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ABSTRACT. Let F be a function field of characteristic p > 0, F/F a Z{-extension (for
some prime [ # p) and E/F a non-isotrivial elliptic curve. We study the behaviour
of the r-parts of the Selmer groups (r any prime) in the subextensions of F via
appropriate versions of Mazur’s Control Theorem. As a consequence we prove that
the limit of the Selmer groups is a cofinitely generated (in some cases cotorsion) module
over the Iwasawa algebra of F/F.

RESUME. Soit F un corps de fonctions de caractéristique p > 0, F/F une Z;’l-extension
(pour un nombre premier | # p) et E/F une courbe elliptique non-isotrivale. Nous
étudions le comportement des r-parties des groupes de Selmer pour les sous-extensions
de F par des variantes du Théoréme de controle de Mazur. Conséquemment, nous
démontrons que la limite des groupes de Selmer est un module finiment coengendré
(parfois de cotorsion) sur lalgebre d'Iwasawa de F/F.
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1. INTRODUCTION

Let F be a function field (in the whole paper function field means a field of trascen-
dence degree 1 over its constant field) with constant field F an intermediate extension
between F, (the field with p elements) and a (fixed) algebraic closure F, of F,. Let
E/F be a non-isotrivial elliptic curve (i.e., j(E) ¢ F) and assume that E has good or
split multiplicative reduction at all primes of F' (it is always possible to reduce to this
situation by simply taking a finite extension of F').

Let [ be a prime different from p, let F/F be a Z-extension of F with Galois group
[' (the case [ = p has been developed in [2] for global function fields). Denote by

A = Z,[[T] the associated Iwasawa algebra. Let Fy' be the unique Z-extension of
F,. If IF,(f) ¢ F then there is only one Z;-extension of F', namely the arithmetic one,

obtained by extending scalars from I to FI(DZ)F (see Proposition 4.3); we recall that this
extension is everywhere unramified. On the other hand, if, for example, [ contains p4;-
(the roots of unity of [-power order) then Kummer theory produces lots of examples of
disjoint Z;-extensions of F' (see the Appendix).

In section 2 we will define the r-part (r any prime) of the Selmer group of E, Selg (L), ,
for any algebraic extension L of F. Our goal is to study the structure of Selg(F),
(actually of its Pontrjagin dual) as a Z,[[I']]-module.

Not surprisingly the most interesting case happens to be r = [. Let S be the Pontr-

jagin dual of Selg(F),: its structure depends, among other things, on the base field F.
1
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Namely we have different results depending on whether IFI()Z) C F or not. In section 4,
we shall prove the following

Theorem 1.1. Assume that F does not contain IF;(}). Then S s a finitely generated

A-module. Moreover if Selg(F), is finite then S is A-torsion.

Theorem 1.2. Assume that only finitely many primes of F' are ramified in F/F and

that F contains IF,(JI) . Then S is a finitely generated A-module.
Moreover if:

1. the ramified primes are of good reduction for E;
2. for any ramified prime v, E[I®](F,) is finite (F, is the completion of F at v);
3. Selg(F); is finite,

then S is A-torsion.

Remark 1.3. When F'is a global function field, according to the Birch and Swinnerton-
Dyer conjecture, Selg(F),; is finite if and only if rank E(F') = 0.

When F/F is a Z-extension and S is A-torsion is quite easy to prove that E(F) is
finitely generated (see Corollary 4.15). The behaviour of the rank of F in an infinite
tower of extensions of a function field K (in any characteristic) has been addressed
by many authors. Among others, Shioda [18], Fastenberg [5] and Silverman [22] have
provided examples of elliptic curves with bounded rank in towers of function fields in
characteristic 0 and Ulmer [25] gives instances of the same phenomenon for elliptic
curves over F,(t'/™) (r a prime not dividing ¢). In the opposite direction examples
of elliptic curves with unbounded rank have been given by Shioda [18] for the tower
F,(t/™) and Ulmer [24] for F,,(¢'/""). In the same spirit the structure of Selmer groups
has been studied by Ellenberg [4] from a slightly different (more geometric) viewpoint
using formulas on Euler characteristic for A-modules.

Since Mazur’s classical work [9], duals of Selmer groups have provided the algebraic
counterpart for p-adic L-functions in Iwasawa theory of elliptic curves over number

fields. In section 4.3.2 we speculate about such an application of our results when F is
a global field.

The main tools for the proofs of Theorems 1.1 and 1.2 are appropriate versions of
Mazur’s Control Theorem (originally proved in [9]; for a different approach, closer
to ours, see [6] and [7]), which we prove in section 4 as well, and Theorem 3.6, a
generalization of Nakayama’s Lemma which has been proved in [1]. We follow some of
the basic ideas developed in [2] for the case [ = p.

Moreover we can prove a version of the control theorem for Selg(F), for r # [ as
well, but, unfortunately, Selg(F), is a module over Z,[[I']], a ring which we know very
little about. Nevertheless we can say something on the structure of Selg(F), and we
gathered the results on that module in section 5.

The paper ends with a short Appendix which provides a classification of Z{-extensions
of a field F' containing f4;ec .

Acknowledgements. The authors would like to thank S. Petersen for comments on
an earlier version and for pointing out the idea for the proof of Proposition 4.3, F.
Trihan and F. Andreatta for helpful suggestions and discussions. We are grateful to
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2. THE SETTING AND THE SELMER GROUPS

2.1. Notations. We list some notations which will be used throughout the paper and
briefly describe the setting in which the theory will be developed.

2.1.1. Fields. Let L be a field: then L**? will denote a separable algebraic closure of L
and we put G, := Gal(L**?/L). Moreover L will denote an algebraic closure of L.

If L is a global field (or an algebraic extension of such), M will be its set of places.
For any place v € My, we let L, be the completion of L at v, O, the ring of integers of
L, , ord, the valuation associated to v and L, the residue field.

As usual, p,, denotes the group of n-th roots of 1.

As stated in the introduction, we fix a function field F' of characteristic p > 0 and
an algebraic closure F. Its constant field will be denoted by F. Then F is generated
over F by a finite number of trascendental elements zj, ..., z, subjected to algebraic
relations. These relations are defined over some finite field F, C F for ¢ > 0. Let
Fo:=Fy(2,...,2,): then Fj is a global field, F' = FF, and Gal(F/Fy) ~ Gal(F/F,).
For any place v € My we choose F, and an embedding F' — F,,, so to get a correspond-
ing inclusion Gg, — Gp. All algebraic extensions of F' (resp. of F,) will be assumed
to be contained in F (resp. in F,).

