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Abstract. Let E be an elliptic curve, m a positive number and E [m] the m-torsion subgroup
of E . Let P1 = (x1, y1), P2 = (x2, y2) form a basis of E [m]. We prove that Q(E [m]) =
Q(x1 , x2 , ζm , y1) in general. For the case m = 3 we provide a description of all the possible
extensions Q(E [3]) in terms of generators, degree and Galois groups.
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1. Introduction

Let E be an elliptic curve with Weierstrass form y2 = x3 + bx+ c, where b and c are rational
numbers. Let m be a positive integer. We denote by E [m] the m-torsion subgroup of E ,
by Q(E [m]) the number field generated by the coordinates of the m-torsion points of E and
by Q(Ex[m]) the field generated by the abscissas of the m-torsion points of E . Let P1 and
P2 be two of the m-torsion points of E , forming a basis of E [m]. It is well-known that
Q(E [m]) = Q(x1, x2, y1, y2). As usual, we denote by µm the group of m-th roots of unity
and by ζm one of its generators. By the Weil Pairing, we have Q(ζm) ⊆ Q(E [m]), for all m
(see for example [15, III, 8.1.1]). In the first part of this paper we prove ζm ∈ Q(Ex[m]) and
Q(E [m]) = Q(x1, x2, ζm, y1). Working on local-global divisibility problems for E (building on
ideas and results provided in [4] and [5]) the second named author was naturally led to face the
problem of describing the extension Q(E [m]) for m = 3 (to construct explicit counterexamples
to local-global divisibility by 3). In [10] there is a description of the family of elliptic curves E
such that Q(E [3]) = Q(ζ3). We now give a complete description of the extensions Q(E [3]), for
all possible b, c ∈ Q. Using the explicit expression of the generators x1 , x2 , y1 and y2 we get
a further reduction step by showing that one has Q(E [3]) = Q(x2 − x1 , ζ3 , y1 ) (see Corollary
4.7). After that, in the final main theorem (Theorem 4.1), we provide a few details on all the
possible extensions Q(E [3])/Q: namely we give the generators, the degrees [Q(E [3]) : Q] and
the Galois groups Gal(Q(E [3])/Q). We recall that another nice and detailed description of
the field Q(E [3]) (and of Q(E [m]) in general) in terms of the behaviour of the primes in the
extension Q(E [3])/Q for the case Gal(Q(E [3])/Q) ≃ GL2(Z/3Z) can be found in [1] (see in
particular Proposition 5.4.6 for the case m = 3).
In the final section we provide some remarks for the interpretation of our results in terms of
rational points on the modular curves X(3), X1(3) and X0(3).
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2. Generators for Q(E [m])

Let m be a positive integer and let P1 = (x1, y1), P2 = (x2, y2) form a basis of E [m]. We have
Q(E [m]) = Q(x1, x2, y1, y2). From now on, we will denote by L the field Q(x1, x2) and by K
the field Q(E [m]). Let (x3, y3) be the coordinates of the point P3 := P1 + P2 and let (x4, y4)
be the coordinates of the point P4 := P1 − P2. As usual, we denote by em the Weil Pairing

em : E [m]× E [m] −→ µm .

We first prove ζm ∈ Q(Ex[m]), for every positive integer m.

Theorem 2.1. Let E be an elliptic curve with Weierstrass form E : y2 = x3 + bx+ c, where
b and c are rational numbers. Let Q(Ex[m]) be the number field generated by the abscissas of
the m-torsion points of E. Then Q(ζm) ⊆ Q(x1, . . . , x4) ⊆ Q(Ex[m]).

Proof. There exist S, T ∈ E [m] such that em(S, T ) = ζm (see [15, III, Corollary 8.1.1]). Let

L := Q(x1, x2) and let K := L(y1, y2) = Q(E [m]). Clearly, the degree d̃ := [K : L] divides 4.

If d̃ = 1, we have the conclusion (this includes the case m = 2, where y1 = y2 = 0). If d̃ = 2,
we may suppose K = Q(x1, x2, y1) (hence, from now on, y1 ̸= 0). Using the group law of an
elliptic curve, we may express x3 and x4 in terms of x1, x2, y1 and y2 in the following way:

(1) x3 =
(y1 − y2)

2

(x1 − x2)2
− x1 − x2

(2) x4 =
(y1 + y2)

2

(x1 − x2)2
− x1 − x2

Thus x4 − x3 = 4y1y2/(x1 − x2)
2 and y1y2 = (x4 − x3)(x1 − x2)

2/4. Then y2 = α1 + α2y1,
with α1, α2 ∈ Q(x1, x2). Hence y1y2 = α1y1 + α2y

2
1 = α1y1 + β1, with α1, β1 ∈ Q(x1, x2).

Therefore α1y1 + β1 = (x4 − x3)(x1 − x2)
2/4. So, if α1 ̸= 0, we have y1 ∈ Q(x1, x2, x3, x4)

and, by (1) and (2), y2 ∈ Q(x1, x2, x3, x4) as well. If α1 = 0, then y2 = α2y1; so a generator
τ of Gal(K/L) sends yi to −yi for i = 1, 2 and, in particular, P τ

i = −Pi for i = 1, 2. Put
S = γ1P1 + γ2P2 and T = δ1P1 + δ2P2 with γ1, γ2, δ1, δ2 ∈ {0, 1, 2, ...,m− 1}. Then

Sτ = (γ1P1 + γ2P2)
τ = γ1P

τ
1 + γ2P

τ
2 = −γ1P1 − γ2P2 = −S

and similarly, T τ = −T . The Weil pairing is Galois invariant (see [15, III, Proposition 8.1]),
so we have

ζτm = em(S, T )τ = em(Sτ , T τ ) = em(−S,−T ) = em(S, T ) = ζm ,

i.e., ζm ∈ L.
In both cases we can conclude ζm ∈ Q(x1, x2, x3, x4) ⊆ Q(Ex[m]).

