: find two clusters that “best” partition the data set 



K-means algorithm 
•  Input: data set, k (number of clusters) 
•  Select (non-deterministically) k points as initial centroids 
•  repeat 

•  Form k clusters by assigning each point (instance) to the closest 
centroid 

•  Recompute the centroid of each cluster 
•  until centroids do not change 
•  end. 

•  What does “closest” mean? 
•  minimum distance, e.g., Euclidean distance 

•  Centroid: mean value for each variable 



K-means - An Example 

Object X Y 
1 1.0 1.5 
2 1.0 4.5 
3 2.0 1.5 
4 2.0 3.5 
5 3.0 2.5 
6 5.0 6.0 0,00 
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STEP 1: Randomly chose 2 centroids, say, instances 1 and 3 



K-means algorithm 
•  Input: data set, k (number of clusters) 
•  Select (non-deterministically) k points as initial centroids 
•  repeat 

•  Form k clusters by assigning each point (instance) to the closest 
centroid 

•  Recompute the centroid of each cluster 
•  until centroids do not change 
•  end. 

•  What does “closest” mean? 
•  minimum distance, e.g., Euclidean distance 

•  Centroid: mean value for each variable 



K-means - An Example – iteration 1 
•  ITERATION 1 – centroids 

•  c1=(1.0, 1.5) 
•  c2=(2.0, 1.5) 

• Compute distances 

Object Dist(c1-point) Dist(c2-point) 
1 0.00 1.00 
2 3.00 3.16 
3 1.00 0.00 
4 2.24 2.00 
5 2.24 1.41 
6 6.02 5.41 

                              _____________ 
distance(A,B) = √(x1-x2)2 + (y1-y2)2   
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K-means - An Example – iteration 1 
•  ITERATION 1 – centroids 

•  c1=(1.0, 1.5) 
•  c2=(2.0, 1.5) 

• Compute distances 

Object Dist(c1-point) Dist(c2-point) 
1 0.00 1.00 
2 3.00 3.16 
3 1.00 0.00 
4 2.24 2.00 
5 2.24 1.41 
6 6.02 5.41 

                              _____________ 
distance(A,B) = √(x1-x2)2 + (y1-y2)2   
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K-means - An Example – iteration 1 
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Clusters after Iteration 1 
 

•  ITERATION 1 

•  C1 = {1, 2} 
•  C2 = {3, 4, 5, 6} 
 



K-means algorithm 
•  Input: data set, k (number of clusters) 
•  Select (non-deterministically) k points as initial centroids 
•  repeat 

•  Form k clusters by assigning each point (instance) to the closest 
centroid 

•  Recompute the centroid of each cluster 
•  until centroids do not change 
•  end. 

•  What does “closest” mean? 
•  minimum distance, e.g., Euclidean distance 

•  Centroid: mean value for each variable 



K-means - An Example – iteration 1 
•  ITERATION 1 

•  centroid for C1  
•  x=(1+1)/2 = 1  
•  y= (1.5+4.5)/2 = 3 
•  c1= (1, 3) 

•  centroid for C2 
•  x=(2.0+2.0+3.0+5.0)/4 = 3.0 
•  y=(1.5+3.5+2.5+6.0)/4=3.34 
•  c2=(3, 3.34) 

• Exit condition not satisfied 
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K-means - An Example – iteration 2 
•  ITERATION 2 – initial 

clusters 
•  C1 = {1, 2} 
•  C2 = {3, 4, 5, 6} 

• with centroids 
•  c1= (1, 3) 
•  c2=(3, 3.34) 
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K-means - An Example – iteration 2 
ITERATION 2 – centroids 

•  c1= (1, 3) 
•  c2=(3, 3.34) 

•  Compute distances 

Object Dist(c1-point) Distc2-point) 
1 1.50 2.74 
2 1.50 2.29 
3 1.80 2.12 
4 1.12 1.01 
5 2.06 0.87 
6 5.00 3.30 

                              _____________ 
distance(A,B) = √(x1-x2)2 + (y1-y2)2   
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K-means - An Example – iteration 2 

Object Dist(c1-point) Distc2-point) 
1 1.50 2.74 
2 1.50 2.29 
3 1.80 2.12 
4 1.12 1.01 
5 2.06 0.87 
6 5.00 3.30 

                              _____________ 
distance(A,B) = √(x1-x2)2 + (y1-y2)2   
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Minimum distances ITERATION 2 – centroids 
•  c1= (1, 3) 
•  c2=(3, 3.34) 

•  Compute distances 
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K-means - An Example – iteration 2 
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•  ITERATION 2 

•  C1 = {1, 2, 3} 
•  C2= {4, 5, 6} 

 

Clusters after Iteration 2 
 



K-means - An Example – iteration 2 
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•  ITERATION 2 

•  centroid for C1  
•  x=(1+1 +2)/3 = 1.33  
•  y= (1.5+4.5+1.5)/3 = 2.50 
•  c1= (1.33, 2.50) 

