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ABSTRACT. Let & be an elliptic curve, m a positive number and £[m] the m-torsion subgroup
of £&. Let Pi = (z1,y1), P» = (w2,y2) form a basis of £[m]. We prove that Q(E[m]) =
Q(z1,22,Cm ,y1) in general. For the case m = 3 we provide a description of all the possible
extensions Q(&[3]) in terms of generators, degree and Galois groups.
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1. INTRODUCTION

Let & be an elliptic curve with Weierstrass form y? = 23 + bz + ¢, where b and ¢ are rational
numbers. Let m be a positive integer. We denote by £[m] the m-torsion subgroup of &,
by Q(€][m]) the number field generated by the coordinates of the m-torsion points of £ and
by Q(&z[m]) the field generated by the abscissas of the m-torsion points of £. Let P; and
P, be two of the m-torsion points of &, forming a basis of £[m|. It is well-known that
Q(&Im]) = Q(x1,x2,y1,y2). As usual, we denote by w,, the group of m-th roots of unity
and by (, one of its generators. By the Weil Pairing, we have Q((n) € Q(E[m]), for all m
(see for example [15, III, 8.1.1]). In the first part of this paper we prove (,, € Q(&E;[m]) and
Q(&[m]) = Q(x1, z2, (m, y1). Working on local-global divisibility problems for £ (building on
ideas and results provided in [4] and [5]) the second named author was naturally led to face the
problem of describing the extension Q(E[m]) for m = 3 (to construct explicit counterexamples
to local-global divisibility by 3). In [10] there is a description of the family of elliptic curves &£
such that Q(€[3]) = Q(¢3). We now give a complete description of the extensions Q(€[3]), for
all possible b, ¢ € Q. Using the explicit expression of the generators x1, xs, y1 and yo we get
a further reduction step by showing that one has Q(€[3]) = Q(z2 — x1,(3,y1) (see Corollary
4.7). After that, in the final main theorem (Theorem 4.1), we provide a few details on all the
possible extensions Q(£[3])/Q: namely we give the generators, the degrees [Q(€[3]) : Q] and
the Galois groups Gal(Q(&[3])/Q). We recall that another nice and detailed description of
the field Q(&[3]) (and of Q(E[m]) in general) in terms of the behaviour of the primes in the
extension Q(&[3])/Q for the case Gal(Q(£[3])/Q) ~ GL2(Z/3Z) can be found in [1] (see in
particular Proposition 5.4.6 for the case m = 3).

In the final section we provide some remarks for the interpretation of our results in terms of
rational points on the modular curves X (3), X;(3) and X (3).
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2. GENERATORS FOR Q(&[m])

Let m be a positive integer and let P; = (z1,y1), P2 = (x2, y2) form a basis of £[m]|. We have
Q(&[m]) = Q(x1,x2,y1,y2). From now on, we will denote by L the field Q(x1,z2) and by K
the field Q(&E[m]). Let (z3,ys) be the coordinates of the point Ps := P; + P and let (z4,ya4)
be the coordinates of the point Py := P; — P5. As usual, we denote by e, the Weil Pairing

em : Elm] x E[m] — w,,, .
We first prove (,, € Q(Ez[m]), for every positive integer m.

Theorem 2.1. Let £ be an elliptic curve with Weierstrass form £ : y? = x3 4 bx + ¢, where
b and ¢ are rational numbers. Let Q(Ez[m]) be the number field generated by the abscissas of
the m-torsion points of £. Then Q(¢m) C Q(x1,...,24) C Q(E[m]).

Proof. There exist S,T € £[m] such that e,,(S,T) = (» (see [15, III, Corollary 8.1.1]). Let
L := Q(z1,22) and let K := L(y1,y2) = Q(E[m]). Clearly, the degree d := [K : L] divides 4.
If d = 1, we have the conclusion (this includes the case m = 2, where y; = yo = 0). If d=2,
we may suppose K = Q(z1,z2,y1) (hence, from now on, y; # 0). Using the group law of an
elliptic curve, we may express x3 and x4 in terms of x1, z2, y1 and yo in the following way:

2

(1) r3 = M Tr1 — T2
2

(2) Ty = ((2 fiz))z —T1 — X9

Thus x4 — 23 = 4312/ (21 — 22)? and y1yo = (24 — 23)(x1 — 22)?/4. Then yo = a1 + a0y,
with a1, a2 € Q(x1,72). Hence y1y2 = aqyr + ey’ = aiy1 + P1, with a1, 81 € Q(a1, 29).
Therefore ayy; + f1 = (x4 — x3)(21 — 22)%/4. So, if a1 # 0, we have y; € Q(x1, 2, 23, 74)
and, by (1) and (2), y2 € Q(x1,x2,x3,24) as well. If oy = 0, then yo = agy;; so a generator
7 of Gal(K/L) sends y; to —y; for i = 1,2 and, in particular, P7 = —P; for i = 1,2. Put
S=7P+ P, and T = 61 P + 62 P> with ~y1,79,01,02 € {0, 1,2,....m— 1}. Then

ST =(mP1+7P) =P +7P] =—-yP—vP,=-S

and similarly, 77 = —T. The Weil pairing is Galois invariant (see [15, III, Proposition 8.1]),
so we have

G = em(S; T)T = em(‘sTaTT) = em(_S7 _T) = em(S? T) =Gm >

ie, (m € L.

In both cases we can conclude (, € Q(z1, x2, x3,74) C Q(E[m]).

Finally, let d = 4. In this case, we clearly have Gal(K/L) ~ Z/27 x Z/27Z. Then there exists
a 7 € Gal(K/L) such that 7(y;) = —y; for i = 1,2. As in the previous case, this leads to
¢l = Gn. Therefore ¢, € K™ (the subfield of K fixed by 7). Moreover y1y2 € K7 as well and,
since [K7 : L] = |Gal(K/L)/ < 7 >|= 2, one has K™ = Q(z1,z2,y1y2). From (1) and (2),
we deduce Q(z1,x2,y1y2) = Q(x1, 2, x3,24). Then, we have proved (,, € Q(z1, 2, x3,24) C
QE,[m]). 0

Obviously, we have Q(x1,z2,y1,y2) = Q(z1,22,y1y2,¥1). By (1) and (2) it is clear that
Q(&[m]) can be obtained by adding to Q(&,[m]) the ordinate of one of the m-torsion points of
€. With the next theorem we will prove that Q(£[m]) can be obtained by adding to Q(z1, z2)
an m-th root of unity and the ordinate of one of the m-torsion points of £ with abscissas x;
or ro.