Finally, let d̃ = 4. In this case, we clearly have Gal(K/L) ≃ Z/2Z× Z/2Z. Then there exists
a τ ∈ Gal(K/L) such that τ(yi) = −yi for i = 1, 2. As in the previous case, this leads to
ζτm = ζm. Therefore ζm ∈ Kτ (the subfield of K fixed by τ). Moreover y1y2 ∈ Kτ as well and,
since [Kτ : L] = |Gal(K/L)/ < τ >|= 2, one has Kτ = Q(x1, x2, y1y2). From (1) and (2),
we deduce Q(x1, x2, y1y2) = Q(x1, x2, x3, x4). Then, we have proved ζm ∈ Q(x1, x2, x3, x4) ⊆
Q(Ex[m]). �
Obviously, we have Q(x1, x2, y1, y2) = Q(x1, x2, y1y2, y1). By (1) and (2) it is clear that
Q(E [m]) can be obtained by adding to Q(Ex[m]) the ordinate of one of the m-torsion points of
E . With the next theorem we will prove that Q(E [m]) can be obtained by adding to Q(x1, x2)
an m-th root of unity and the ordinate of one of the m-torsion points of E with abscissas x1
or x2.

Theorem 2.2. With E as above, let P1 = (x1, y1) and P2 = (x2, y2) be generators of the
m-torsion subgroup of E. Then Q(E [m]) = Q(x1, x2, ζm, y1).
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Proof. As above, we denote by L the number field Q(x1, x2) and by K the number field
Q(E [m]). By Theorem 2.1, we know that ζm ∈ Q(x1, x2, x3, x4) = Q(x1, x2, y1y2) = L(y1y2).
If y1y2 ∈ L, we clearly have that ζm ∈ L too and, in particular, L(ζm) = L(y1y2). Now,
suppose y1y2 /∈ L. Therefore [L(y1y2) : L] = 2 and there exists τ ∈ Gal(K/L) such that
(y1y2)

τ = −y1y2. Without loss of generality, we may suppose yτ1 = −y1 and yτ2 = y2 so
that P τ

1 = −P1 and P τ
2 = P2 . As in the proof of Theorem 2.1, let S = γ1P1 + γ2P2 and

T = δ1P1+δ2P2 be two m-torsion points of E , such that em(S, T ) = ζm. An easy computation
with the Weil pairing shows that

ζm = em(S, T ) = em(P1, P2)
γ1δ2−γ2δ1 ,

and that
ζτm = em(S, T )τ = em(P1, P2)

−γ1δ2+γ2δ1 = ζ−1
m .

We have proved that if y1y2 /∈ L, then ζm /∈ L. Hence

L ( L(ζm) ⊆ L(y1y2) ,

and, since [L(y1y2) : L] = 2, we can conclude L(ζm) = L(y1y2) in this case as well. Therefore
K = Q(x1, x2, y1y2, y1) = Q(x1, x2, ζm, y1), for every positive integer m. �
In particular, for m = 3, we have K = Q(x1, x2, ζ3, y1). In Section 4, we will prove K =
Q(x2 − x1, ζ3, y1).

3. Generators for Q(E [3]) and the case bc = 0

It is well known that the abscissas of the 3-torsion points of an elliptic curve are the roots of
the polynomial

φ3 = x4 + 2bx2 + 4cx− b2

3
(see for example [16]). If c ̸= 0 then the roots x1, x2, x3 and x4 of φ3 are

x1 = −1

2

√
− 3
√
432c2 + 64b3 − 8b

3
− 8c

√
3√

3
√
432c2 + 64b3 − 4b

+

√
3
√
432c2 + 64b3 − 4b

2
√
3

,

x2 =
1

2

√
− 3
√
432c2 + 64b3 − 8b

3
− 8c

√
3√

3
√
432c2 + 64b3 − 4b

+

√
3
√
432c2 + 64b3 − 4b

2
√
3

,

x3 = −1

2

√
− 3
√
432c2 + 64b3 − 8b

3
+

8c
√
3√

3
√
432c2 + 64b3 − 4b

+

√
3
√
432c2 + 64b3 − 4b

2
√
3

,

x4 =
1

2

√
− 3
√
432c2 + 64b3 − 8b

3
+

8c
√
3√

3
√
432c2 + 64b3 − 4b

+

√
3
√
432c2 + 64b3 − 4b

2
√
3

.

Note that the condition c ̸= 0 is equivalent to the condition 3
√
432c2 + 64b3−4b ̸= 0. Further-

more, observe that −(432c2 + 64b3) is the discriminant of the elliptic curve y2 = x3 + bx+ c.
As usual, we denote that discriminant by ∆. Therefore, we have

x1 = −1

2

√
( 3
√
∆− 8b)

3
− 8c

√
3√

− 3
√
∆− 4b

+

√
− 3
√
∆− 4b

2
√
3

,

x2 =
1

2

√
( 3
√
∆− 8b)

3
− 8c

√
3√

− 3
√
∆− 4b

+

√
− 3
√
∆− 4b

2
√
3

,

x3 = −1

2

√
( 3
√
∆− 8b)

3
+

8c
√
3√

− 3
√
∆− 4b

+

√
− 3
√
∆− 4b

2
√
3

,
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x4 =
1

2

√
( 3
√
∆− 8b)

3
+

8c
√
3√

− 3
√
∆− 4b

+

√
− 3
√
∆− 4b

2
√
3

with − 3
√
∆ − 4b ̸= 0. Let yi be the ordinate of one of the two points of E with abscissas xi

(i = 1, . . . , 4). We may assume yi =
√
x3i + bxi + c. We also show the expressions of y1 and

y2 in terms of b and c:

(3) y1 =

√√√√√√√ ((
3√
∆ + 4b)

√
3
√

− 3√
∆ − 4b + 36c)

√
(
3√
∆−8b)

√
− 3√

∆−4b−24c
√

3

3

√
− 3√

∆−4b

− 24c
√
3
√

− 3√
∆ − 4b − 3√

∆2 + 4b
3√
∆ + 32b2

12
√
3
√

− 3√
∆ − 4b

,

(4) y2 =

√√√√√√√−((
3√
∆ + 4b)

√
3
√

− 3√
∆ − 4b + 36c)

√
(
3√
∆−8b)

√
− 3√

∆−4b−24c
√

3

3

√
− 3√

∆−4b
− 24c

√
3
√

− 3√
∆ − 4b − 3√

∆2 + 4b
3√
∆ + 32b2

12
√
3
√

− 3√
∆ − 4b

.

Let Pi = (xi, yi), since the 3-torsion subgroup of an elliptic curve is isomorphic to (Z/3Z)2 and
2Pi = −Pi = (xi,−yi), the points P1 = (x1, y1) and P2 = (x2, y2) generate E [3]. Therefore,
we have Q(E [3]) = Q(x1, x2, y1, y2).

