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Computational Complexity

How long does a computer take to solve a
problem?
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Computational Complexity of a Problem

= Complexity of the best algorithm
solving the problem.

Tractable problems: Polynomial time
Intractable problems: - Exponential time

- Presumably exponential
(e.g. NP-Complete)
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Classification of decidable problems

PROVABLY INTRACTABLE PROBLEMS

» Theory of the Real Numbers
« Many tasks in automated program verification

TRACTABLE PROBLEMS (polynomial time)

« Matrix multiplication
 Shortest path
e Linear programming
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Classification of decidable problems

PROVABLY INTRACTABLE PROBLEMS

* Theory of the Real Numbers
« Many tasks in automated program verification

PRESUMABLY INTRACTABLE PROBLEMS

1000s of practically
relevant problems,
many new challenges

» Packing
 Traveling Salesperson
» Map coloring

TRACTABLE PROBLEMS (polynomial time)

« Matrix multiplication
 Shortest path
e Linear programming

INTRACTABLE



Living with Computational Complexity

=» Challenges for computer scientists and mathematicians

« Tractable problems:

- Find faster algorithms

* New Problems of unknown complexity:

- Find polynomial-time algorithms if possible.



Faster Algorithms for tractable problems

Example: Matrix Multiplication, a continuing race

.

Naive method: O(n3)

V. Strassen 1969: O(n48%7)

Coppersmith & Winograd 1990: O(n437°)

Cohn, Kleinberg, Szegedy, Umans 2005:
Existence of certain groups = O(n?) multiplications



Living with Computational Complexity

Intractable problems:

Essentially 3 approaches:

1. Find large tractable classes, e.g., by using
problem decomposition methods.

2. Use heuristics or randomized techniques.

3. Find approximate solutions efficiently



Tractable instances of hard problems

“Intractability” refers to the worst case.

In practice, problems are often easier.

How to automatically recognise it (Al) ??7?

-> Use problem decomposition technigues
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Problem representation by
mathematical structure: Graph
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NO CORRECT COLORING
OF X3 POSSIBLE!

BACKTRACK & FIND OTHER
SOLUTIONS...

MAY REQUIRE
EXPONENTIAL TIME!
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The reason for the bad

computational behaviour
IS cyclicity!

Large cycles reflect non-locality!


http://upload.wikimedia.org/wikipedia/commons/thumb/f/f9/Lighntning_symbol.JPG/180px-Lighntning_symbol.JPG

We may attempt a problem
decomposition by clustering
vertices and eliminating cycles:

Tree decomposition

[Seymour & Robertson 1986]


http://upload.wikimedia.org/wikipedia/commons/thumb/f/f9/Lighntning_symbol.JPG/180px-Lighntning_symbol.JPG

tree decomposition

problem solving by insight
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Tree Decompositions: A systematically applicable method

1. Tree decompositions of bounded width can be found
efficiently If they exist. [Bodlaender 1993]

2. If a tree decomposition exists, then the the colouring
problem can be solved in polynomial time.

X3 X4 X5
X3 X5 X6 X8

X3 X4 X2

X3 X2 X1 X5 X6 X7 X8

tree decomposition




Tree decompositions (1986) are optimal structural
decompositions for a large class of problems:

Binary constraint satisfaction problems.
[Grohe, Schwentick, Segoufin 2001]

Such problems can be modelled by graphs
whose edges are labelled
by constraints.




Beyond Tree decompositions

The structure of many problems Is not
well-represented by a graph.

Examples:
Conjunctive database queries (SQL)
Puzzles
Constraint Satisfaction Problems (CSP)
Integer programming (sparse case)
Combinatorial Auctions

These problems are better modeled by hypergraphs



Example of CSP: Crossword Puzzle

and so on
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Decomposing Hypergraphs

We need a method for hypergraph decomposition
such that:

1.) If the hypergraph is decomposable, then
a bounded-width decomposition can
be found efficiently.