Theorem 2.2. With £ as above, let Py = (x1,y1) and Py = (x2,y2) be generators of the
m-torsion subgroup of £. Then Q(E[m]) = Q(z1,x2, (m,Y1)-
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Proof. As above, we denote by L the number field Q(z1,z2) and by K the number field
Q(&[m]). By Theorem 2.1, we know that (,, € Q(z1,z2,23,24) = Q(x1,x2,y192) = L(y1Y2).
If y1y2 € L, we clearly have that (,, € L too and, in particular, L((y,) = L(y1y2). Now,
suppose y1y2 ¢ L. Therefore [L(yi1y2) : L] = 2 and there exists 7 € Gal(K/L) such that
(1y2)” = —y1y2. Without loss of generality, we may suppose y] = —y; and y5 = y2 so
that Pl = —P; and P = P». As in the proof of Theorem 2.1, let S = 1P + v2F» and
T = 61 P1 +62P5 be two m-torsion points of £, such that e, (S,T") = (. An easy computation
with the Weil pairing shows that

Cm = em(S7 T) = em(Pla P2)7162_7261 s
and that
G = €m(S,T)7 = e (P, Pp) %1120 = (11
We have proved that if y1y2 ¢ L, then (,, ¢ L. Hence
L€ LGn) € Liyiss)
and, since [L(y1y2) : L] = 2, we can conclude L((,,) = L(y1y2) in this case as well. Therefore
K = Q(z1, 72,9192, 91) = Q(z1, 22, G, Y1), for every positive integer m. O

In particular, for m = 3, we have K = Q(z1,22,(3,%1). In Section 4, we will prove K =

Q(z2 — x1,(3,91)-

3. GENERATORS FOR Q(&[3]) AND THE CASE bc =0

It is well known that the abscissas of the 3-torsion points of an elliptic curve are the roots of

the polynomial
2

b
g03:x4+2ba;2+4cx—§

(see for example [16]). If ¢ # 0 then the roots x1, x9, 3 and x4 of @3 are

1 \/ — /1322 + 6415 — 8b 8cv/3 /4322 + 64° — 4b
Tl = -z - + 5
2 3 V /4322 + 6465 — 4b 2V/3
1 \/ — ¥/132¢% 1 64b° — 8b 8¢v/3 V322 + 64b° — 4b
o = = - + 5
2 3 V/ /432¢2 + 64b3 — 4b 2v/3
1 \/ — /4322 + 64b3 — 8b 8cv/3 VV/432¢2 1 640% — 4b
r3 — — = + + 3
2 3 V/ V/432¢2 + 643 — 4b 2V/3
1 \/ —¥/432¢2 1 6405 — 8b 8cv/3 V43262 + 640° — 4b
Ty = + —= + .
2 3 V/ V/432c2 + 64b3 — 4b 2v/3

Note that the condition ¢ # 0 is equivalent to the condition v/432¢2 4 64b3 —4b # 0. Further-
more, observe that —(432¢? + 64b3) is the discriminant of the elliptic curve y? = 3 4 bx + c.
As usual, we denote that discriminant by A. Therefore, we have

1\/({”/&-8@ 8ev3 VA

T 3 J_VA—4 2v3
1 (VA —8b) 8cv/3 N —V/A —4b

€To = — — ,

272 3 — VA — b 2/3

e L (\‘VZ—zgza)Jr 8cv/3 N —V/A —4b

BT a3 VA-» 28
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! (€/Z—Sb)+ 8cv/3 N —V/A —4b
T2 3 — VA — b 2/3
with —v/A — 4b # 0. Let 1; be the ordinate of one of the two points of £ with abscissas z;

(i =1,...,4). We may assume y; = /23 + bx; + c. We also show the expressions of y; and
19 in terms of b and c:

3y/- ¥a-ap

123V - VA — 4b

(3) Y1 =

3 3
\I (VA + 4b)vV3V - VA — 4b + 36c)\/< VA8V - VAZab=24eVS _ op0 /3y YA — 4b— VAT + 4b YA + 3202

3y - VA-ab

123V - VA — 4b

(4) y2 =

\I((s’/ﬁ+4b)\/§m+36c)\/(%8b”%4”24“f 24cV3V/— VA — 4b— VAZ + 4b VA + 3262

Let P; = (x;,v;), since the 3-torsion subgroup of an elliptic curve is isomorphic to (Z/3Z)? and
2P, = — P, = (x;,—v;), the points P = (x1,y1) and Py = (z2,y2) generate £[3]. Therefore,

we have Q(€(3]) = Q(z1, x2,y1, y2)-

Now we focus on Q(&[3]) for the two (easy) cases ¢ = 0 and b = 0, postponing the general
case be # 0 to the next section. For ¢ = 0 we can easily provide a full description of Q(&[3])
via the following

Theorem 3.1. Let £ be an elliptic curve with Weierstrass form y?> = x3 4 bx, where b € Q* .

Then
@(6:10[3]) = Q \/Wa C3 with [Q(gx[3]) : Q] =38,

@(C?H —2b gb«/ﬁsb) £b<0

Q(EB]) =
Q (63’ 2b 2b3\/§—3b> £h>0

with [Q(E]3]) : Q] = 16.
Moreover Gal(Q(&;[3])/Q) ~ D4 (the dihedral group of order 8) and Gal(Q(&[3])/Q) ~ SDg
(the semidihedral group of order 16).

Proof. The abscissas of the 3-torsion points of £ are the roots of the polynomial

b2
D3 ::x4+2bx2—§ :
We have
/—2b\f 3b /—2b\f 3b /2bf 3b /2b\f 3b
Clearly Q(Z1, 22,73, 74) = Q(Z1,73) = Q(Z1,(3) = Q(Z'3,(3) (since T173 = 5=

It is easy to verify that neither _21“3[ 30 nor Qb\/; 3 is a square in Q(\f ), for all b € Q.
Thus [Q(Z1) : Q] = [Q(Z3) : Q] = 4. Moreover if b < 0 (resp. b > 0), then w > 0 and
Q(z1) C R (resp. w > 0 and Q(Z3) C R). Hence, in any case, [Q(&;[3]) : Q] = 8. It is
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easy to check that the Galois group is isomorphic to Dy, generated by ¢ and ), where
flj'\l — fg f1 — i'\1
and
V=3 — —v-3 V=3 — —v/-3

Obviously the field Q(£[3]) can be obtained by adding to Q(&,[3]) one of the ordinates of the
3-torsion points of &, i.e., Q(E[3]) = Q(Z4,(3,v:) (i =1,...,4). If b < 0, then consider

N - —2by/—2bv/3 — 3b
:\/w:{’—i-bxl:\/ 3f .

Obviously v/3 € Q(71) and then 71 = —%2 7% € Q(71) too, so Q(E[3]) = Q7. Cs). To
compute the degree, one notices that y; € R (so that [Q(y1, (3) Q(71)] = 2) and that

N i1/—81;3\/5 — 1283

1 = 9

where M is not a square in Q(v/3) (so that [Q(71) : Q(v/3)] = 4).