Now we focus on Q(E [3]) for the two (easy) cases c = 0 and b = 0, postponing the general
case bc ̸= 0 to the next section. For c = 0 we can easily provide a full description of Q(E [3])
via the following

Theorem 3.1. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx, where b ∈ Q∗ .
Then

Q(Ex[3]) = Q

√−2b
√
3− 3b

3
, ζ3

 with [Q(Ex[3]) : Q] = 8 ,

Q(E [3]) =


Q
(
ζ3 ,

√
−2b

√
−2b

√
3−3b

3

)
if b < 0

Q
(
ζ3 ,

√
2b
√

2b
√
3−3b

3

)
if b > 0

with [Q(E [3]) : Q] = 16.
Moreover Gal(Q(Ex[3])/Q) ≃ D4 (the dihedral group of order 8) and Gal(Q(E [3])/Q) ≃ SD8

(the semidihedral group of order 16).

Proof. The abscissas of the 3-torsion points of E are the roots of the polynomial

φ̂3 := x4 + 2bx2 − b2

3
.

We have

x̂1 :=

√
−2b

√
3− 3b

3
, x̂2 := −

√
−2b

√
3− 3b

3
, x̂3 :=

√
2b
√
3− 3b

3
, x̂4 := −

√
2b
√
3− 3b

3
.

Clearly Q(x̂1, x̂2, x̂3, x̂4) = Q(x̂1, x̂3) = Q(x̂1, ζ3) = Q(x̂3, ζ3) (since x̂1x̂3 =
b
√
−3
3 ).

It is easy to verify that neither −2b
√
3−3b
3 nor 2b

√
3−3b
3 is a square in Q(

√
3), for all b ∈ Q∗.

Thus [Q(x̂1 ) : Q] = [Q(x̂3 ) : Q] = 4. Moreover if b < 0 (resp. b > 0), then −2b
√
3−3b
3 > 0 and

Q(x̂1 ) ⊂ R (resp. 2b
√
3−3b
3 > 0 and Q(x̂3 ) ⊂ R). Hence, in any case, [Q(Ex[3]) : Q] = 8. It is
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easy to check that the Galois group is isomorphic to D4, generated by φ and ψ, where

φ


x̂1 7→ x̂3

√
−3 7→ −

√
−3

and ψ


x̂1 7→ x̂1

√
−3 7→ −

√
−3

.

Obviously the field Q(E [3]) can be obtained by adding to Q(Ex[3]) one of the ordinates of the
3-torsion points of E , i.e., Q(E [3]) = Q(x̂i, ζ3, ŷi) (i = 1, . . . , 4). If b < 0, then consider

ŷ1 :=
√
x̂31 + bx̂1 =

√
−2b

√
−2b

√
3− 3b

3
.

Obviously
√
3 ∈ Q(ŷ1) and then x̂1 = −

√
3

2b ŷ
2
1 ∈ Q(ŷ1) too, so Q(E [3]) = Q(ŷ1, ζ3 ). To

compute the degree, one notices that ŷ1 ∈ R (so that [Q(ŷ1, ζ3 ) : Q(ŷ1)] = 2) and that

ŷ1 =
4

√
−8b3

√
3− 12b3

9

where −8b3
√
3−12b3

9 is not a square in Q(
√
3) (so that [Q(ŷ1) : Q(

√
3)] = 4).

If b > 0, one uses the same arguments but with ŷ3 . In any case we find [Q(E [3]) : Q] = 16.
The Galois group is a 2-Sylow subgroup of GL2(Z/3Z), hence isomorphic to SD8 , generated
by the elements

φ1


ŷ1 7→ ŷ3

√
−3 7→ −

√
−3

and ψ1


ŷ1 7→ ŷ1

√
−3 7→ −

√
−3

of orders 8 and 2 respectively. Writing down the elements as extensions of the elements of
Gal(Q(Ex[3])/Q) and looking at their orders (in particular at the elements of order 2) one can
also find a direct and explicit proof of Gal(Q(E [3])/Q) ≃ SD8 (see Appendix A for details). �

For completeness we include here the (even easier) case b = 0 as well, but we remark that
it is also included in the general case c ̸= 0 which will be discussed in detail later on (we will
point out where it can be found in the various Lemmas of Section 4).

Theorem 3.2. Let E be an elliptic curve with Weierstrass form y2 = x3 + c, where c ∈ Q∗ .
Then Q(Ex[3]) = Q( 3

√
−4c, ζ3) and Q(E [3]) = Q( 3

√
−4c, ζ3,

√
c).

Proof. If b = 0, then the abscissas of the points of order 3 of E are the roots of the polynomial

φ̃3 := x4 + 4cx .

Clearly, these roots are

x̃1 = 0, x̃2 =
3
√
−4c, x̃3 = ζ3

3
√
−4c , x̃4 = ζ23

3
√
−4c .

Therefore ỹ1 =
√
c and ỹ2 =

√
−3c. We have Q(Ex[3]) = Q( 3

√
−4c, ζ3) and Q(E [3]) =

Q( 3
√
−4c, ζ3,

√
c). �

Clearly, by Theorem 3.2, if b = 0, then there are four possibilities for d = [Q(E [3]) : Q]. We
list them in the following corollary.

Corollary 3.3. One has:

[Q(Ex[3]) : Q] =

 6 if c ̸≡ 2 (mod (Q∗)3) and Gal(Q(Ex[3])/Q) ≃ S3

2 if c ≡ 2 (mod (Q∗)3) and Gal(Q(Ex[3])/Q) ≃ Z/2Z
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and

[Q(E [3]) : Q] =



12 if c ̸≡ 2 (mod (Q∗)3), c ̸≡ 1,−3 (mod (Q∗)2)

6 if c ̸≡ 2 (mod (Q∗)3), c ≡ 1,−3 (mod (Q∗)2)

4 if c ≡ 2 (mod (Q∗)3), c ̸≡ 1,−3 (mod (Q∗)2)

2 if c ≡ 2 (mod (Q∗)3), c ≡ 1,−3 (mod (Q∗)2)

.

The above cases correspond (respectively) to the following Galois groups:

Gal(Q(E [3])/Q) ≃



S3 × Z/2Z

S3

Z/2Z× Z/2Z

Z/2Z

.