Script letters will denote infinite extensions of F; in particular F/F will be a ZZ-
extension with [ a fixed prime different from p. We shall consider a sequence of finite
extensions of F' such that

FcFlc---anC-~-cUFn:f.

In this setting we let I' := Gal(F/F) and I, := Gal(F/F,) (for any n > 0).
For 7 an element in a profinite group, (y) will denote the closed subgroup topologically
generated by 7.

2.1.2. Elliptic curves. We fix a non-isotrivial elliptic curve E/F, having split multi-
plicative reduction at all places supporting its conductor. The reader is reminded that
then at such places E is isomorphic to a Tate curve, i.e. E(F,) ~ F;/qg, for some ¢g,,
(the Tate period at v) with ord,(qg.,) = —ord,(j(E)) > 0.

For any positive integer n let E[n] be the scheme of n-torsion points. Moreover, for any
prime r, let E[r*] := lim E[r"].

By the theory of the Tate curve, if v is of bad reduction for F and r # p one has an
isomorphism of Galois modules

E[r=)(Fy) = (Byoe, "B )/ Qe -

For any v € Mp we choose a minimal Weierstrass equation for E. Let E, be the
reduction of £ modulo v and for any point P € E let P, be its image in F, .
For all basic facts about elliptic curves, the reader is referred to Silverman’s books [20]
and [21].

We remark that by increasing ¢ (if necessary) we can (and will) assume that E is
defined over the field Fy described in section 2.1.1.
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2.1.3. Duals. For X a topological abelian group, we denote its Pontrjagin dual by
XY := Homepn(X,C*). In the cases considered in this paper, X will be a (mostly
discrete) topological Z,-module for some prime r, so that XV = Homepn (X, Q,/Z,)
and it has a natural structure of Z,-module.

The reader is reminded that to say that an R-module X (R any ring) is cofinitely
generated means that XV is a finitely generated R-module. Since (XV)" ~ X a module
X is Z,-cofinitely generated if and only if it is the direct sum of a finite (r-primary)
abelian group with (Q,/Z,)" for some ¢ € N; in particular, letting X4, be the divisible
part of X, we see that X/Xy;, is finite.

2.2. Selmer groups. We shall deal with torsion subschemes of the elliptic curve E.
Since char F = p, in order to deal with the p-torsion we need to consider flat cohomology
of group schemes to define the Selmer groups in that case.
For the basic theory of sites and cohomology on a site see [10, Chapters II, III]. We
define our Selmer groups via flat cohomology (for the relation with classical Galois
cohomology see Remark 2.2 below) so, when we write a scheme X, we always mean the
site X fl-

Let L be an algebraic extension of F' and X := Spec L. For any positive integer
m the group schemes E[m| and E define sheaves on X, (see [10, I1.1.7]): for example
E[m](Xy) := E[m](L). Consider the exact sequence

E[m] — E-"»E
and take flat cohomology to get
E(L)/mE(L) — H}Z(XL,E[m]) — H}Z(XL,E) .

In particular let m run through the powers " of a prime r. Taking direct limits one
gets an injective map (a “Kummer homomorphism” )

k: B(L) ® Qy/Zy — lim Hpy(Xp, E[r"]) =: Hpy(Xy, E[r™]) .

As above one can build local Kummer maps for any place v € M,
Ky E(L,) @ Q./Z, — H}l(XLv, E[r*))
where X, := SpecL, .

Definition 2.1. The r-part of the Selmer group of E over L, denoted by Selg(L), , is
defined to be

Selp(L), :== Ker {H},(XL, Er~)) — [ Hy(XwL,, E[r)/Ims, }
vEM,

where the map is the product of the natural restrictions between cohomology groups.

The reader is reminded that if L/F is finite then Selg(L), is a cofinitely generated
Z,-module. Moreover the Tate-Shafarevich group TI(E /L) fits into the exact sequence

E(L) ® Q. /Zy — Selg(L), — W(E/L)[r™] .
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According to the function field version of the Birch and Swinnerton-Dyer conjecture,
II(E/L) is finite for any global function field L. Applying to this last sequence the
exact functor Hom(-,Q,./Z,), it follows that

rankz, Selg(L), = rankz E(L)

(recall that cohomology groups, hence the Selmer groups, are endowed with the discrete

topology).
Fix a Z{-extension F/F with [ a prime different from p. We will study the behaviour

of the r-Selmer groups while L varies through the subextensions F), of F/F. Such
groups admit natural actions of Z, , because of the torsion of E, and of I' = Gal(F/F).
Hence they are modules over the Iwasawa algebra Z,[[I']]. When r = [ this algebra is
(noncanonically) isomorphic to the ring of formal power series Z,[[T}, ..., Ty]] (while,
for r # 1, Z,[[T]] is more mysterious and we know virtually nothing about its structure).
In particular we will be concerned with the natural maps between Z,[[[']]-modules

Selg(F,), — Selg(F)," .
Remark 2.2. To define Selg(L), (with r # p) we can also use the sequence
E[r"|(F) — E(F*?)"E(F*?)
and classical Galois (=étale) cohomology since, in this case,
Hpy(Xp, E[r")) = Hey(Xp, Blr"]) = H' (G, B[r")(F))

(see [10, TI1.3.9]). To ease notations in this case we shall write H'(L,-) instead of
H'(Gp,-) ~ HY(Xy,-) and write E[n] for E[n](F), putting E[r*>] := [J E[r"]. In this
case the Kummer map

k:B(L)®Q,/Z, — H'(L, E[r™))
has an explicit description as follows. Let o € E(L) ® Q,./Z, be represented by a =
P® % (a €Z)and let Q € E(L*P) be such that aP = r*Q. Then r(«) = ¢, , where
Ya(0) :=0(Q) — Q for any 0 € G,

3. AUXILIARY LEMMAS

We gather here the results which are needed for the proofs of the main theorems.
We start by giving a more precise description of Im k, (following the path traced by
Greenberg in [6] and [7]). In our situation the local conditions for the Selmer groups
are easily seen to be often trivial (i.e., Im x, = 0 in general), a fact which is essentially
due to r # char F.