If b > 0, one uses the same arguments but with y3. In any case we find [Q(&[3]) : Q] = 16.
The Galois group is a 2-Sylow subgroup of GL2(Z/37Z), hence isomorphic to SDg , generated
by the elements

~ ~ ~

vy = Y3 o= N
V1 and 1
V=3 — —/-3 vV=3 — —v-3

of orders 8 and 2 respectively. Writing down the elements as extensions of the elements of
Gal(Q(&:[3])/Q) and looking at their orders (in particular at the elements of order 2) one can
also find a direct and explicit proof of Gal(Q(€[3])/Q) ~ SDs (see Appendix A for details). [

For completeness we include here the (even easier) case b = 0 as well, but we remark that
it is also included in the general case ¢ # 0 which will be discussed in detail later on (we will
point out where it can be found in the various Lemmas of Section 4).

Theorem 3.2. Let £ be an elliptic curve with Weierstrass form y*> = 23 + ¢, where ¢ € Q* .

Then Q(&,[3]) = Q(V/~4c, G3) and Q(E[3]) = Q(V/—4c, (3, Vo).
Proof. If b = 0, then the abscissas of the points of order 3 of £ are the roots of the polynomial
G5 = at +dex .
Clearly, these roots are
z1 =0, Ty = v/ —4ec, T3 = (3vV/—4c , Ty = 3V —4c .

Therefore §; = /¢ and g2 = /—=3c. We have Q(&,[3]) = Q(/—4c,(3) and Q(E[3])
Q(\B/ —46, Cg, \/E)

UJ
Clearly, by Theorem 3.2, if b = 0, then there are four possibilities for d = [Q(€[3]) : Q]. We
list them in the following corollary.

Corollary 3.3. One has:
6 if c£Z2 (mod (Q*)3) and Gal(Q(&:[3])/Q) ~ Ss

2 if c=2 (mod (Q*)%) and Gal(Q(&:[3])/Q) ~Z/2Z

[Q(&[3]) - Q] =
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12 if c#2 (mod (Q*)3), c#1,-3 (mod (Q*)?)
6 ifc#2 (mod (Q*)3), c=1,-3 (mod (Q*)?)

4 ife=2 (mod (Q*)3), c£1,-3 (mod (Q*)2)

2 ifc=2 (mod (Q*)3), c=1,-3 (mod (Q*)?)
The above cases correspond (respectively) to the following Galois groups:

53 XZ/QZ

S3

Gal(Q(£[3])/Q) ~
7.)27, x 7.)27.

7.)27.

Proof. By Lemma 3.2, we have K = Q(+/—4c,(3,4/c). So it is just a matter of checking
whether the arguments under the roots are cubes or squares or generate the same extension
of (3 or not. Note also that A = —16-27¢? and VA = 6v/—2c%. Hence A = —4c (mod (Q*)?)
so the conditions on —4c¢ being or not being a cube can also be expressed in terms of A (we are
going to find similar conditions in the general case). The computations of the Galois groups
are straightforward. O

We end this section with an easy bound for [Q(£[3]) : QJ.
Since x1 and x5 are roots of a polynomial of degree 4, one has that xo has degree at most 3
over Q(z1) so [Q(z1,z2) : Q] < 12. Each of the ordinates y; and ys is a root of a polynomial
of degree 2 over Q(x1,xz2). Therefore [Q(E[3]) : Q(x1,22)] < 4 and finally

d=[Q(€[3]) : Q] = [Q(E[3]) : Q(z1, x2)] - [Q(21, 72) : Q] < 48
Therefore, we have the following result

Proposition 3.4. Let £ be an elliptic curve with Weierstrass form y? = 2® + bx + ¢, where
b and ¢ are rational numbers. Then [Q(E[3]) : Q] < 48.

Remark 3.5. Such a rough bound can be computed in the same way for Q(€[n]) using the
division polynomials (see [15, Exercise 3.7]). If N is the degree of the polynomial having the
abscissas of the points of order n as roots, one easily finds [Q(€[n]) : Q] < 4N (N —1). Another
simple bound is provided by the well known embedding Gal(Q(€[n])/Q) — GL2(Z/nZ) (which
is a finite group). For p prime this yields [Q(E[p]) : Q] < (p? — 1)(p? — p) (which, for p = 3,
gives again 48). Serre’s celebrated “open image theorem” (see, for example, [15, Appendix C,
Theorem 19.1]) tells us to expect equality for almost all primes p for elliptic curves without
complex multiplication.

By the Weil Pairing Q(¢3) € Q(£[3]). Then d is an even number that divides 48, i.e., d € 2 :=
{2,4,6,8,12,16,24,48}. In Section 4, we will show that the set £ is not minimal, because
there exist no elliptic curves &€ such that [Q(€[3]) : Q] = 24. On the contrary, we will show
that for all d € 2\ {24}, there exists an elliptic curve £ such that [Q(£[3]) : Q] = d, i.e., the

set € := Q) \ {24} is minimal.
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4. NUMBER FIELDS Q(&]3])

In this section we shall list all the possibilities for Q(£[3]) and d, thus proving, in particular,

that the set ) is minimal. We will need several lemmas, which eventually will lead to the
proof of the following

Theorem 4.1. Let £ be an elliptic curve with Weierstrass form y?> = 2% + bx + ¢, where
b and ¢ are rational numbers. Let d := [Q(E[3]) : Q]. Then d € Q= {2,4,6,8,12,16, 48}
and the set Q is minimal. Let P, = (x1,9y1), P» = (x2,y2) form a basis of E[3]. Then
Q(&[3]) = Q(z2 — 1,(3,y1) and, in particular, we have the following cases:

1. if A is not the cube of a rational number, and (—v/A—4b)/3 is not a square in Q(V/A),

then d = 48;
2. if A is the cube of a rational number, and (—/A —4b)/3 is not a rational square, then
d=16;

3. if A is not the cube of a rational number, and (—/A — 4b)/3 is a square in Q(/A),
then £ belongs to one of the families

16b? — 216a2b — 243ag

Foao: Y =2+ ,
bao P YT = XA DT 2880

Fo: yvP=2>4+c¢,

with b,ag € Q* and ¢ # 0, ¢ # 2 (mod (Q*)3). We have Q(£[3]) = Q(x2,(3,y1) =
Q({Q’/Z, (3,y1). In particular, if € belongs to Fpq, , then Q(E[3]) = Q(z2,(3,y1) =
Q(/4apb/3 + a3, (3,+/2a0) and d € {6,12}. If € belongs to the family F. then

Q(&[3]) = Q(v/—4c,¢3,+/¢) and d € {6,12} as well.
4. if A =h3 and (—h — 4b)/3 = (2 for some h,{ € Q*, then

] (e Y G

and we have d € {2,4,8}.
5. if A =h3, with h € Q, and —h — 4b = 0, then ¢ = 0, Q(&[3]) = Q(v;,(3) for some i
and d = 16.

For many choices of nonzero rational b and ¢, we have that A is not the cube of a rational
number and that (—+v/A — 4b)/3 is not a square in Q(v/A). We are going to prove that in
this case [L : Q] = 12.

Lemma 4.2. Let £ be an elliptic curve with Weierstrass form y?> = 2% +bx+c, where b and ¢
are nonzero rational numbers. If A ¢ (Q*)% and (—v/A—4b)/3 ¢ Q(v/A)?, then [L : Q] = 12.