Proof. By Lemma 3.2, we have K = Q( 3
√
−4c, ζ3,

√
c). So it is just a matter of checking

whether the arguments under the roots are cubes or squares or generate the same extension
of ζ3 or not. Note also that ∆ = −16 ·27c2 and 3

√
∆ = 6 3

√
−2c2. Hence ∆ ≡ −4c (mod (Q∗)3)

so the conditions on −4c being or not being a cube can also be expressed in terms of ∆ (we are
going to find similar conditions in the general case). The computations of the Galois groups
are straightforward. �

We end this section with an easy bound for [Q(E [3]) : Q].
Since x1 and x2 are roots of a polynomial of degree 4, one has that x2 has degree at most 3
over Q(x1) so [Q(x1, x2) : Q] 6 12. Each of the ordinates y1 and y2 is a root of a polynomial
of degree 2 over Q(x1, x2). Therefore [Q(E [3]) : Q(x1, x2)] ≤ 4 and finally

d = [Q(E [3]) : Q] = [Q(E [3]) : Q(x1, x2)] · [Q(x1, x2) : Q] ≤ 48 .

Therefore, we have the following result

Proposition 3.4. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx + c, where
b and c are rational numbers. Then [Q(E [3]) : Q] ≤ 48.

Remark 3.5. Such a rough bound can be computed in the same way for Q(E [n]) using the
division polynomials (see [15, Exercise 3.7]). If N is the degree of the polynomial having the
abscissas of the points of order n as roots, one easily finds [Q(E [n]) : Q] 6 4N(N−1). Another
simple bound is provided by the well known embedding Gal(Q(E [n])/Q) ↪→ GL2(Z/nZ) (which
is a finite group). For p prime this yields [Q(E [p]) : Q] ≤ (p2 − 1)(p2 − p) (which, for p = 3,
gives again 48). Serre’s celebrated “open image theorem” (see, for example, [15, Appendix C,
Theorem 19.1]) tells us to expect equality for almost all primes p for elliptic curves without
complex multiplication.

By the Weil Pairing Q(ζ3) ⊆ Q(E [3]). Then d is an even number that divides 48, i.e., d ∈ Ω :=
{2, 4, 6, 8, 12, 16, 24, 48}. In Section 4, we will show that the set Ω is not minimal, because
there exist no elliptic curves E such that [Q(E [3]) : Q] = 24. On the contrary, we will show
that for all d ∈ Ω \ {24}, there exists an elliptic curve E such that [Q(E [3]) : Q] = d, i.e., the

set Ω̃ := Ω \ {24} is minimal.
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4. Number fields Q(E [3])

In this section we shall list all the possibilities for Q(E [3]) and d, thus proving, in particular,

that the set Ω̃ is minimal. We will need several lemmas, which eventually will lead to the
proof of the following

Theorem 4.1. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx + c, where

b and c are rational numbers. Let d := [Q(E [3]) : Q]. Then d ∈ Ω̃ = {2, 4, 6, 8, 12, 16, 48}
and the set Ω̃ is minimal. Let P1 = (x1, y1), P2 = (x2, y2) form a basis of E [3]. Then
Q(E [3]) = Q(x2 − x1, ζ3, y1) and, in particular, we have the following cases:

1. if ∆ is not the cube of a rational number, and (− 3
√
∆−4b)/3 is not a square in Q( 3

√
∆),

then d = 48;
2. if ∆ is the cube of a rational number, and (− 3

√
∆−4b)/3 is not a rational square, then

d = 16;
3. if ∆ is not the cube of a rational number, and (− 3

√
∆− 4b)/3 is a square in Q( 3

√
∆),

then E belongs to one of the families

Fb,a0 : y2 = x3 + bx+
16b2 − 216a20b− 243a40

288a0
,

Fc : y2 = x3 + c ,

with b, a0 ∈ Q∗ and c ̸= 0, c ̸≡ 2 (mod (Q∗)3) . We have Q(E [3]) = Q(x2, ζ3, y1) =

Q( 3
√
∆, ζ3, y1). In particular, if E belongs to Fb,a0 , then Q(E [3]) = Q(x2, ζ3, y1) =

Q( 3
√
4a0b/3 + a20, ζ3,

√
2a0) and d ∈ {6, 12}. If E belongs to the family Fc then

Q(E [3]) = Q( 3
√
−4c, ζ3,

√
c) and d ∈ {6, 12} as well.

4. if ∆ = h3 and (−h− 4b)/3 = ℓ2 for some h, ℓ ∈ Q∗, then

Q(E [3]) = Q

(√
−ℓ2 − 4b− 8c

ℓ
, ζ3 ,

√
−ℓ3 − 8bℓ− 16c+

(
−ℓ2 + 4c

ℓ

)
√
γ

)
and we have d ∈ {2, 4, 8}.

5. if ∆ = h3, with h ∈ Q, and −h − 4b = 0, then c = 0, Q(E [3]) = Q(yi , ζ3) for some i
and d = 16.

For many choices of nonzero rational b and c, we have that ∆ is not the cube of a rational
number and that (− 3

√
∆ − 4b)/3 is not a square in Q( 3

√
∆). We are going to prove that in

this case [L : Q] = 12.

Lemma 4.2. Let E be an elliptic curve with Weierstrass form y2 = x3+ bx+c, where b and c
are nonzero rational numbers. If ∆ /∈ (Q∗)3 and (− 3

√
∆−4b)/3 /∈ Q( 3

√
∆)2, then [L : Q] = 12.

Proof. By hypotheses, we have [Q(
√

(− 3
√
∆− 4b)/3) : Q] = 6. Therefore 6|[L : Q]. In Section

3 we showed [L : Q] ≤ 12, then [L : Q] ∈ {6, 12}. Observe that under the hypothesis c ̸= 0,
we have

(5) t := x2 − x1 =

√
3
√
∆− 8b

3
− 8c

√
3√

− 3
√
∆− 4b

,

(6) s := x4 − x3 =

√
3
√
∆− 8b

3
+ 8c

√
3√

− 3
√
∆− 4b

.
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Furthermore x1 + x2 = x3 + x4 =
√

(− 3
√
∆− 4b)/3. Let t :=

√
γ and s :=

√
γ′. Assume

[L : Q] = 6. Then L = Q
(√

(− 3
√
∆− 4b)/3

)
= Q(x1 + x2) = Q(x3 + x4) and γ is a square

in L. Therefore, there exist a0, b0 ∈ Q( 3
√
∆) such that

γ =

a0 + b0

√
− 3
√
∆− 4b

3

2

.

We get 
3√∆−8b

3 = a20 + b20

(
− 3√∆−4b

3

)
−8c

(
3

− 3√∆−4b

)
= 2a0b0

which yields

γ′ =

a0 − b0

√
− 3
√
∆− 4b

3

2

.