Proposition 3.1. Let L be the completion of an algebraic extension of F,, and r a prime
different from p: then E(L) ® Q,/Z, =0 (i.e., the Kummer map has trivial image).

Proof. This is an easy exercise: see e.g. [2, Proposition 3.3]. U

The following two lemmas deal with torsion points in abelian extensions of function
fields of characteristic p both in the global and local case.

Lemma 3.2. Let F/F be a Z¢-extension of function fields of characteristic p > 0 and
let E/F be a non-isotrivial elliptic curve. Then the group E(F )i 18 finite.
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Proof (sketch). One proves a stronger statement: namely, that E(L),, is finite for any
abelian extension L/F. Finiteness of E[p>|(L) follows from the fact that points in
E[p™] are inseparable over F' (a proof can be found e.g. in [3, Proposition 3.8]). For
the prime-to-p part, it is shown in [3, Theorem 4.2] that the claim is a consequence of
the following facts:

1. Gal(F(E[r])/F) contains SLs(F,) for almost all primes r;
2. Gal(F(E[r*])/F) contains S, for some n (for any prime r # p) where S,, is the
kernel of the natural reduction map SLo(Z,) — SLo(Z/r"7Z).

Both statements follow from a theorem of Igusa [8]. For a clear statement we refer to
3], where however appears the hypothesis that F' is global. So here we just show how
to deduce 1 and 2 in the case F' is not global.

Let Fy be the global field described in section 2.1.1 and let F' = F' N Fy(E[r*]) (see
the diagram below). The group Gal(F’/Fp) is abelian because it is a quotient of
Gal(F/Fy) ~ Gal(F/F,). Since Gal(F'/Fy) ~ Gal(Fo(E[r™])/Fo)/Gal(Fy(E[r*])/F"),
one has that Gal(Fy(E[r*])/F") contains the commutators of Gal(Fy(E[r*])/Fy). By
Igusa’s theorem Gal(Fy(E[r™])/Fy) D S, therefore

Sgn+2 C [Sn, Sn] C GCLZ(F()(E[T‘OO])/F/)

(for the inclusion on the left see e.g. [3, Lemma 4.1]). Since FFy(E[r™]) = F(E[r*™])
and the extensions F//F" and Fy(E|[r*])/F" are disjoint, one gets Gal(F(E[r*°])/F) ~
Gal(Fy(E[r*])/F") so Gal(F(E[r*])/F) D Syt as well.

o
/
E[r~))

r>])

n 352n+2

Fo(
D[S’ILNSTL}

/

Bl
D[Sn,Sn]
F
F' = Fy(E[r*])NF

Fy

This proves 2. The same proof works for 1 as well (with r in place of 7°°), remembering
that SLy(F,) is its own commutator subgroup for all primes p > 5. O

Lemma 3.3. Let K be a field of characteristic p complete with respect to a discrete
valuation v and with residue field K C F),. Let r be a prime different from p and assume

that K does not contain F’ (the Z,-extension of F, ). Let E/K be a non-isotrivial
elliptic curve. Then E[r*|(K) is finite.

Proof. Let t be a uniformizer: then K = K((¢)) and exists s such that E is defined
over Ky := F((¢)). Since K is a local field it is easy to see that E[r*°](K)y) is finite.
Moreover since IFS") ¢ K, the Galois group Gal(K/Ky) ~ Gal(K/Fy) contains no copies
of Z, .

If E[r=](K) is infinite then choose an infinite sequence of points P, € E[r"](K) such
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that rP,y; = P, for any n. Let K’ = Ky({P,}nen) and P the subgroup of E[r]
generated by the P,’s. Then K'/Kj is an infinite extension and, since K’ C K, one has

Gal(K/Ky) - Gal(K'/Ky) — Aut(P) ~Z; :
contradiction. 0

Lemma 3.4. Let I' ~ Z¢ and B a cofinitely generated discrete Z;-module with a con-
tinuous I'-action. Assume that there exists a set 7i,...v4 of independent topological
generators of T' such that B is finite. Then, with b := max{ |B/Bay,|, |B|}, one
has

\HY(D, B)| < b% and |H*(T, B)| < b™=".

Proof. 1f B is finite then b = | B| and the proof is in [2, Lemma 4.1]. For the other case
fix a set of independent topological generators of I" as above and put 7 := ;. Consider
the exact sequence

0= BY) > Buw ~—— Buw — Buio/ (v — 1) Bas
(because of the hypothesis on B). Taking duals one finds a sequence
(Baiv/(v = 1)Bain)” = (Baiv)" = (Baiw)" ~ Z;
(for some finite t) and, counting ranks,
rankz, (Baiy /(v — 1) Bain)” =0 .

Therefore (By;y/ (7 — 1)Baiy)Y is finite and, since Z} has no nontrivial finite subgroup,
one finds

Bdiv/('y - 1)Bdiv =0.
Hence By, = (v — 1)Byiw C (v — 1)B C B yields
|B/(y —1)B| < |B/Bau| -

Now we use induction on d. For d = 1 the equality I' = (v) implies H'(I', B) ~
B/(y —1)B and H*(T', B) = 0 (because Z; has [-cohomological dimension 1, see [13,
Proposition 3.5.9]).

Ford > 1let T'/(y) = T" ~ Z{~*. The inflation restriction sequence

HYI', B™) — H\T, B) — H'((), B)

yields B
|H'(T, B)| < [H'(I', BY)| [H'((7), B)] <b"'b.

Moreover since H™({v), B) = 0 for any n > 2, the Hochschild-Serre spectral sequence
(see [13, Theorem 2.1.5 and Exercise 5 page 96]) gives an exact sequence

H*I', B — HXT, B) — H\(I", H\((), B)) .

By induction and the bound on |H'({7), B)| one has
|H*(T, B)| < |H*(I", BY)| |[HY(I, H'((), B))| <

(d—1)(d—2) d(d—1)
2 2

<b i1l =p
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Remark 3.5. Notice that if d = 1 we have proved a slightly stronger statement, namely
that
B' finite = |H'(T', B)| < |B/Bas| -

To conclude we mention the version of Nakayama’s Lemma we are going to use in
what follows: its proof (and further generalizations) can be found in [1].