Proof. By hypotheses, we have [Q(y/(—v/A — 4b)/3) : Q] = 6. Therefore 6|[L : Q]. In Section

3 we showed [L : Q] < 12, then [L : Q] € {6,12}. Observe that under the hypothesis ¢ # 0,
we have

(5) t::$2_x1:\/\3/E3—8b_8 V3

C—7
vV —VA — 4b

3
A _
(6) s::a:4—x3:\/f 8b+8c v3 )
3 — /A —4b
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Furthermore z1 + 22 = 23 + 74 = \/(—VA —4b)/3. Let t := /7 and s := /7. Assume
[L:Q]=6. Then L=Q < (—VA - 4b)/3> = Q(x1 + x2) = Q(x3 + x4) and 7 is a square
in L. Therefore, there exist ag, by € Q(v/A) such that

2
—V/A —4b
Y= a0+bo\/\/; :

VA8 _ a%_'_b%(—?/ﬁ%b)

3
—86(_5/%_41)) = 2agby

We get

which yields
2

, —V/A —4b
v =1|a —bo\| ———
3

Therefore Q(z4 — x3) = Q23 + 24) = Q(z1 + z2) = Q(x2 — x1), ie., L = Q(z1, 22,23, 24) =
Q(y/—v/A — 4b)/3). By Theorem 2.1, we have (3 € L. Since VVA € L too and [L : Q] = 6,
then L = Q(v/A, (3). Observe that (—v/A —4b)/3 > 0, for all ¢ € Q*. In fact —v/A —4b > 0
if and only if v/64b3 + 432¢2 > 4b, if and only if 432¢? > 0. Then L = Q(y/(—V/A — 4b)/3) is
a real extension, a contradiction with (3 € L. We can conclude [L : Q] = 12. O

Observe that with the same proof, we have the following statement too.

Corollary 4.3. Let £ be an elliptic curve with Weierstrass form y?> = x3 + bx + ¢, where b
and ¢ are nonzero rational numbers. If A € (Q*)3 and (—V/A—4b)/3 ¢ Q?, then [L : Q] = 4.

Proof. Let A = h3, with h € Q. Then (5) and (6) become

h —8b V3
7 t:: =.= —_ = 7—8 e — s
@ ==m-a \/ 3 “Th- 1o
h — &b V3
8 = /:: — = 8 .
(8) si=/7 =z — w3 \/ 5 P m—

Since /(—h — 4b)/3 ¢ Q, a priori we have [L : Q] € {2,4}. By repeating the same argument
of Lemma 4.2, we have Q(t) # Q(y/(—h — 4b)/3), otherwise Q(t) = Q(s) = L = Q(&.[3])
would be a real extension, contradicting (3 € Q(&;[3]). Then [L : Q] = 4. O

Remark 4.4. During the proofs of Lemma 4.2 and of Corollary 4.3 we have basically proved
that, if (—v/A —4b)/3 ¢ Q(v/A)?, then
2

—v/A — 4b
v, 7 ¢Q —VA- b

(this will be useful later).

With the following statement we are going to treat the case when A is not the cube of a
rational number and (—+v/A — 4b)/3 is a square in Q(/A).
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Lemma 4.5. Let £ be an elliptic curve with Weierstrass form y?> = x3 4 bx + ¢, where c is a

nonzero rational number. If A ¢ (Q*)? and (—v/A —4b)/3 € Q(vV/A)?, then & belongs to one
of the families

166 — 216a3b — 243ag
288a0 ’

(9) fb,ao:y2:$3+bx+

(10) Fer y¥*=2"+c,

with b,ag,c € Q*. We have Q(E[3]) = Q(xg,(:37y1) = Q(VA,G,y1). In particular, if €

belongs to Fpa, » then Q(E[3]) = Q(z2, (s, y1) = Q(/4aob/3 + a3, (3,v/2a0) and d € {6,12}.
If € belongs to the family F. then Q(E[3]) = Q(v/—4c, (3, +/c) and d € {6, 12} as well.

Proof. We have y/(—V/A — 4b)/3 € Q(¥/A) if and only if there exist ag, a1, as € Q, such that

YA —4b 3\ 2
(11) —a = (ao—l—al\a/Z—G—CQ v AQ)
Equation (11) is equivalent to the following system
2apas + a% = 0

3Aa% +6aga; +1 = 0
4b + 6Aaias + 30,(2) = 0
With a bit of computation we can see that there exists a solution of that system if and only if
16b* — 216a3b — 243ag
ag # 0 and ¢ = %o 9 o ap=b=0.
288aq

Note that, in both cases ¢ # 0, indeed one can easily see that 166> — 216a2b — 243ag # 0 for
every choice of rational ag # 0. Since ag varies in Q*, we may put out the minus sign in the
expression of ¢ above. Therefore, we get the families

16b? — 216a2b — 243ag
288a0
Fo: y?=2+¢, withceQ*
For every curve &, 4, in JFy 4., we have that one of the abscissas of the points of order 3 is
x1 = 3ap/2 and another one is

6 ¢/ (%aob + a3)? — 3ag ¢/ %agb +ad —4b — 3a?
61/ %aob + a}

Since z; € Q, then L = Q(x3) and [L : Q] < 3. We are assuming VA ¢ Q, thus [L: Q] = 3
and L = Q (,3/ %aob + a%) = Q(v/A). In fact, observe that for every curve in Fb.a9, We have

Foao y? =23+ br + ,  with ag € Q*

To =

22 23
A=— (4b+ SG?)’)' igzg 27ay) and <§aob + a%) : % € (Q*)3.
One of the ordinates of the points in &, 4, with abscissas z; is
_ 4b+ 274}
N ag
Therefore, by Theorem 2.2, Q(& \/4aob/3 + a3, G5, v2a0) = Q(VA, (3, v/2a0). If
ap = 2,—6 (mod (Q*)?), then Q Q(¥/4apb/3 + a3, (3) and d = 6, otherwise d = 12.

The Galois groups are isomorphic to Sg or Ss x 7 /27 respectively.
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For the family F. see Theorem 3.2 and Corollary 3.3. U

Remark 4.6. The previous Lemma includes some (but not all) of the cases with b = 0.
It misses the cases with b = 0 and A = —432¢2 € (Q*)3, i.e., the cases in which ¢ = 2
(mod (Q*)3). Ome readily checks that those are exactly the curves arising from the family
Fbao when b is allowed to be 0.

As a consequence of Lemma 4.2 and Lemma 4.5, we can restrict the set of generators of £[3]
showed in Theorem 2.2.