Therefore Q(x4 − x3) = Q(x3 + x4) = Q(x1 + x2) = Q(x2 − x1), i.e., L = Q(x1, x2, x3, x4) =

Q(
√

− 3
√
∆− 4b)/3). By Theorem 2.1, we have ζ3 ∈ L. Since 3

√
∆ ∈ L too and [L : Q] = 6,

then L = Q( 3
√
∆, ζ3). Observe that (− 3

√
∆− 4b)/3 > 0, for all c ∈ Q∗ . In fact − 3

√
∆− 4b > 0

if and only if 3
√
64b3 + 432c2 > 4b, if and only if 432c2 > 0. Then L = Q(

√
(− 3

√
∆− 4b)/3) is

a real extension, a contradiction with ζ3 ∈ L. We can conclude [L : Q] = 12. �

Observe that with the same proof, we have the following statement too.

Corollary 4.3. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx + c, where b
and c are nonzero rational numbers. If ∆ ∈ (Q∗)3 and (− 3

√
∆− 4b)/3 /∈ Q2 , then [L : Q] = 4.

Proof. Let ∆ = h3, with h ∈ Q. Then (5) and (6) become

(7) t :=
√
γ =:= x2 − x1 =

√
h− 8b

3
− 8c

√
3√

−h− 4b
,

(8) s :=
√
γ′ := x4 − x3 =

√
h− 8b

3
+ 8c

√
3√

−h− 4b
.

Since
√
(−h− 4b)/3 /∈ Q, a priori we have [L : Q] ∈ {2, 4}. By repeating the same argument

of Lemma 4.2, we have Q(t) ̸= Q(
√

(−h− 4b)/3), otherwise Q(t) = Q(s) = L = Q(Ex[3])
would be a real extension, contradicting ζ3 ∈ Q(Ex[3]). Then [L : Q] = 4. �

Remark 4.4. During the proofs of Lemma 4.2 and of Corollary 4.3 we have basically proved
that, if (− 3

√
∆− 4b)/3 /∈ Q( 3

√
∆)2 , then

γ, γ′ /∈ Q

√− 3
√
∆− 4b

3

2

= Q(γ)2 = Q(γ′)2

(this will be useful later).

With the following statement we are going to treat the case when ∆ is not the cube of a
rational number and (− 3

√
∆− 4b)/3 is a square in Q( 3

√
∆).
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Lemma 4.5. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx+ c, where c is a
nonzero rational number. If ∆ /∈ (Q∗)3 and (− 3

√
∆− 4b)/3 ∈ Q( 3

√
∆)2 , then E belongs to one

of the families

(9) Fb,a0 : y2 = x3 + bx+
16b2 − 216a20b− 243a40

288a0
,

(10) Fc : y2 = x3 + c ,

with b, a0, c ∈ Q∗ . We have Q(E [3]) = Q(x2, ζ3, y1) = Q( 3
√
∆, ζ3, y1). In particular, if E

belongs to Fb,a0 , then Q(E [3]) = Q(x2, ζ3, y1) = Q( 3
√

4a0b/3 + a20, ζ3,
√
2a0) and d ∈ {6, 12}.

If E belongs to the family Fc then Q(E [3]) = Q( 3
√
−4c, ζ3,

√
c) and d ∈ {6, 12} as well.

Proof. We have
√

(− 3
√
∆− 4b)/3 ∈ Q( 3

√
∆) if and only if there exist a0, a1, a2 ∈ Q, such that

(11)
− 3
√
∆− 4b

3
=
(
a0 + a1

3
√
∆+ a2

3
√
∆2
)2

.

Equation (11) is equivalent to the following system 2a0a2 + a21 = 0
3∆a22 + 6a0a1 + 1 = 0
4b+ 6∆a1a2 + 3a20 = 0

.

With a bit of computation we can see that there exists a solution of that system if and only if

a0 ̸= 0 and c = ±16b2 − 216a20b− 243a40
288a0

or a0 = b = 0 .

Note that, in both cases c ̸= 0, indeed one can easily see that 16b2 − 216a20b− 243a40 ̸= 0 for
every choice of rational a0 ̸= 0. Since a0 varies in Q∗, we may put out the minus sign in the
expression of c above. Therefore, we get the families

Fb,a0 : y2 = x3 + bx+
16b2 − 216a20b− 243a40

288a0
, with a0 ∈ Q∗ ;

Fc : y2 = x3 + c , with c ∈ Q∗ .

For every curve Eb,a0 in Fb,a0 , we have that one of the abscissas of the points of order 3 is
x1 = 3a0/2 and another one is

x2 =
6 3

√
(43a0b+ a30)

2 − 3a0
3

√
4
3a0b+ a30 − 4b− 3a20

6 3

√
4
3a0b+ a30

.

Since x1 ∈ Q, then L = Q(x2) and [L : Q] ≤ 3. We are assuming 3
√
∆ /∈ Q, thus [L : Q] = 3

and L = Q
(

3

√
4
3a0b+ a30

)
= Q( 3

√
∆). In fact, observe that for every curve in Fb,a0 , we have

∆ = −(4b+ 3a20)
2(4b+ 27a20)

3

3 · 43a20
and

(
4

3
a0b+ a30

)
· 1

∆
∈ (Q∗)3 .

One of the ordinates of the points in Eb,a0 with abscissas x1 is

y1 =
4b+ 27a20
12

√
2a0

.

Therefore, by Theorem 2.2, Q(E [3]) = Q( 3
√

4a0b/3 + a30, ζ3,
√
2a0) = Q( 3

√
∆, ζ3,

√
2a0). If

a0 ≡ 2,−6 (mod (Q∗)2) , then Q(E [3]) = Q( 3
√

4a0b/3 + a30, ζ3) and d = 6, otherwise d = 12.
The Galois groups are isomorphic to S3 or S3 × Z/2Z respectively.
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For the family Fc see Theorem 3.2 and Corollary 3.3. �

Remark 4.6. The previous Lemma includes some (but not all) of the cases with b = 0.
It misses the cases with b = 0 and ∆ = −432c2 ∈ (Q∗)3 , i.e., the cases in which c ≡ 2
(mod (Q∗)3). One readily checks that those are exactly the curves arising from the family
Fb,a0 when b is allowed to be 0.

As a consequence of Lemma 4.2 and Lemma 4.5, we can restrict the set of generators of E [3]
showed in Theorem 2.2.

Corollary 4.7. Let E be an elliptic curve with Weierstrass form E : y2 = x3+ bx+ c, where b
and c are rational numbers. Let P1 = (x1, y1) and P2 = (x2, y2) be generators of the 3-torsion
subgroup of E. Then Q(E [3]) = Q(x2 − x1, ζ3, y1).