Theorem 3.6. Let A be a compact topological ring with 1 and let I be an ideal such
that I — 0. Assume that X is a profinite A-module. If X/1X is a finitely generated
A/I-module then X is a finitely generated A-module and the number of generators of X
over A is at most the number of generators of X/IX over A/I. Moreover if A = Z,[[I']],
I := Ker{A — Z; } is the augmentation ideal and X/IX is finite then X is A-torsion.

4. CONTROL THEOREMS FOR Selp(F), (r # p)

Before going on with the main theorems we describe the extensions we are going to
deal with. We recall that ]FZ(,T) denotes the unique Z,-extension of I, .

Lemma 4.1. For any prime r # p, the following statements are equivalent:
1. FY) C F;
2. Hpoo C ]F(IJ’T‘)’
3. Z, — Gal(F/F),).

Proof. Obvious, just recall that

Gal(F,/F,) ~ Z := HZT

and
FO) = ) (ja,0 ) ClFolis)/Fr)

U
Lemma 4.2. Let v be any place of F', w a place of F dividing v and T, := Gal(F,/Fy).
One has that:
1. if pyeo ¢ F,,, then

0 otherwise

I~ { Z; if v is inert
2. if po C F,, then
r ~ Zy if v is totally ramified
"7 1 0 otherwise

Proof. For any finite subextension L/F, of F, /F, we have an exact sequence

I(L/F,) — Gal(L/F,) - Gal(L/F,)
where I denotes the inertia subgroup. Since F,/F, is tamely ramified, there is an
injective homomorphism I(L/F,) < F¥ (see e.g. [16, IV, 2, Corollary 1 of Proposition
7)), hence |I(L/F,)| < |p (F,)|. There are two cases.

Case 1: p ¢ F,. Since I(F,/F,) is a submodule of the free Z;-module I',, it follows
from the boundedness of | (F,)| and the equality I(F,,/F,) = limI(L/F,) that all

these groups are trivial. Therefore, either I', ~ Gal(Fg) /F,) and F,, is the constant
field extension IFS,Z)FU or F, = F,.
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Case 2: p;.c C F),. In this case ]F;(,l) C F, and F, has no [-extensions: hence either F,, =
F, or F,/F, is totally ramified. One can apply Kummer theory to the classification
of Z-extensions, as described in the Appendix. Let ¢ be a uniformizer of the complete
discrete valuation field F,: from F* = F* x tZ x (1-units) it follows that the [-adic
completion of F* is tZ, hence the only Z-extension is F,( lo\c/z_f) O

Proposition 4.3. If IF;,Z) ¢ T then F' has a unique Z;-extension, namely the constant
field extension IF,(f)F.

For the proof, we remind the reader that F'is the function field of a smooth, projective
connected curve C defined over . Remembering that F' = FFj, one sees that C can
be obtained by base change from a curve Cy defined over F,. Let g be the genus of C
and C.

Proof. Fix a geometric point P of C. By Lemma 4.2 one sees that a Zf-extension
F/F is everywhere unramified: therefore there is a surjective morphism ¢ from the
fundamental group m(C, P) to Gal(F/F).

We can assume that the point P lies in C(F) (otherwise just take a finite extension of F'
whose constant field obviously still does not contain ]F}(,l) ). Then we have a split exact

sequence of fundamental groups
— /\
7T1(C X ]Fp,P)C—>7T1(C,P) —>> G]F ’

that is, m,(C, P) ~ m,(C x F,, P) x Gg. Since Gal(F/F) is abelian, the morphism ¢
factors through 7, (C x F,, P)® x G (notice that this semidirect product is a quotient
of 7, (C, P), since the Gy action on 7, (C x F,, P) preserves the commutator subgroup).
It is well-known (see e.g. [11, Proposition 9.1] together with [17, XI, Théoreme 2.1])
that one can identify the group m;(C x F,, P)® with the (full) Tate module of Jac(C).
Since Gal(F/F) is a pro-l group (and the [pro]-primary-decomposition of a [profinite]
abelian group is preserved by automorphisms) the morphism ¢ factors further through
Ti(Jac(C)) x Gg. The following lemma shows that the maximal abelian quotient of
Ti(Jac(C)) x Gy has the form A x G, where A is a finite group: the proposition is an
immediate consequence. Il

Lemma 4.4. If IFS) ¢ F then the commutator subgroup of T)(Jac(C)) x G has finite
index in T)(Jac(C)).

Proof. Since G is abelian the commutators are contained in 7;(Jac(C)). To ease nota-
tion, shorten Tj(Jac(C)) to T. We write the group law in T' x GF as

(a,9)(b, h) = (a + gb, gh)

and let p: Gy — Auty, (T) be the homomorphism corresponding to the action of G on
T. Then

(a,e)(0,h)(a,e)" (0,h)" = (a,h)(—a,e)(0,h ) = (a — ha, h)(0,h™") = (a — ha,e)

shows that to prove our claim it is enough to find h € Gy such that (1 — p(h))T
has finite index in 7. Observe that since 1" ~ Z?g the operator 1 — p(h) belongs to
Endy, (T') >~ Ms,(Z;); an easy reasoning shows that

[T+ (1= p(h))T] = | det(1 — p(h))|; "
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(where | - |; is normalized so that |I|; ;== [~'). Hence we just need det(1 — p(h)) # 0.
Let GI(F? and G](Fl) be respectively the maximal pro-I subgroup of G, and Gp: the

hypothesis IE‘Z(;Z) ¢ T implies [GI(FZS : GI(FZ)] < oo. Since all prime-to-I subgroups of
Auty, (T) ~ GLyy(Z;) are finite so is the index [p(G,) : p(G](Flz)]. Hence there ex-

ists h € G](Fl) such that p(h) = p(F'rob]) for some n (where Frob, is the “canonical”
generator of Gy,).
The proof is concluded remarking the well-known fact that

det(1 — p(F'roby)) = |Jac(Co)(Fgn)|
and the right hand-side is not 0. U

We are now ready to prove two versions of the control theorem appropriate for our
setting.

4.1. The case r = with IF,(,Z) ¢ F.

Theorem 4.5. Assume IFS) ¢ F. Then the natural maps
Selp(Fy) — Selp(F);"
have finite kernels and cokernels both of bounded order.