Corollary 4.7. Let £ be an elliptic curve with Weierstrass form &€ : y> = 2%+ bz + ¢, where b
and ¢ are rational numbers. Let Py = (x1,y1) and Py = (x2,y2) be generators of the 3-torsion

subgroup of £. Then Q(E[3]) = Q(x2 — z1,(3,y1)-

Proof. If ¢ = 0, the conclusion follows by Theorem 3.1. We now assume that ¢ € Q*. Then let
t:=xy—x asin (5). If A ¢ (Q*)3 and (—V/A—4b)/3 ¢ Q(v/A)?, then, by Lemma 4.2 (more
precisely, by its proof), L = Q(t) = Q(x3 — x1). If A ¢ (Q*)3 and (—V/A — 4b)/3 € Q(/A)?,
then, by Lemma 4.5, we have x1 € Q. Thus, in particular L = Q(x2 — z1) = Q(z2). If
VA = h, with h € Q, then recall equation (7), i.e.,

h—8b V3
(12) 952‘9“:\/ 5 UTh-m
By the expressions of 1 and 9 showed in Section 3, we get
V3
xr1+ X0 = \/ﬁ .
Therefore L = Q(x9,z1) = Q(z2 — 21,21 + x2) = Q(z2 — x1). Theorem 2.2 provides the
conclusion. 0

To complete the description of the cases considered until now, we have to investigate the
extension K /L.

Lemma 4.8. Let £ be an elliptic curve with Weierstrass form y*> = x3 4 bx + ¢, where b and
c are rational numbers and ¢ # 0. Assume that (VA —4b)/3 ¢ Q(V/A)?, then yy € Q(x1, x2)
if and only if yo € Q(x1,z2).

Proof. Let t be as in (5). By Corollary 4.7, we have L = Q(z1,22) = Q(z2 — x1) = Q(t). Let

_ —24cV/3V VA — 4b — VA2 + 4bV/A + 3267
a 12v/3V VA — 4b ’
(VA +4b)V3Y VA — 4b + 36¢
e 12v3V /A — 4b ’

A

v = 7(\3/5_81)) —8(:—\/§
3 /N

Then, by (3), we may write y; = \/A+ p,/y and y2 = /A — /7 and recall that t = /7.
Suppose that y; € Q(z1,22) = Q(z2—z1) = Q(\/7). Thus, A+ p,/7 is a square in Q(/7), i.e.,

A+ /7 = (a0 + boy/)?., for some ag, by € Q(y) = Q ( ‘@‘“) Therefore A+ f1y/7 =
ad + b3y + 2agbo,/7 and, since, by Remark 4.4, [Q(,/7) : Q(v)] = 2, that implies

A =aj + b3y and 1= 2apbg .
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Then y2 = A — /7 = a% + b%7 — 2a9bo\/y = (ag — boﬁ)Q. Since ag, by € Q(v), we have
y2 € Q(/7) = Q(z1,22). By interchanging y; and y» and proceeding in the same way, we
clearly obtain the other implication. O

Lemma 4.9. Let ¢ # 0. If (VA —4b)/3 ¢ Q(v/A)?, then [K : L] = 4.

Proof. Suppose [K : L] < 4, ie., [K : L] € {1,2}. If [K : L] = 1, then y;,y2 € L and,
in particular, we have y1yo € L. If [K : L] = 2, then we may assume K = L(y;). Since
[L(y1) : L] = 2, in particular we have yo = ag + a1y1, with ap, a1 € L. Let A, u,~vy be
as in the proof of the previous lemma. We have yoy; = /A% — p?y. On the other hand
1y2 = aoyr + arys. We get A2 — 2y = a%y% + a2yt + 2apa1y3. Since A2 — p?y € L and
ao, a1,y%,y; € L too, that equality implies aga; = 0. If a; = 0, then yo = a9 € L. By
Lemma 4.8 we have y; € L too, which contradicts our hypothesis on y; . Therefore ag = 0,
and y2 = a1y1. We get y1y2 = a1y} € L. As in the previous case y1y2 € L. Thus, by (1)
and (2), we have z3,24 € L too. By Lemma 4.2, then L = Q(z2 — x1) = Q(¢). By replacing
1 and x2 with x3 and z4 in the proof of Lemma 4.2 and Corollary 4.3, we may also prove
[Q(z4 — 23) : Q(VA)] = 4. Since Q(z4 — x3) € L, we get L = Q(z4 — 3) = Q(x2 — 1) But
then s = /7" € Q(,/7) and one can write \/7" = by + b1,/7 for some by, by € Q(v) (note that
b1 # 0 because of Remark 4.4). Therefore

7' = b3 + bl + 2bob1/y

which yields bob; = 0, so that by = 0. Hence we obtain 7' = b2y which is an equality in

. , -1
Qy)=0Q (\/ _\3/?_41’) Writing it in terms of the basis {1, (\/ _\3/?_4b> } over the field

Q(V/A) one gets

—1 -1
VA —8b —V/A —4b o | VA -8b —V/A —4b
—F— +38¢ _— =bj | —— —8¢c _— )
3 3 3 3
which is clearly impossible since it yields b2 = 1 and b? = —1. The contradiction shows that
[K: L] #1,2 hence [K : L] = 4. O

Corollary 4.10. One has
i. in the setting of Lemma 4.2, [Q(E[3]) : Q] = 48 and Gal(Q(E[3])/Q) ~ GLa(Z/3Z);
ii. in the setting of Corollary 4.3, [Q(E[3]) : Q] = 16 and Gal(Q(&[3])/Q) ~ SDg.

Proof. Part i is a direct consequence of Lemmas 4.2 and 4.9 and the fact that |GL2(Z/3Z)| =
48. Part ii follows from Corollary 4.3 and Lemma 4.9. The Galois group is a 2-Sylow subgroup
of GL2(Z/3Z), hence it is conjugated (and isomorphic) to SDg, the 2-Sylow appearing in
Theorem 3.1 (and computed in Appendix A). O

With the next (final) lemma, we will investigate the case when A is the cube of a rational
number and (—+v/A — 4b)/3 is a nonzero rational square.

Lemma 4.11. Let & be an elliptic curve with Weierstrass form y* = x3 +bx +c, where c is a
nonzero rational number. Suppose that A € (Q*)3 and that (—v/A —4b)/3 € (Q*)%. Then we
have Q(E;[3]) = Q((s, /) and [Q(E[3]) : Q] = 2,4 or 8 with Galois groups Z/27Z, (Z/2Z)* or
Dy respectively.

Proof. Let A = h® and (—h — 4b)/3 = (? with h,f € Q* (note that ¢ # 0 because of the
hypothesis ¢ # 0). From the explicit expressions of the x;’s it is easy to see that Q(&,[3]) =
Q(v/7,v4') (with our usual notations for v and +'). Moreover we know that (3 € Q(&,[3]),
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hence [Q(&;[3]) : Q] € {2,4}.