Proof. If c = 0, the conclusion follows by Theorem 3.1. We now assume that c ∈ Q∗ . Then let
t := x2−x1 as in (5). If ∆ /∈ (Q∗)3 and (− 3

√
∆−4b)/3 /∈ Q( 3

√
∆)2 , then, by Lemma 4.2 (more

precisely, by its proof), L = Q(t) = Q(x2 − x1). If ∆ /∈ (Q∗)3 and (− 3
√
∆− 4b)/3 ∈ Q( 3

√
∆)2,

then, by Lemma 4.5, we have x1 ∈ Q. Thus, in particular L = Q(x2 − x1) = Q(x2). If
3
√
∆ = h, with h ∈ Q, then recall equation (7), i.e.,

(12) x2 − x1 =

√
h− 8b

3
− 8c

√
3√

−h− 4b
.

By the expressions of x1 and x2 showed in Section 3, we get

x1 + x2 =

√
3√

−h− 4b
.

Therefore L = Q(x2, x1) = Q(x2 − x1, x1 + x2) = Q(x2 − x1). Theorem 2.2 provides the
conclusion. �

To complete the description of the cases considered until now, we have to investigate the
extension K/L.

Lemma 4.8. Let E be an elliptic curve with Weierstrass form y2 = x3 + bx+ c, where b and
c are rational numbers and c ̸= 0. Assume that ( 3

√
∆− 4b)/3 /∈ Q( 3

√
∆)2 , then y1 ∈ Q(x1, x2)

if and only if y2 ∈ Q(x1, x2).

Proof. Let t be as in (5). By Corollary 4.7, we have L = Q(x1, x2) = Q(x2 − x1) = Q(t). Let

λ =
−24c

√
3
√

− 3
√
∆− 4b− 3

√
∆2 + 4b 3

√
∆+ 32b2

12
√
3
√

− 3
√
∆− 4b

,

µ =
( 3
√
∆+ 4b)

√
3
√

− 3
√
∆− 4b+ 36c

12
√
3
√

− 3
√
∆− 4b

,

γ =
( 3
√
∆− 8b)

3
− 8c

√
3√

− 3
√
∆− 4b

.

Then, by (3), we may write y1 =
√
λ+ µ

√
γ and y2 =

√
λ− µ

√
γ and recall that t =

√
γ.

Suppose that y1 ∈ Q(x1, x2) = Q(x2−x1) = Q(
√
γ). Thus, λ+µ

√
γ is a square in Q(

√
γ), i.e.,

λ + µ
√
γ = (a0 + b0

√
γ)2 , for some a0 , b0 ∈ Q(γ) = Q

(√
− 3√∆−4b

3

)
. Therefore λ + µ

√
γ =

a20 + b20γ + 2a0b0
√
γ and, since, by Remark 4.4, [Q(

√
γ) : Q(γ)] = 2, that implies

λ = a20 + b20γ and µ = 2a0b0 .
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Then y2 = λ − µ
√
γ = a20 + b20γ − 2a0b0

√
γ = (a0 − b0

√
γ)2. Since a0, b0 ∈ Q(γ), we have

y2 ∈ Q(
√
γ) = Q(x1, x2). By interchanging y1 and y2 and proceeding in the same way, we

clearly obtain the other implication. �

Lemma 4.9. Let c ̸= 0. If ( 3
√
∆− 4b)/3 /∈ Q( 3

√
∆)2 , then [K : L] = 4.

Proof. Suppose [K : L] < 4, i.e., [K : L] ∈ {1, 2}. If [K : L] = 1, then y1, y2 ∈ L and,
in particular, we have y1y2 ∈ L. If [K : L] = 2, then we may assume K = L(y1). Since
[L(y1) : L] = 2, in particular we have y2 = a0 + a1y1, with a0 , a1 ∈ L. Let λ, µ, γ be

as in the proof of the previous lemma. We have y2y1 =
√
λ2 − µ2γ. On the other hand

y1y2 = a0y1 + a1y
2
1. We get λ2 − µ2γ = a20y

2
1 + a21y

4
1 + 2a0a1y

3
1. Since λ2 − µ2γ ∈ L and

a0 , a1, y
2
1, y

4
1 ∈ L too, that equality implies a0a1 = 0. If a1 = 0, then y2 = a0 ∈ L. By

Lemma 4.8 we have y1 ∈ L too, which contradicts our hypothesis on y1 . Therefore a0 = 0,
and y2 = a1y1. We get y1y2 = a1y

2
1 ∈ L. As in the previous case y1y2 ∈ L. Thus, by (1)

and (2), we have x3, x4 ∈ L too. By Lemma 4.2, then L = Q(x2 − x1) = Q(t). By replacing
x1 and x2 with x3 and x4 in the proof of Lemma 4.2 and Corollary 4.3, we may also prove
[Q(x4 − x3) : Q( 3

√
∆)] = 4. Since Q(x4 − x3) ⊆ L, we get L = Q(x4 − x3) = Q(x2 − x1). But

then s =
√
γ′ ∈ Q(

√
γ) and one can write

√
γ′ = b0 + b1

√
γ for some b0 , b1 ∈ Q(γ) (note that

b1 ̸= 0 because of Remark 4.4). Therefore

γ′ = b20 + b21γ + 2b0b1
√
γ

which yields b0b1 = 0, so that b0 = 0. Hence we obtain γ′ = b21γ which is an equality in

Q(γ) = Q
(√

− 3√∆−4b
3

)
. Writing it in terms of the basis

{
1,

(√
− 3√∆−4b

3

)−1
}

over the field

Q( 3
√
∆) one gets

3
√
∆− 8b

3
+ 8c

√− 3
√
∆− 4b

3

−1

= b21

 3
√
∆− 8b

3
− 8c

√− 3
√
∆− 4b

3

−1
 ,

which is clearly impossible since it yields b21 = 1 and b21 = −1. The contradiction shows that
[K : L] ̸= 1, 2 hence [K : L] = 4. �

Corollary 4.10. One has
i. in the setting of Lemma 4.2, [Q(E [3]) : Q] = 48 and Gal(Q(E [3])/Q) ≃ GL2(Z/3Z);
ii. in the setting of Corollary 4.3, [Q(E [3]) : Q] = 16 and Gal(Q(E [3])/Q) ≃ SD8 .