2.) If there exists such a decomposition, then
the problem can be solved efficiently



Constraints: X A
a(S,X,X’,C,F), b(S,Y.Y’,C',F), b(S,Y.Y’,.C' F), AW
¢(C,C'2), d(X.2), e(Y.,2), f(F.F.2), g(X,Z), ) 7
h(Y'.Z), i(XY.X,Y)

: y

J
Hypertree decomposition: g

"

[G., Leone, Scarcello 1989]

Partial constraints

J,.X,Y,X*,Y’)

|

may be used!
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Connectedness Condition

J(1L.XY, X, Y?)
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Special Condition
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Special Condition

J(1L.XY, X, Y?)

Each variable
that disappeared
at some vertex v

a(S,X,X’,C,F), b(S,Y,Y’,C".F)

JC XY, _, ), c(C,C,Z)

d(X,2)

e(Y,2)

j(J 9X9Y9X’9Y,)9 f(FﬁF,QZ,)

9(X’,2°), f(F, ,Z2")

h(Y’,Z’)

Does not reappear below v



Positive Results

1. Checking whether a hypertree decomposition
of small width (< constant k) feasible in polytime.

2. CSPs of small hypertree width can be solved
efficiently.

3. For each hypergraph H HW(H) < QW(H)

4. For some hypergraph H HW(H) < QW(H)



Combinatorial Auctions

Bidders can place bids on
Packages of items.

Winner determination: Choose a set of
compatible bids of maximum revenue
or minimum cost.

For classical auctions, winner determination
IS obviously tractable. Not so for CAs.
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Combinatorial Auctions

bid hypergraph

35

Winner determination is intractable (NP-hard)

= weighted set packing problem
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Combinatorial Auctions

Winner determination is intractable (NP-hard) Total £ 180.--

= weighted set packing problem
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Applications In different domains

London Regional Transports:
Combinatorial auctions of bus routes.
Private bus companies bid on bundles of routes.
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Airport slot auction




Theorem: The winner determination problem can be
solved efficiently if the dual hypergraph has
bounded hypertree width.  [G.&Greco, 2007]

In practice, this Is often the case!



item hypergraph

vi:| {L,}  {h, h, h}

T~

vii| 1Ly {h,hi} | vii {LL}  {h,h,h.h}

hypertree decomposition of dual hypergraph

(L} {h.,h) |

(€) Va:



Can we go beyond hypertrees?
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A fractional edge cover is a weight assignment to the edges such that every
vertex is covered by total weight at least 1.
o” (H): smallest total weight of a fractional edge cover.

© [Marx 2005]

For each query Q, an optimal fractional edge cover for Q
minimizing p*(Q) can be computed in polynomial time via
a linear program.



Theorem [Grohe & Marx 06] : The answer to a query of fractional
cover of weight p*(Q) is at most of size rmaxP™(@ and can be
computed in time |Q| x rmaxr*(Q+0(1)

Theorem [Atserias, Grohe & Marx 08] : The size-bound is essentially
tight.

Theorem [Atserias, Grohe & Marx 08] : NO join-program can simulate the
GM-method efficiently.



A closer look at the triangle query

r(X,Y) < s(Y,Z) > t(X,Z)

Let n =r__, = size of largest relation.

Any of the joins ri<s, rp><it, sD<it may have size n? already.

But GM say that r<I's DXt has size nP* = n3/2 only.

How that, and how is it possible to compute it w/o intermediate
results of size n??



r(X,Y) s(Y,z) X t(X,z)
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GHW and Fractional Cover Width p* are Incomparable

Consider the infinite classes C of hypergraphs:

Chains H.:

L Qe XK % O Qg D

p*(Hi)2i/2 and thus p*(C)= o, however hw(C)=ghw(C)=1.

On the other hand, there are (more complicated) examples in the
literature where GHW is infinite and p* finite.



To combine the two notions profitably, Grohe and Marx defined

fractional hypertree decompositions (FHDs) and correspondingly FHW

FHD of width <k:




Recent result [Fischl,G.,Pichler]:

Theorem : Deciding fhw(Q)=2 is NP-complete.



Recent result [Fischl,G.,Pichler]:

Theorem : Deciding fhw(Q)=2 is NP-complete.

Various hypergraph restrictions lead to:

* tractability (for GHD, FGD), and
* approximability (for FHD).