Proof. To ease notations, for any field L let G(L) be the image of H'(L, E[I*°]) in the
product

I1 B (L. BN/ Imk, = ] H'(L., E[))
weMy, weMp,
(by Proposition 3.1). We have a commutative diagram with exact rows

Selp(F,) = H\(F,, E[I*]) — G(F,)

Sely(F)i"—— H'(F, E[I*]))'» — G(F)

and we are interested in Ker a,, and Coker a,, .
By the Hochschild-Serre spectral sequence one gets

Kerb, ~ H(T,, E[I*](F))
and
Cokerb, C H*(T,,, E[I*°](F)) .
By Lemma 3.2 the group E[I[*°](F) is finite and by Proposition 4.3 T',, ~ Z;. So Lemma
3.4 immediately gives
|Kerb,| <|E[I*](F)] and Cokerb, =0 .

By the snake lemma, this is enough to show that Kera, is finite and bounded inde-
pendently of n.

For C'oker a,, we need some control on Ker ¢, as well. Obviously Ker ¢, embeds in the
kernel of the natural map

d,: [[ H'(F..El*) — ][] H'(Fu, EI™]) .

v €EME, weEMF
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For any w|vn we have a map
dy : H(F,,, E[I®]) — H'(F,, E[I*°])

and wy , ws|v, imply Kerd,, = Kerd,, . Letting d,, be the product of the d,,’s for all
the w’s dividing v,,, we have Kerd,, = ﬂwi‘vn Kerd,, = Kerd, for any w|v, and

Kerce, C Kerd, = H Kerd,, .

v €EME,

By the inflation restriction sequence Kerd, = H(T,,, E[I*](F,)) (where T, =
Gal(F,/F,,) is independent of w since I' is abelian).

As seen in Lemma 4.2 one finds I',,, = 0 or Z; and the latter is the only nontrivial case.
Moreover F,,/F, is unramified (by Lemma 4.3): therefore F,, C F;"", the maximal
unramified extension of F,, .

4.1.1. Places of good reduction. Assume v, is of good reduction. By the criterion of
Néron-Ogg-Shafarevich the field F,, (E[l*]) is contained in F;™". The pro-l-part of
Gal(F'™ /F,,) ~ Gal(F,/F,,) is isomorphic to Z; because FY ¢ F yields FY ¢ F,,
(which is a finite extension of ). Let ¢; be a topological generator of the Z;-part of the
Galois group Gal(F}""/F,,). Since H := Gal(F}""/F,,)/{¢:;) has no [-primary part
and E[I*] is I-primary, the cohomology groups H'(H, E[I*]‘*") are trivial for i > 1.
The Hochschild-Serre spectral sequence provides an isomorphism

HY(Gal(Fy" [F,,), BII¥]) =~ H'((¢1), BI=)™ .

Note that the constant field of £}, ; := (F{)“n”’“)m does not contain IF,(QZ) because there is no
Zj-extension between F, and F, ;. Therefore by Lemma 3.3, E[I®]%) = E[I1®|(F,, )

is finite. By Remark 3.5 and the fact that E[[*] is divisible one has H({¢;), E[I>°]) = 0,
so H'(Gal(F!'" /F,,), E[I*]) is trivial too. Since F,, C F"", the inflation map
H'(T,,, E[I®)(Fy)) — H(Gal(F'™ | F,,), E[I>])
shows that
Kerd, = H'(T',,, E[I*](F,)) =0
as well.

4.1.2. Places of bad reduction. Let R, ; be the (finite) set of primes of F),, which are
of bad reduction for E and inert in F/F, . We recall that I',, ~ Z; only if v, is inert
(otherwise ', = 0); moreover E[I*®]|(F,) " = E[I*]|(F,,) is finite by Lemma 3.3. For
a prime in R, ;, using Remark 3.5 one immediately finds

[Kerdy| = [H'(Ty,, BI|(Fu))| < |E[*)(Fu)/EI7)(Fu)a -

Note that such bound actually depends on v, and not on w so, to ease notations, we
choose one prime w|v,, and we define

e(vn) = [EI)(Fu)/ EIN(Fuw)din| -

Therefore
|Kerc,| <|Kerd,| < H e(vn)
'UneRn,i

is finite and bounded as well. O
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Remark 4.6. Recall that we are assuming that E is a Tate curve at any (inert) place
v, of bad reduction, so

0 lfl-'l’lngv

E[l ](.,/tw)div = { L)oo if , C Fv

Besides the Tate period ¢g, has an {"th root in F,, if and only if the [-adic valuation
of ord,(qg.) is at least n. Hence E[I®](F,)/E[l*](Fy)aiv is a cyclic group of order

E(U) < ;
o yordv(QEﬂ))’l
(where | - |; is the normalized [-adic absolute value). Moreover (as in Lemma 3.4) one
has a surjection
B[I>°)(Fu) EUN(Fu)aw — EUN(Fu)/ (o, — DEI®|(Fu) = H (T, B[] (Fu))

(where 7,, is a topological generator of I, ) which shows that Kerd,, is generated by
one element.

Remark 4.7. The uniform bounds provided by the theorem basically depend on the
number of torsion points and the places of bad reduction. Explicitly, letting R; be the
set of (inert) primes of F' of bad reduction for F, we found

| Ker an| < [E[IF](F)]
and
|Coker a,| < H e(v) .
VER,

Also, observe that | E[l°](F)| is bounded by the number of torsion points in the maximal
abelian extension: so one could find bounds depending only on F' and F.

4.2. The case r = [ with ]Fj(gl) C F. Notice that in this case, thanks to Lemmas 4.1

and 4.2, only those places v such that u; C F, can ramify in F/F; all the rest are

totally split (since IF]E,” C F there is no possibility for a Z;-extension of the constant field

corresponding to an inert Z;-extension of F, ).

Theorem 4.8. Assume that IFS) C F and that only a finite number of places of F
ramify in F. Then the natural maps
Selp(F,), — Selp(F);™

have finite and bounded kernels and cofinitely generated cokernels (of bounded corank
over Z; when d =1).