Proof. Part i is a direct consequence of Lemmas 4.2 and 4.9 and the fact that |GL2(Z/3Z)| =
48. Part ii follows from Corollary 4.3 and Lemma 4.9. The Galois group is a 2-Sylow subgroup
of GL2(Z/3Z), hence it is conjugated (and isomorphic) to SD8 , the 2-Sylow appearing in
Theorem 3.1 (and computed in Appendix A). �

With the next (final) lemma, we will investigate the case when ∆ is the cube of a rational

number and (− 3
√
∆− 4b)/3 is a nonzero rational square.

Lemma 4.11. Let E be an elliptic curve with Weierstrass form y2 = x3+ bx+ c, where c is a
nonzero rational number. Suppose that ∆ ∈ (Q∗)3 and that (− 3

√
∆− 4b)/3 ∈ (Q∗)2 . Then we

have Q(Ex[3]) = Q(ζ3,
√
γ) and [Q(E [3]) : Q] = 2, 4 or 8 with Galois groups Z/2Z, (Z/2Z)2 or

D4 respectively.

Proof. Let ∆ = h3 and (−h − 4b)/3 = ℓ2 with h, ℓ ∈ Q∗ (note that ℓ ̸= 0 because of the
hypothesis c ̸= 0). From the explicit expressions of the xi’s it is easy to see that Q(Ex[3]) =
Q(

√
γ,

√
γ′) (with our usual notations for γ and γ′). Moreover we know that ζ3 ∈ Q(Ex[3]),
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hence [Q(Ex[3]) : Q] ∈ {2, 4}.
If [Q(Ex[3]) : Q] = 2 then Q(Ex[3]) = Q(ζ3) and E belongs to the family

(13) Fα,β : y2 = x3 + (−3m2 + 6βm)x+ 2α3 + 12αβ2 − 6αβm ,

with α, β,m ∈ Q, β ̸= 0 and m2 = α2 + 3β2 (see [10]). In this case one has Q(E [3]) =

Q(ζ3 ,
√

−2(α+m)) and therefore

[Q(E [3]) : Q] =

 2 if − 2(α+m) ≡ 1,−3 (mod (Q∗)2)

4 otherwise
,

with Galois groups isomorphic to (Z/2Z)i , i = 1, 2. We remark that in the already cited [10]
one finds that Q(E [3]) = Q(ζ3) only for the curves of the following family

(14) Fβ,h̃ : y2 = x3 + bβ,h̃x+ cβ,h̃ β, h̃ ∈ Q∗ ,

with

bβ,h̃ = −27
β4

h̃4
+ 18

β3

h̃2
− 9

β2

2
+ 3

βh̃2

2
− 3

h̃4

16
and

cβ,h̃ = 54
β6

h̃6
− 54

β5

h̃4
+ 45

β4

2h̃2
− 15

β2h̃2

8
− 3

βh̃4

8
− 1

32h̃6
.

Now we assume that [Q(Ex[3]) : Q] = 4, so that Q(Ex[3]) = Q(
√
γ,

√
γ′) = Q(

√
γ, ζ3 ). Noting

that γ = −ℓ2 − 4b− 8c
ℓ one easily computes

y1 =
1

2

√
−ℓ3 − 8bℓ− 16c+

(
−ℓ2 + 4c

ℓ

)
√
γ .

Thus

[Q(E [3]) : Q] =

 4 if − ℓ3 − 8bℓ− 16c+
(
−ℓ2 + 4c

ℓ

)√
γ ∈ Q(

√
γ, ζ3 )

2

8 otherwise

and the Galois groups are (Z/2Z)2 or D4 . The D4 case comes from the fact that when
[Q(E [3]) : Q] = 8 one has Q(E [3]) = Q(ζ3 , y1) and the Galois group is generated by

φ


y1 7→ 1

2

√
−ℓ3 − 8bℓ− 16c−

(
−ℓ2 + 4c

ℓ

)√
γ

√
−3 7→ −

√
−3

and ψ


y1 7→ y1

√
−3 7→ −

√
−3

.

�
Remark 4.12. The case b = 0.
If b = 0, then Q( 3

√
∆) = Q(

3
√
2c2) and

− 3
√
∆− 4b

3
= 2

3
√
2c2 =

(
± 3
√
4c
)2

∈ Q(
3
√
∆)2 .

Then the curves E : y2 = x3 + c have the features of the cases treated in Lemma 4.5 and
Lemma 4.11 (a little shift in the notations has to be taken into account: when b = 0 the
x̃1 = 0 of Theorem 3.2 is represented by the “general” x3 ). We have already observed that
∆ ∈ (Q∗)3 if and only if c ≡ 2 (mod (Q∗)3), if this is not the case then we have the description

given in Lemma 4.5. Otherwise E : y2 = x3+2h3, with h ∈ Q∗. Then (− 3
√
∆−4b)/3 = 576h6

is a rational square and we are in the situation described by Lemma 4.11.

Remark 4.13. No elliptic curves with [Q(E [3]) : Q] = 24.
Since [K : L] ∈ {1, 2, 4} and [L : Q] | 12 (see Section 3), we only have the following possibilities:
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i) [L : Q] = 12 and [K : L] = 2,
ii) [L : Q] = 6 and [K : L] = 4.

We have proved that [L : Q] = 12 only when ∆ /∈ (Q∗)3 and (− 3
√
∆ − 4b)/3 /∈ Q( 3

√
∆)2 . By

Lemma 4.9, under those hypotheses we have [K : L] = 4 and [K : Q] = 48 (see Corollary
4.10). So i) is impossible. We have also proved that [L : Q] can be 6 only when E belongs to
the families of Lemma 4.5. But then we have [K : L] ∈ {1, 2} and ii) is impossible too.

We can now conclude with a brief summary on how the previous Lemmas provide the proof
of the various cases stated in Theorem 4.1 (for each case we point out an example as well).

Proof. (Theorem 4.1)

1. See Lemma 4.2, Lemma 4.9 and Corollary 4.10. An example of an elliptic curve with
the features of that case is y2 = x3 + x+ 1, with b = c = 1.

2. See Corollary 4.3, Lemma 4.9 and Corollary 4.10. An example of an elliptic curve
with those properties is

y2 = x3 − 1

3
x+

2

9
.

In fact, we have ∆ = (−8/3)3 and ( 3
√
∆− 4b)/3 = 4/3. In this case t = 2

√
−2

√
3

3 and

Q(E [3]) = Q

(√
−2

√
3, ζ3,

√
−ζ3

√
−2

√
3− 3

)
.