If [Q(&;[3]) : Q] = 2 then Q(&,[3]) = Q(¢3) and & belongs to the family

(13) Fop: yr=234+(=3m? +6Bm)z + 2a° + 12a5% — 6apm ,

with o, 3,m € Q, B # 0 and m? = a? + 352 (see [10]). In this case one has Q(£[3]) =
Q(¢3,4/—2(a+m)) and therefore
2 if —2(a+m)=1,-3 (mod (Q*)?)
[Q(€3]) : Q] = ,

4 otherwise

with Galois groups isomorphic to (Z/2Z), i = 1,2. We remark that in the already cited [10]
one finds that Q(&[3]) = Q(¢3) only for the curves of the following family

(14) ]:ﬁit : y2 =23+ bﬁﬁm + s h B, he Q,

with B B
ﬁ4 53 ,82 ﬁ h2 h4

b, =272 1182 —9f gt 3
Bh 7h4+ 8h2 92 +3 2 316
and 6 5 4 272 74
B B B Bh Bh 1
Cor =54 — 542 4452 15 g
Bih h6 ht 2h2 8 8 3246

Now we assume that [Q(€,[3]) : Q] = 4, so that Q(&,[3]) = Q(/7, V) = Q(/7,¢3). Noting

that v = —¢? — 4b — % one easily computes

1 4
y1=2\/—£3—8b€—16c+ <—£2+;> NaB

Thus
4 if — £ —8bl —16c+ (—2 + %) /7 € Q7,6 )?
[Q(£[3]) : Q] =
8 otherwise

and the Galois groups are (Z/2Z)? or Dy. The D, case comes from the fact that when
[Q(&[3]) : Q] = 8 one has Q(£[3]) = Q(¢3,y1) and the Galois group is generated by

moe by -8 — 16— (—2+ %) 7 TR
%) and
/=% s 3 V=3 = —V/=3

Remark 4.12. The case b = 0.
If b= 0, then Q(V/A) = Q(V2¢2) and

3
_‘/53_‘”) = 2V = (£Vac) € QVAY.
Then the curves £ : y?> = 23 + ¢ have the features of the cases treated in Lemma 4.5 and
Lemma 4.11 (a little shift in the notations has to be taken into account: when b = 0 the
Z1 = 0 of Theorem 3.2 is represented by the “general” x3). We have already observed that
A € (Q*)? if and only if ¢ = 2 (mod (Q*)?3), if this is not the case then we have the description
given in Lemma 4.5. Otherwise £ : y? = 2°42h>, with h € Q*. Then (—v/A —4b)/3 = 576h°
is a rational square and we are in the situation described by Lemma 4.11.

Remark 4.13. No elliptic curves with [Q(E]3]) : Q] = 24.
Since [K : L] € {1,2,4} and [L : Q] | 12 (see Section 3), we only have the following possibilities:
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i) [L:Q] =12 and [K : L] = 2,
it) [L: Q] =6 and [K : L] =4.

We have proved that [L : Q] = 12 only when A ¢ (Q*)% and (—v/A — 4b)/3 ¢ Q(v/A)?. By
Lemma 4.9, under those hypotheses we have [K : L] = 4 and [K : Q] = 48 (see Corollary
4.10). So @) is impossible. We have also proved that [L : Q] can be 6 only when £ belongs to
the families of Lemma 4.5. But then we have [K : L] € {1,2} and ) is impossible too.

We can now conclude with a brief summary on how the previous Lemmas provide the proof
of the various cases stated in Theorem 4.1 (for each case we point out an example as well).

Proof. (Theorem 4.1)

1. See Lemma 4.2, Lemma 4.9 and Corollary 4.10. An example of an elliptic curve with
the features of that case is y? = 23+ + 1, with b=c = 1.

2. See Corollary 4.3, Lemma 4.9 and Corollary 4.10. An example of an elliptic curve
with those properties is

3 1

L2
— -+ - .
3 9

In fact, we have A = (—8/3)3 and (VA — 4b)/3 = 4/3. In this case t = 2@ and

Q(EB) =@< V| —43\/—2¢§_3> |

3. See Lemma 4.5. An example of an elliptic curve with those properties and d = 6 is
the curve y? = 23 + x — 74/9, obtained by choosing b = 1 and ag = 2. In fact, we
have VA = /20/3 and y; = v/2ap = 2. An example of an elliptic curve with those
properties and d = 12 is the curve, y?> = 2% + x — 443/288, obtained by choosing
b =1 and ay = 1. In fact, we have VA = {’/m and y; = v2ap = V2. As already
remarked, other examples are the curves of the family y? = 23 + ¢, with ¢ # 2¢3, for
all £ € Q*. The curves y?> = 23 + 3 and y? = 23 + 1 belongs to that family and give,
respectively, d = 12 and d = 6.

4. See Lemma 4.11. For the cases d = 2,4 we can find examples among the curves with
b =0: just take y?> = 23 + 2 for d = 4 and y? = 23 + 16 for d = 2. For d = 8 consider
the curve y? = 23 — 32+ 1. One gets A = —6% = h3 and (—h — 4b)/3 = 4 = 2.
With ¢ = 2 one finds v = —2 (note that ¢ = —2 provides 7 = 6 = (—3)(—2)) and
y1 = v —2v/—2 which is easily seen not to be a square in Q(v/—2,(3).

5. As we have already remarked, this case is equivalent to the case when ¢ = 0. For the
proof see Lemma 3.1. The examples are the curves of the family y? = x3 + bx.

Y=z

O

5. REMARKS ON MODULAR CURVES

The results of the previous sections provide informations on rational points of classical modular
curves. There is a vast literature on modular curves so here we simply recall the basic
definitions and properties we are interested in; more details can be found, for example, in [6],
[7] and [14].

Let H = {2z € C : Imz > 0} be the complex upper half plane and consider the action of
SL2(Z) on H given by the Mébius trasformations

a b Z_az—i—b
c d ez +d
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The principal congruence group of level N is the set

F(N):{A:(Z Z)eSLQ(Z):A;G ?) (modN)}.

A congruence group in SLy(Z) is any subgroup containing I'(N) for some N (if N is minimal
then the congruence group is said to be of level N). For any congruence subgroup I' one
defines YT to be the quotient of H by the action of I', equipped with the analytic structure
induced by H. Then Yr is a Riemann surface and it can be compactified by adjoining a
finite set of (rational) points corresponding to the orbits of P!(Q) under I' (the cusps). This
compactification is the modular curve associated to I' and will be denoted by Xt .

The main examples of congruence groups (together with I'(IV) itself) are:

rl(N):{A:<i Z)eSLQ(Z):A=<é ’;) (modN)},

rO(N):{A:(‘C‘ Z)eSLQ(Z):Az<3 :) (modN)}.

Those are all of level NV and the corresponding modular curves will be denoted, respectively,
by X1(N) and Xo(N) (we write X(N) for the modular curve associated to I'(V)).