Proof. Exactly as in Theorem 4.5, we have a commutative diagram with exact rows
Selp(F,)“— HY(F,, E[I*]) — G(F},)
ian ibn icn
Selg(F) "~ H'(F, E[I*])'"" — G(F)
with
Kerb, ~ H (T, E[I*°](F)) and Cokerb, C H*(T,, E[I*°](F)) .
Again by Lemma 3.2 the group E[I*°](F) is finite. Hence Lemma 3.4 yields
|Kera, | < |Kerb,| <|E[I®](F)|*
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and

|Coker by, | < | E[1°)(F)| ="

As before, for C'oker a,, we need some control on Ker ¢, and one gets it by looking at

the Kerd, = H'(T,,, E[I°°](F,)) for any w|v,, .

4.2.1. Places of good reduction. Assume v,|v of good reduction. By Lemma 4.2 we get
[y, ~ 7Z; only if v, is ramified (otherwise it is 0 and Kerd,, is trivial). Note that by
the criterion of Néron-Ogg-Shafarevich

E*)(Fw) = EIT](F) -

Hence for a ramified place v, one has (with 'y, = (v, ))
HY(L,,, E[)(Fu)) = EI*)(F)/ (s, — DEI®](F,) = E[I*)(F,)

which obviously has Z;-corank < 2 (notice that it can be equal to 2: for example when
F—F,).

4.2.2. Places of bad reduction. Let v, be one of the (finitely many) primes of bad
reduction for E, lying above v. Since I, is Z; or 0 it is easy to see that for these
ramified places

corankz, H' (T, , E[I*°](Fy,)) < 2

but we can be a bit more precise.

Assume v, is ramified (otherwise Ker d,, = 0): by the theory of the Tate curve E[I*°] ~
(M, /0B )/ 45, Where qp, € F, is the Tate period (note that since gy C F, the
set E[I*°]|(F,) ' = E[I*](F,,) is infinite and we cannot immediately apply Lemma
3.4). Besides E[I*°|(F,) = E[I*°]. Therefore

HY(Ty,,, E[)(Fy)) = H'(Tu,, o) X H' (T, */dB0) 2 Mo

because T',, acts trivially on pye and </qg, is divisible and such that ( /gz,) v is
finite (use Remark 3.5).

Let’s divide the set of places ramified in F/F,, into R, , (consisting of primes where
E has good reduction) and R, (primes of bad reduction for £). Then all the above
computations lead to the bound

corankz,Coker a, < 2|Ryq|+ |Rup| -

Note that, if d > 1, the number of ramified places is unbounded so the coranks are
unbounded as well, while for d = 1 any ramified place of F' can split only a finite
number of times in F. O

Corollary 4.9. In the setting of Theorem 4.8 assume that:

1. the ramified places are of good reduction for E;
2. E[I*°](F,) is finite for any ramified place v.

Then the natural maps Selg(F,); — Selg(F);" have finite (and bounded) kernels and
finite cokernels (of bounded order if d =1).
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Proof. Just observe that the hypotheses yield

Kerd. — 0 if v,, is unramified
o = E[l*](F,) otherwise

d(d—1) .
I, er,, [ELZ(F)]- O

Remark 4.10. 1. The assumption that only finitely many places ramify in F/F is
strictly necessary: see Example A.2 in the appendix.

2. Hypotesis 2 in Corollary 4.9 is often satisfied. In case of good reduction, by the
criterion of Néron-Ogg-Shafarevich, we have E[I*|(F,,) ~ E,, [I*](F,,) = E,,[*]%,
where G := Gal(F,, (E,,[[*°])/F,,). Let F, be the field of definition of E,, and put
Gy = Gal(F,,(E,,[I°])/F,): as a quotient of G, Gy is topologically generated by
the Frobenius F'rob,. We consider the embedding Gy — Aut(E,, [I*°]) ~ GLy(Z;): it’s
easy to see that g € G fixes a finite number of points iff it has not 1 as an eigenvalue.
Assume that Gal(F,, /F,) ~ Z;, so that if Gy has a prime-to-/ part, it must be G: in
particular G # {1} if the order of Frob, in Aut(E,,[l]) does not divide [. Suppose
besides that End(E,,) is an order O in a quadratic imaginary field K: then Frob, lies
in End(E,,) — Z and it has eigenvalues {z, 2"}, 7 a generator of Gal(K/Q).* Tt follows
that any g € Gy has eigenvalues {y,y”} for some y € (z) C (O ® Z;)*: in particular, if
[ is not split in K, y = 1 implies that ¢ is the identity.

So one has |Coker a,, | < |E[I°°](F)|

Let B be a cofinitely generated discrete Z;-module with a continuous I' action and
denote h;(B) the number of generators of H*(I', B) (i = 1,2). The same induction
argument as in Lemma 3.4 shows that if b is the number of generators of B then

hi(B) <db and hﬂB)g@

One immediately finds the following corollaries (with identical proofs, so we only provide
the first one).

b.

Corollary 4.11. In the setting (and with the notations) of Theorem 4.5 (and the sub-

sequent remarks) Selg(F)) is a finitely generated A-module and

rankaSelp(F), < corankz, Selp(F), + |R;| .
Moreover if Selg(F), is finite then Selg(F)) is A-torsion.
This answers the analog of Question 1 and (some cases of) 2 in [23].

Corollary 4.12. In the setting (and with the notations) of Theorem 4.8 Selg(F)) is
a finitely generated A-module. Moreover

rankySelp(F), < corankz,Selp(F) + 2[Ry | + |Ry | + ha(E[I%°](F)) ,

where R, (resp. Ry ) is the set of ramified places of F' of good (resp. bad) reduction for
E and, obviously, ho(E[I°|(F)) < d(d —1).

Corollary 4.13. In the setting of Corollary 4.9, if Selg(F), is finite then Selg(F), is
a finitely generated torsion A-module.

IWe are just asking that E,, is not supersingular: see [20, V.3].
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Proof. Let S be the Pontrjagin dual of Selg(F); and let I be the augmentation ideal of
A. The quotient S/IS is dual to Selp(F)F which is cofinitely generated (resp. finite)
by Theorem 4.5 (resp. and the hypothesis on Selg(F); ). Therefore Theorem 3.6 yields
the corollary. For the bound on the rank just use the exact sequences

Selp(F), — Selp(F)] — Cokeray ,

Kercy — Coker ag — Cokerby =0

and recall Remarks 4.6 and 4.7. O

Remark 4.14. For a computation of rank,S in the case F = F, see [4, Propositions
2.5 and 3.4]

4.3. Applications. As well known, in case d = 1 the structure of the dual of Selmer
groups can be used to control the growth of Mordell-Weil ranks in the tower of extensions
between F' and F and to formulate an “Iwasawa Main Conjecture”.