•  centroid for C2 
•  x=(2.0+3.0+5.0)/3 = 3.33 
•  y=(3.5+2.5+6.0)/3= 4.00 
•  c2=(3.33, 4.00) 

• Exit condition not 
satisfied 



K-means - An Example – iteration 3 
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Clusters after the Iteration 2 
 

•  ITERATION 3 
•  C1 = {1, 2, 3} 
•  C2 = {4, 5, 6} 
 
•  c1= (1.33, 2.50) 
•  c2=(3.33, 4.00) 



K-means - An Example – iteration 3 
ITERATION 3 – centroids 

•  c1= (1.33, 2.50) 
•  c2=(2.75, 4.12) 

•  Compute distances 

                              _____________ 
distance(A,B) = √(x1-x2)2 + (y1-y2)2   

 

Object Dist(C1-point) Dist(C2-point) 
1 1,05 2,83 
2 2,03 1,42 
3 1,20 2,52 
4 1,20 0,60 
5 1,67 1,64 
6 5,07 3,34 
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K-means - An Example – iteration 3 

•  ITERATION 3 

•  C1 = {1,  3} 
•  C2 = {2 ,4, 5, 6} 
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K-means - An Example – iteration 3 
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•  ITERATION 3 

•  centroid for C1  
•  x=(1+2)/2 = 1.5  
•  y= (1.5+1.5)/2 = 1.5 
•  c1= (1.5, 1.5) 

•  centroid for C2 
•  x=(1+2+3+5)/4 = 2.75 
•  y=(4.5+3.5+2.5+6.0)/4= 4.12 
•  c2=(2.75, 4.12) 

•  Exit condition not satisfied 



K-means - An Example – iteration 4 

•  ITERATION 4 

•  C1 = {1,  3} 
•  C2 = {2 ,4, 5, 6} 
 
•  c1= (1.5, 1.5) 
•  c2=(2.75, 4.12) 
 

•  …….. 
 
•  After iteration 4 we get the 

same centroids, so the 
algorithm stops 
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Choosing the best solution 
•  The value of the objective function for the above solution is 

 
SSE = Σi=1,2 ΣXj ∈ Pi distance(Xj,Ci) =15.94 

•  By re-running the algorithm with different choices of the initial 
centroids, we get different solutions 

•  The result of K-means is strongly affected by the choice of the initial 
centroids 

Run	   clusters	   SSE	  
1	   {2,4,6},	  {1,3,5}	   14,5	  
2	   {1,3},	  {2,4,5,6}	   15,94	  
3	   {1,2,3,4,5},	  {6}	   9,6	  



Choosing the best solution 
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Choosing the best solution 

0,00 

1,00 

2,00 

3,00 

4,00 

5,00 

6,00 

7,00 

0,00 1,00 2,00 3,00 4,00 5,00 6,00 

C2 

C1 

Run 3 – SSE=9.6 



Choosing the best solution 
• K-means is very fast 
•  It is usually run different times, by varying the initial 

centroids 
•  The solution with the minimum SSE is chosen 

Run	   clusters	   SSE	  
1	   {2,4,6},	  {1,3,5}	   14,5	  
2	   {1,3},	  {2,4,5,6}	   15,94	  
3	   {1,2,3,4,5},	  {6}	   9,6	  



K-means and document data 
•  Documents are represented as a document-term matrix 
•  Given two vectors of attributes, A and B, the cosine similarity, cos(θ), is 

represented using a dot product and magnitude as 

•  Since term frequencies are positive, cos(θ) ranges from 0 to 1, with 1 meaning 
exactly the same 



K-means and document data 
w1 w2 w3 w4 w5 Class 

d1 0 1 1 1 0 Sport, politics 

d2 0 0 1 1 1 gossip 

d3 1 0 0 1 0 Sport, gossip 

d4 1 0 0 1 0 politics 

        2 
CosSim(d1,d2) = ------------- = 0.66  

                √3 x √ 3 
 
                     2 
CosSim(d3,d4) = ------------- = 1 (identical) 

                √2 x √ 2 
 
 

        Σ d1(i) x d2(i)   
CosSim(d1,d2) = -------------------------------- 

             √  Σ d1(i)2 x √  Σ d2(i)2   



Bisecting K-means 
• An extension of K-means 

1.  Initialize the list of clusters L to contain the cluster 
consisting of all points 

2.  repeat 
•  Remove a cluster C from L 
•  for each trial do 

•  Bisect C using K-means (with K=2) 
•  Select the two clusters C1 and C2 with the minimum SSE 
•  Add C1 and C2 to L 

3.  until the list of clusters contains k clusters 



Bisecting K-means 

c1 c2 c3 c4 

K=4 



Strengths 
• K-means is simple and efficient, so as multiple runs can 

be performed 
 

and Weaknesses 
• K-means is restricted to data for which there is a notion of 

centroid 
• K is to be specified in advance 
• Outliers can lower the quality of resulting clusters 