The modular curves X (N), X;(N) and Xo(N) parametrize families of elliptic curves with
some extra level N structure via their moduli interpretation. Namely

and

e non cuspidal points in X (N) correspond to triples (€, P, Q) where € is an elliptic curve
(defined over C) and P, @ are points of order N generating the whole group E[N];

e non cuspidal points in X7 (V) correspond to couples (€, P) where £ is an elliptic curve
(defined over C) and P is a point of order N;

e non cuspidal points in Xo(N) correspond to couples (£,Cy) where £ is an elliptic
curve (defined over C) and Cy is a cyclic subgroup of E[N] of order NV,

(all these correspondences have to be considered modulo the natural isomorphisms).
Let K be a number field, the points of a modular curve Xp which are rational over K will
be denoted by X1 (K). Obviously a point is in Xp(K) (i.e., is defined over K) if and only if
it is Gal(Q/K)-invariant (so that, in particular, with the representation provided above one
needs an elliptic curve £ defined over K). The Q-rational points of modular curves have been
studied quite extensively since the pioneering work of B. Mazur (see [8], [9], [13] and many
others): for example X((3)(Q) is known to be infinite but, in general, the sets Xo(N)(Q) and
X1(N) are finite (almost always equal to the set of rational cusps).
Now, with this basic definitions and the results of the previous sections, we look for non
cuspidal rational points in the modular curves X (3), X1(3) and Xo(3).

We shall study the cases listed in Theorem 4.1, providing the minimal degree for the fields
Ky (resp. K ) over which the elliptic curve £ defines a point in X¢(3) (resp. Xi(3)). We
recall the following easy result.

Lemma 5.1. Let £ be an elliptic curve defined over Q, let P = (zp,yp) be a point of order
8 and let < P > the subgroup generated by P. Then

a. the couple (£,< P >) defines a point in Xo(3)(K) <=
b. the couple (€, P) defines a point in X1(3)(K) <— K 2
c. [Ko:Q]<[K;:Q]<2[Ky:Q].

Proof. Everything is straightforward observing that, since —P = (zp,—yp) and yp is at

most quadratic over Q(zp), the set < P >= {O, P,—P} is Gal(Q/Q(xp))-invariant and
K1 = Ko(yp). O
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Now we proceed case by case.

Case 1: A is not the cube of a rational number, and (—+/A —4b)/3 is not a square in Q(V/A).

Then 4/ @ has degree 6 over Q and, by Remark 4.4, x; ¢ Q (\/ —i”/§—4b> for any i:

therefore these curves define points in Xo(3)(Kp) with [Ko : Q] = 12. Moreover, by Lemma
4.9, y1 (and y2 ) have degree 2 over Q(&;[3]); hence [K; : Q] = 24.

Case 2: A is the cube of a rational number, and (—+/A — 4b)/3 is not a rational square.
By Corollary 4.3 one has that [Ky : Q] = 4 and, as above, Lemma 4.9 shows that [K; : Q] = 8.

Case 3: A is not the cube of a rational number, and (—+/A — 4b)/3 is a square in Q(v/A).
The curves of the family
1662 — 216a3b — 243ag
288ay
(b,ap € Q*) have a point of order 3 with abscissa 3ag/2 (see Lemma 4.5), whose ordinate is

4b+27a3 _
N Therefore Ko = Q and

Fbao - y? =2+ b +

1 ifag=2 (mod (Q*)?)
[K1:Q] =
2 otherwise
The other family
Fo: yVP=a2>+c¢,
(c#0andc# 2 mod (Q*)?) behaves in a similar way. We always have a Q-rational subgroup
of order 3, namely {O, (0,+/¢), (0, —/c)} (see Theorem 3.2), so that Ky = Q. Finally

1 ife=1 (mod (Q*)?)
[K1:Q] =

2 otherwise

Case 4: A = h? and (—h — 4b)/3 = £2 for some h,{ € Q*.

As seen in Lemma 4.11, Q(&,([3]) has degree 2 or 4 and is generated by /7 and v/’ (which,

summed with a rational, are the abscissas of the 3-torsion points). Therefore one has a rational

abscissa if and only if Q(&,[3]) has degree 2, i.e., if and only if the curve belongs to the family
Fop: Y=+ (=3m?+6Bm)z + 2a° + 12a8% — 6apm ,

with a, B,m € Q, B # 0 and m? = o? + 332 In all other cases [Ky : Q] = 2.
With the notations of Lemma 4.11 one has that

[Ko: Q] if \/~5— 860 — 160+ (-2 + %) /7 € Qy/7)°

[K1: Q] =
2[Kp : Q] otherwise

Case 5: A = h3, with h € Q, and —h —4b =0, i.e., ¢ = 0.
In the proof of Theorem 3.1 we showed that [K(y : Q] = 4 and that g; does not belong to
Q(&2[3]): hence [K; : Q] = 8.

We summarize the results (and extend them to X (3)) in the following

Theorem 5.2. An elliptic curve £ defined over Q provides a non cuspidal rational point in
X0(3)(Q) if and only if
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e it belongs to the family
160 — 216a3b — 243ag
288ay

Al: =23+ bx+
(b,ap € Q" );
e or it belongs to the family
A2: *=22+¢;
e or it belongs to the family
A3: 2 =23+ (=3m? 4+ 6Bm)z + 22> + 12a% — 6afm
with o, B,m € Q, B # 0 and m? = o + 352,
An elliptic curve € defined over Q provides a non cuspidal rational point in X;1(3)(Q) if and
only if
e it belongs to the family A1l with ag = 2

e or it belongs to the family A2 with ¢ =
e or it belongs to the family A3 and

4
v, —03 — 8bl — 16¢ + (—52 + ;) V7 € (Q)?

mod (Q*)%);

( (
1 (mod (Q*)?%);

or
4
v =03 — 8bl — 16¢ + <—£2 + ;) VA e (Q)?.
An elliptic curve € defined over Q provides a non cuspidal rational point in X (3)(Q) if and
only if
e it belongs to the family A2 with c =1 (mod (Q*)?) and ¢ =2 (mod (Q*)3);
e it belongs to the family
Ad: :a:?’—f—bﬁﬁz—i—cﬁﬁ
described in (14) of Lemma 4.11.

Proof. The results for X((3) and X;(3) are in the above case by case analysis. Because of the
natural projections X (N) — X;(N) — Xo(IV) (coming from the inclusions T'(NV) C T'y(N) C
I'o(N)) we look for points in X (3)(Q) only among the curves with K; = Q, i.e., the ones
providing points in X1(3)(Q). Note that if one has a rational point P of order 3, then P
cannot be a part of a rational triple (€, Py, P») (with < Py, P, >= £[3]) because there is no
elliptic curve with Q(£[3]) = Q. Therefore we have to find non rational points P; and P,
which are permuted by the action of Gal(Q/Q).

By Lemma 4.5 no curve of the family A1 can provide such points.

For the curves y> = 2% 4+ ¢ with ¢ = 1 (mod (Q*)?) and ¢ = 2 (mod (Q*)3) one has
(€, (¢3/—4c,v/=3c), ((2/—4c, —/=3c)) € X(3)(Q).