4.3.1. Mordell-Weil ranks. In [19, Theorem 1.1] Shioda proves that the group E(F)
is finitely generated for any function field F' with algebraically closed constant field

(of course this covers the case of the Z;-extension IF](JI)F as well). Our Corollary 4.13
provides a new family of extensions for which E(F) is finitely generated.

Corollary 4.15. In the setting of Corollary 4.9 assume that F/F is a Z;-extension
and that Selg(F); is finite. Then E(F) is finitely generated.

Proof. (More details can be found in [7, Theorem 1.3 and Corollary 4.9]) Let S be the
dual of Selg(F);: by Corollary 4.13, S is a finitely generated torsion A-module. By
the well-known structure theorem for such modules there is a pseudo-isomorphism

S ~ AT/ ().

Let A =deg[] f{*: then rank; S = X and, taking duals, one gets

(Selp(F))aiw ~= (Qu/Zy)* .

By Corollary 4.9, for any n, one has
(SGZE(Fn)l)dw ~ (Ql/ZZ)t" with tn S A

Hence
(@l/zl)mnkE(F") ~ E(F,) @ Qi/Z; — (Selg(Fn)1)aiv

yields rank E(F,) < t, < X for any n, i.e. such ranks are bounded.

Choose m such that rank E(F,,) is maximal and let ¢t = |E(F),.|. Using the fact that
E(F)/E(F,,) is a torsion group one proves that tP € E(F),) for all P € E(F) and
multiplication by ¢ gives a homomorphism ¢; : FE(F) — E(F},) whose image is finitely
generated and whose kernel is the finite group E(F)s,- . Hence E(F) is indeed finitely
generated. O
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4.3.2. Iwasawa Main Conjecture. When F is a global field (and, necessarily, d = 1 and

F = IFS) F), our control theorem may be used, as classically, as a first step towards
the algebraic side for a Main Conjecture. As for the analytic side, the best candidate
we know of has been provided by Pél. In [15], he constructs an element £, (FE) in the
Iwasawa algebra Z[[Go]] ® Q (where G is the Galois group of the maximal abelian
extension of F' unramified outside a fixed place where E has split multiplicative re-
duction). He is then able to prove an interpolation formula connecting L (E) to a
special value of the classical Hasse-Weil L-function of E ([15, Theorem 1.6]). Now,
since I' is a quotient of G, there is a natural map 7: Z[[Gs]] @ Q — Z[[I']] ® Q. The
element Lr(F) := m(L(F)) would then be a natural candidate for a generator of the
characteristic ideal of Selg(F)) .

Support for such a conjecture comes from recent work of Trihan [23]. By means of
techniques of syntomic cohomology, he is able to prove an Iwasawa Main Conjecture
for a semistable abelian variety A/F and the Z,-extension F® = IFI(QP a [23, Theorem
1.4]. Tt is not known yet what is the relation (if any) between Pal’s £, (F) and Trihan’s
£A/F££) (but see [23, Remark 3.2]).

We also remark that Ochiai and Trihan [14] are able to prove that their Selmer dual

is always torsion (a necessary condition to have a non-zero characteristic ideal). So one

expects the analog to be true for our Selg(F), as well.

4.4. The case r # I,p. The r-part of Selmer groups behaves well in a Z{-extension:
indeed it is easy to see that

Theorem 4.16. The natural maps Selg(F,), — Selg(F)L are isomorphisms.

Proof. We use the same diagram of Theorem 4.5, only changing /-torsion with r-torsion
points (since r # p we can still use Galois cohomology). The proof goes on in the same
way noting that

Kerb, = H (T, E[r*](F)) =0,
Cokerb, C H*(T,,, E[r*|(F)) =0,
Kerd, = H' (I, E[r*)(F,)) =0
because E[r*°|(F) and E[r*](F,) are r-primary while I, and ', are pro-l-groups. [

The consequences of this theorem on the structure of Selg(F), as a Z,[[I']]-module
will be given in the next section together with the results on Selg(F), (see Corollary
5.3).

5. CONTROL THEOREM FOR Selg(F),

In this section we shall work with the p-torsion; so we need flat cohomology, as ex-
plained in section 2.2, and we shall follow the notations given there.
As before, it is convenient to write F = |J F,, with F,/F finite and F,, C Fj,41 .

Theorem 5.1. The natural maps Selg(F,), — Selp(F)," are isomorphisms.
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Proof. We start by fixing the notations which will be used throughout the proof.
Let X,, := SpecF,,, X := SpecF, X, := SpeckF, and X, = SpecF,. To ease
notations, let

G(Xp) o= Im § Hy(Xo, Ep™)) =[]  Hu(Xo,, ED™])/Im 5y,

Un EMFn

(analogous definition for G(X) ).
Just like in the previous section we have a diagram

Selp(Fp)p—— Hp(Xy, Ep™]) — G(X,,)

ST

Selp(F)," = Hp (X, Ep*])' — G(X) .

5.1. The map b,. The map X — X, is a Galois covering with Galois group I, .
In this context the Hochschild-Serre spectral sequence holds by [10, I11.2.21 a),b) and
I11.1.17 d)]. Therefore one has an exact sequence

HY(Ty, Ep™|(F)) = Hpy(Xn, E[p™]) — Hy(X, E[p™])'" — H*(Tn, E[p™](F))

which fits in the diagram above (note that the first and last elements are Galois coho-
mology groups).
Since E[p*|(F) is a finite p-primary group (by Lemma 3.2) and I',, is a pro-I-group,
one has
H'T,,Ep>|(F)=0 (i=1,2)
and Kerb, = Cokerb, =0 as well.
5.2. The map ¢, . First of all we note that Ker ¢, embeds into the kernel of the map
dy H H}Z(XvnaE{poo])/Im“vn - H H}Z(XW,E[pOO])/Im Fow
vnEMp, wWEMF
and we only consider the maps
dy H}Z(Xvw E[p™))/Im K, — H}l('va E[p™])/Im k.,
separately. Observe that:

1. for any v, there are as many maps d,, as many primes w of F dividing v, but
all these maps have isomorphic kernels;