Restrictions for Tractability

A class C of hypergraphs enjoys:
BIP (bounded intersection property): di VHeC, Ve, e,cE(H), |e;ne,]| <.
BMIP (bd. multi-intersection prop.): Ji 3c VHeC, Ve,...e_.eE(H), |e;n...ne | <.

BR (bounded rank): 9r VHeC VecE(H), |e]| <.

BD (bounded degree): 3d YHeC VYveV(H), |{ecE(H) | vee}| <d.

BVC (bounded VC-dimension): 30 VHeC vc(H) £0

Notes: BR=2>BIP>BMIP->BVC; BD—->MIP; none of the implications reversible.



Results

““

BIP PTIME-checkable PTIME Approx: O(klog k)
MIP PTIME-checkable PTIME Approx: O(klog k)
BR PTIME-checkable PTIME-checkable

BD PTIME-checkable PTIME Approx: o(H)«k
BVC PTIME Approx: O(klog k)

NP-complete




If no decomposition 1s possible...

 Polynomial-time approximations

Beautiful theory, but:

- Often an exact solution is desired
- More negative than positive results
E.g. Winner determination problem not PTA unless NP=ZPP

* Probabilistic and randomized algorithms

Well-suited for a certain class of problems
Not well suited for the NP-hard problems we are interested in

leuristics: randomized local search




If no decomposition 1s possible...

 Polynomial-time approximations

Beautiful theory, but:

- Often an exact solution is desired
- More negative than positive results
E.g. Winner determination problem not PTA unless NP=ZPP

* Probabilistic and randomized algorithms

Well-suited for a certain class of problems
Not well suited for the NP-hard problems we are interested in

Heuristics: randomized local search



Randomized local search

17

solutions

ve SEARCHSPACE ’g’
0@ |

Note: This method has been developed
by evolution in insects and mammals
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http://www.cs-renelevesque.qc.ca/primaire/oeuf_insecte/4b-Mouche.gif

This randomized local strategy allows a fly to
escape from a room even though it has an
extremely limited cognition of the
environment.

Randomized local search allows a computer to
find with high probability a “good” solution
even though 1t has a limited “cognition” of the
exponentially large solution space.


http://www.cs-renelevesque.qc.ca/primaire/oeuf_insecte/4b-Mouche.gif

CAUTION ACHTUNG! CUIDADO
UWAGA! POZOR! VIGYAZAT!
3E BHUMAHMUE!|||| FORSIGTIG

DISCLAIMER: The next slides are speculative
ideas and not part of the scientific talk.




Randomized local search:

The method of choice If search space is
too complex to be “cognitively” explored

Triggers of randomness:

For flies probably:

adrenaline excess?
- need of motion to Iower adrenaline

- random move



Triggers of randomness:

For humans:

1. Frustration-induced anger (makes us lose control)




Triggers of randomness:

For humans:

1. Frustration-induced anger (makes us lose control)




Triggers of randomness:

For humans:

2. Oracles, horoscopes, ...
deliberate sources of randomness




Intractability in Nature?



Intractability in Nature?
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Navigation can be achieved using different mechanisms—

ABSTRACT: Animals collecting resources that replenish over time  _  “ . . e i ot al 200&)
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Trapline Foraging and Dynamic
Traveling Salesman Problems

Traplining animals are faced with complex routing prob-
lems analogous to the well-known traveling salesman
problem (Applegate et al. 2006; Gutin and Punnen 2006).
Rather than calculating and comparing all possible alter-
native paths, it is generally assumed that animals rely on
simple heuristics coupled with some form of spatial mem-
ory that gives a reasonable approximation to the optimal

solution with relatively little cognitive effort (Anderson
1983; Cramer and Gallistel 1997).



Evolution can be seen as a massively parallel randomized
local optimization process. Goal = maximum fitness.

Nature proceeds In a fundamentally local manner.
Global phenomena are often of catastrophic.

Nature neither poses nor solves NP-hard problems.

Such problems arise from our capability of abstraction and
of making (mental) models = intelligence

Using such models (e.g. maps) we can pose hard problems
on non-local issues, and our computers can solve them

But — on the other hand — we are part of nature!