For the the remaining case assume that v € (Q*)? so that, since Q(v/—=3) = Q(&,:[3]) =
Q(y7: V), one has v/ = —3 (mod (Q*)?). The points with non rational abscissas are
z3 = 3(0 — /') and 24 = 1(¢ + /') and are permuted by Gal(Q/Q). The correspond-
ing ordinates are (we only consider the positive ones since the sign is not important here)

Y3 = \/€3+3€’y’+b€+c— (324~ + D)/, ys = \/£3+3w+b£+c+(3£2+7’+b)ﬁ
and they are permuted by Gal(Q/Q) only if
B30y 400+ c— (3 + 4 + b)Y € QWA)? .

Note that this final case gives Q(£[3]) = Q(v%') = Q((3), so these curves are exactly the
ones of the family A4. We remark that the curves y? = 2% + ¢, with ¢ = 1 (mod (Q*)?) and
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c =2 (mod (Q*)3), are included in the family A4, we kept the cases separated (and omitted
the usual “or” in the statement) to maintain some simmetry with the previous cases and to
provide an easy example. O

Remark 5.3. As is well known the presence of a rational subgroup C5 of order 3 in £[3] is
equivalent to the existence of a rational isogeny ¢ : &€ — £’ whose kernel is exactly C3. This
isogeny can be useful to approach various questions. For example in descent procedures to
compute 3-Selmer groups and the 3-part of the Tate-Shafarevich group (some computations
of this kind for the curves y? = 2 + ¢ are provided in [2] and [3]). Another example is the
local global problem: in [5] the authors prove that if there is no K-rational 3-isogeny for &,
then the local global divisibility problem (for p=3) has an affirmative answer (see the lines
immediately below the statement of [5, Theorem 1]). Therefore the local global divisibility
holds for p=3 over Q for all the curves not included in the families A1, A2 and A3 of Theorem
5.2 and, looking at the fields Ky described above, one can find many more examples of this
phenomenon. The same conclusions and many generalizations arise also from [11] and [12];
in particular, [12, Theorem 10] assures that the local global divisibility holds for p=3 over Q
for all the curves not included in the family A4.

APPENDIX A. GALOIS GROUP FOR ¢ =0

We maintain the notations of Section 3, in particular of Theorem 3.1. Recall that Q(£[3]) =
Q(y1,¢3), so we are basically looking for the Galois group of the splitting field of the minimal
polynomial of 7; which is X® + %X‘l — %.

From the generators given in Theorem 3.1 it is easy to compute the elements of the group

Gal(Q(&:[3])/Q): one has

1T +— I3
1 =1d ®5
V=3 — -3
./T\l — fl /3}\1 — @\3
P2 Y6
V=3 = —/=3 V=3 = —/=3
./fl — ./7}\2 = —/.fl i‘\l — /.%\4 = —53‘\3
¥3 (2
V=3 = -3 V=3 = -3
53\1 — 3?\2 = —fl fl — —3?\3
¥4 ¥8

V3 = —V3 V3 = —V3

(the ¢ and 9 of Theorem 3.1 correspond to ¢g and ¢2 respectively) with papepe = s = @3 .
Using the equations

~ b POTR 4b ) 3v/—-3
=—Vv-3 ; z%—x%z— 7\f

13 3 ) 3 ) 1 3
one computes
(15) 01(T3) = p4(T3) =23 5 p2(T3) = P2(T3) = T4 = —73 ;
(16) 05(73) = ws(@3) =21 5 we(T3) = @7(T3) = T2 = =71 ,

and

(A7) @1(i) = p3(1) = we(i) = @s(i) =i 5 p2(i) = pa(i) = @5(i) = p7(i) = —i .
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We write down the elements of Gal(Q(&[3])/Q) according to their restriction to Q(&;[3])/Q),
i.e., providing 2 = [Q(&[3]) : Q(&,[3])] extensions to any of the previous ¢;’s. Here they are

Y1 o~ U3
p1,1 = id ©5,1
V=3 = -3
®1 o= U ©5
¥1,2 y1 = —Y3
vV—=3 — -3 ©5,2
V=3 = -3
B ( Bio— U3
¥2,1 ©6,1
V=3 — —v-3 V=3 — —v-3
©2 ©6
N = -0 1 = —Y3
©2,2 ©6,2
V=3 — —/-3 V=3 — —v-3
o= Y2 =i ( Vi Ya=1Y3
¥3,1 P71
V=3 = V-3 V=3 = -3
©3 w7
yr =~y = —iyl Y1~ —Ys= —iy3
©3,2 7,2
V=3 = -3 L V=3 = =3
o= Y2 =i Y1 = Ya=1Y3
P41 ©8,1
V=3 — —/-3 vV=3 — —v-3
P4 ¥8
Y1 Y2 = - Y1 = —Ys = —iy3
P4,2 ©8,2
L V=3 — —/-3 L V=3 — —v-3

(note that o;(Z1) = Ty yields ¢;(73) = y7 which gives the two extensions p; (1) = £,
h =1,2). Since the image of y3 depends on the image of T3, from equations (15) and (16),
one gets

©1(Y3) = Y3 5 pan(Y3) = T3 5 Y3n(Y3) = T3 5 Pan(¥s) = Vs ;

5.n(Y3) = Y1 5 en(Ys) = i1 ; or(Y3) = FiY1 5 wsn(¥s) = £y -
With these informations it is easy to check the orders of some elements:

o(p1,1) =15 o(p12) = o(p2,1) = 0(p22) =2 ; o(ps1) = o(ps2) =4 .

Moreover the elements g1 has order 8 and it generates the subgroup

< Y1 >= {<P1,1 y©6,15P3,15,98,15,P1,2,$6,2,¥P32,¥82 }

where o(ps2) = 0(pg 1) = o(ps2) = 8 (the ambiguity on the sign of ¢ 1(y3) does not alter
these results). Looking at the non abelian groups of order 16, there are only two of them with
this type of elements: Dg (dihedral) and SDg (semidihedral). To choose between them one
has to compute the orders of 5, and @7 (h = 1,2) but here the ambiguity on the sign of
5 1 (y3) and @7, (y3) allows them to have order 2 or 4: if they are all of order 2 we have Dg
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otherwise they are all of order 4 and we get SDsg.

Assume, for example, that o(¢7,1) = 2: this comes from the choice ¢71(y3) = iy1. Then
(recalling also equations (17))

071 (U1 +1Y3) = 1Yz + Y1 -

PO [ 2b — —
Y1 +1y3 = —g 3 (\/ $1+\/$3) .
N 20, . [2b
= —gxlx/g and 73 = gacg\/g ,
one computes

p11(VZ1 +VT3) = r1(T)era ( —ﬁ) + p7,1(Y3)¢71 ( 2,)%)

Moreover

Using the equations

w

7.1 (H1)p7.1(1) + 07.1(43)]
[1Y3(—i) + i71]

(V)
(Vas)
— ( Wg) (=) (i3 — §1)]
(vzr)
(

But this yields

W3 = = era(VT1+ VT3)era (W)

=71 <(\/3?>1+ @)W) ;

= p7.1(U1 +1Y3) = Y3 + Y1
which provides a contradiction.
Therefore @71 has order 4 and Gal(Q(£[3])/Q) ~ SDs.
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