2. Kercn C 11, enp, Mo, Kerdu .
The Kummer exact sequence yields a diagram

Hpy(Xo,, Elp™])/Im ko, —— Hp(X,,, E)[p™]
- -
H}I(Xw, E[p™])/Im k., —-> H}I(Xw, E)[p™] .
Again X, — X, is a Galois covering so the Hochschild-Serre spectral sequence implies

Kerd, — Kerhy, ~ H'(T,,, E(F,))[p™] = liLnHl(Fvn,E(}"w))[pk] )
k
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But HY(T,,, F(F,))[p*] = 0 because it consists of the p*-torsion of the cohomology of
a pro-l-group.
This yields Kerc, = 0 and therefore a,, is an isomorphism. U

5.3. Structure of Selg(F), for r # [. The Selmer groups Selg(F), are modules over
the ring Z,[[I']] and, to apply the generalized Nakayama’s Lemma of [1] (i.e. Theorem
3.6 above), we need an ideal J of Z,[[I']] such that J™ — 0. The classical augmentation
ideal I does not verify this condition since I = I?* (see [2, Lemma 3.7]).

Anyway we can use the ideal 7 to obtain a partial description of Selg(F),. We need
the following (detailed proof in [2, Lemma 3.8]).

Lemma 5.2. Let M be a discrete Z,[[I']]-module and m, : M — M the multiplication
by r. Then
MYrIMY = (7 (ME)Y = (M + M)
(where M|r] is the r-torsion of M ).
Proof. Let N = MV so that N is a Z,[[I']]-module. Via the dual of the natural projection
map 7 : N — N/rIN one sees that
(N/rIN)" = m ((NY))
which yields
MY JrIMY ~ (m; ' (M")Y .
Since HY(T', M[r]) = 0 one has m,(M)" = m,.(M") and can conclude noting that
my (MY) = m " (m (M) = MY+ Mr] .
U

Corollary 5.3. Assume that both Selg(F), and Selg(F).[r] are finite. Then Selg(F)Y
is a finitely generated Z,[[T']]-module.

Proof. By the previous lemma with M = Selg(F), one has
Selp(F)Y /riSelp(F)Y ~ (Selg(F)L + Selg(F).[r])¥

so this quotient is finite by hypothesis and Theorems 4.16 or 5.1. Then Theorem 3.6
yields our corollary. O

In the corollary it would be enough to assume that Selg(F'), and Selg(F).[r] are
cofinitely generated modules over Z,[[I']]/rIZ,[[I']]. Unfortunately even with the stronger
assumption of finiteness we can’t go further (i.e., we are not able to see whether
Selg(F), is a torsion Z,[[I']]-module or not) due to our lack of understanding of the
structure of Z,[[I']]-modules even for simpler I'’s like for example T ~ Z, .

APPENDIX A. 7Z;-EXTENSIONS OF A FIELD

Let F' be a field, on which we assume only that g C F, with | # char(F') a prime.
Everything is taking place in a fixed separable closure F**?. The goal is to describe the
set of all Zl-extensions of F' in F*%.

Define F* as the l-adic completion of F*: that is, F* = lim F*/(F*)!". This is a
topological Z;-module (each quotient F*/(F*)!" is given the discrete topology) and the
natural map F* — F* has dense image.

Let V := Q; ®z, F*. Then V is a topological (Q-vector space, complete and locally
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convex, with a distinguished lattlce > (more precisely, V' is a Banach space over Q,

with the norm induced by taking F* as unit ball). The natural map F* — Vis an
injection.

The reader is reminded that, if W is a vector space, the Grassmannian Grassy(W) C
P(AYW) is the set of all d-dimensional subspaces of W.
Theorem A.1. The set of Z¢-extensions of F is in bijection with Grassg(V).
Proof. By the assumption on p;, we have that Z;(1) := lim p;» is isomorphic to 7,

as Gp-module. Hence a Zl-extension F/F is uniquely determined by the kernel of a
continuous homomorphism G — Z;(1)? with image a rank d submodule (Z;(1) is given
the profinite topology).

We have

—~d
Homcont(GFa Zl(l)d> = Homcont<GF7 Zl(l))d = (111’[1 HOH](GF7 /J’l"))d ~ F*
where all isomorphisms? are almost tautological but the last one, which comes from
Hilbert 90 and the observation that the diagram
F*/(F)" —— Hom(Gp, tyni1)
Fr/(F*)"  —— Hom(GF, pyn)

commutes. Here, for any n, horizontal maps are the Kummer homomorphisms sending

ae F*/(F*)" to o — ”lf and the right-hand vertical map is induced by raising-to-I:
Hoynt1 — Hyn.

That is, any continuous homomorphism Gr — Z;(1)? is of the form (-, z) = lim(-, z,,),

—d n .

for some x = (z;,) € F* , where (-,-),: Gr x (F*/(F*)")¢ — pf is the ["th level
o /gt o ZW)

ZW [RES) ZW . -
Let F, C F*%? be the fixed field of ker(-, ) and B, the closure of the subgroup of F*
generated by 1, ...,z4. It is well-known that F,, = F(X/T1,,..., ¥/Ta,) is the fixed

field of ker(-, ), and that Gal(F,,/F) ~ Gp/ker(-,x,), is the dual of B,/(F*)".
It follows that F, = U, Fu. (since ker(:,z) = Nker(:,z,),) and that Gal(F,/F) is

(non-canonically) isomorphic to B, ~ lim B, /(F*)"" (because any finite abelian group

Kummer pairing, (o, y), = (

is non-canonically isomorphic to its dual).
In the same way, one sees that F, = F, if and only if B, ® Q; = B, ® Q.
The theorem follows. U

Example A.2. Let F' = F,(T) and choose a family a; € F,, i € N and a; # a; if i # j.
Put 7; := T + a; and consider the sequence
Ty =111, IL‘QZZL‘lT('lQ, ZE3:ZE27T§...

Tn+l1 = xnﬂ'n+1 .

2These are isomorphisms of topological groups, giving to Homon; (G, e) the compact open topology.
Notice that since p;. is discrete so is also Hom(G g, pn ).
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The elements x; provide a Z;-extension

Fp = UF(lnxn)

neN

ramified at all the =;’s.

(1]
2]
8]

(4]
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