3. See Lemma 4.5. An example of an elliptic curve with those properties and d = 6 is
the curve y2 = x3 + x − 74/9, obtained by choosing b = 1 and a0 = 2. In fact, we

have 3
√
∆ = 3

√
20/3 and y1 =

√
2a0 = 2. An example of an elliptic curve with those

properties and d = 12 is the curve, y2 = x3 + x − 443/288, obtained by choosing

b = 1 and a0 = 1. In fact, we have 3
√
∆ = 3

√
1/3 and y1 =

√
2a0 =

√
2. As already

remarked, other examples are the curves of the family y2 = x3 + c, with c ̸= 2ℓ3, for
all ℓ ∈ Q∗ . The curves y2 = x3 + 3 and y2 = x3 + 1 belongs to that family and give,
respectively, d = 12 and d = 6.

4. See Lemma 4.11. For the cases d = 2, 4 we can find examples among the curves with
b = 0: just take y2 = x3 + 2 for d = 4 and y2 = x3 + 16 for d = 2. For d = 8 consider
the curve y2 = x3 − 3

2x + 1. One gets ∆ = −63 = h3 and (−h − 4b)/3 = 4 = ℓ2.
With ℓ = 2 one finds γ = −2 (note that ℓ = −2 provides γ = 6 = (−3)(−2) ) and

y1 =
√

−2
√
−2 which is easily seen not to be a square in Q(

√
−2, ζ3 ).

5. As we have already remarked, this case is equivalent to the case when c = 0. For the
proof see Lemma 3.1. The examples are the curves of the family y2 = x3 + bx.

�

5. Remarks on modular curves

The results of the previous sections provide informations on rational points of classical modular
curves. There is a vast literature on modular curves so here we simply recall the basic
definitions and properties we are interested in; more details can be found, for example, in [6],
[7] and [14].
Let H = {z ∈ C : Imz > 0} be the complex upper half plane and consider the action of
SL2(Z) on H given by the Möbius trasformations(

a b
c d

)
z =

az + b

cz + d
.
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The principal congruence group of level N is the set

Γ(N) =

{
A =

(
a b
c d

)
∈ SL2(Z) : A ≡

(
1 0
0 1

)
(mod N)

}
.

A congruence group in SL2(Z) is any subgroup containing Γ(N) for some N (if N is minimal
then the congruence group is said to be of level N). For any congruence subgroup Γ one
defines YΓ to be the quotient of H by the action of Γ, equipped with the analytic structure
induced by H. Then YΓ is a Riemann surface and it can be compactified by adjoining a
finite set of (rational) points corresponding to the orbits of P1(Q) under Γ (the cusps). This
compactification is the modular curve associated to Γ and will be denoted by XΓ .
The main examples of congruence groups (together with Γ(N) itself) are:

Γ1(N) =

{
A =

(
a b
c d

)
∈ SL2(Z) : A ≡

(
1 ∗
0 1

)
(mod N)

}
,

and

Γ0(N) =

{
A =

(
a b
c d

)
∈ SL2(Z) : A ≡

(
∗ ∗
0 ∗

)
(mod N)

}
.

Those are all of level N and the corresponding modular curves will be denoted, respectively,
by X1(N) and X0(N) (we write X(N) for the modular curve associated to Γ(N)).

The modular curves X(N) , X1(N) and X0(N) parametrize families of elliptic curves with
some extra level N structure via their moduli interpretation. Namely

• non cuspidal points in X(N) correspond to triples (E , P,Q) where E is an elliptic curve
(defined over C) and P , Q are points of order N generating the whole group E [N ];

• non cuspidal points in X1(N) correspond to couples (E , P ) where E is an elliptic curve
(defined over C) and P is a point of order N ;

• non cuspidal points in X0(N) correspond to couples (E , CN ) where E is an elliptic
curve (defined over C) and CN is a cyclic subgroup of E [N ] of order N ,

(all these correspondences have to be considered modulo the natural isomorphisms).
Let K be a number field, the points of a modular curve XΓ which are rational over K will
be denoted by XΓ(K). Obviously a point is in XΓ(K) (i.e., is defined over K) if and only if
it is Gal(Q/K)-invariant (so that, in particular, with the representation provided above one
needs an elliptic curve E defined over K). The Q-rational points of modular curves have been
studied quite extensively since the pioneering work of B. Mazur (see [8], [9], [13] and many
others): for example X0(3)(Q) is known to be infinite but, in general, the sets X0(N)(Q) and
X1(N) are finite (almost always equal to the set of rational cusps).
Now, with this basic definitions and the results of the previous sections, we look for non
cuspidal rational points in the modular curves X(3), X1(3) and X0(3).

We shall study the cases listed in Theorem 4.1, providing the minimal degree for the fields
K0 (resp. K1 ) over which the elliptic curve E defines a point in X0(3) (resp. X1(3) ). We
recall the following easy result.

Lemma 5.1. Let E be an elliptic curve defined over Q, let P = (xP , yP ) be a point of order
3 and let < P > the subgroup generated by P . Then

a. the couple (E , < P >) defines a point in X0(3)(K) ⇐⇒ K ⊇ Q(xP );
b. the couple (E , P ) defines a point in X1(3)(K) ⇐⇒ K ⊇ Q(P );
c. [K0 : Q] ≤ [K1 : Q] ≤ 2[K0 : Q].

Proof. Everything is straightforward observing that, since −P = (xP ,−yP ) and yP is at
most quadratic over Q(xP ), the set < P >= {O,P,−P} is Gal(Q/Q(xP ))-invariant and
K1 = K0(yP ). �
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Now we proceed case by case.

Case 1: ∆ is not the cube of a rational number, and (− 3
√
∆−4b)/3 is not a square in Q( 3

√
∆).

Then

√
− 3√∆−4b

3 has degree 6 over Q and, by Remark 4.4, xi ̸∈ Q
(√

− 3√∆−4b
3

)
for any i:

therefore these curves define points in X0(3)(K0) with [K0 : Q] = 12. Moreover, by Lemma
4.9, y1 (and y2 ) have degree 2 over Q(Ex[3]); hence [K1 : Q] = 24.

Case 2: ∆ is the cube of a rational number, and (− 3
√
∆− 4b)/3 is not a rational square.

By Corollary 4.3 one has that [K0 : Q] = 4 and, as above, Lemma 4.9 shows that [K1 : Q] = 8.

Case 3: ∆ is not the cube of a rational number, and (− 3
√
∆− 4b)/3 is a square in Q( 3

√
∆).

The curves of the family

Fb,a0 : y2 = x3 + bx+
16b2 − 216a20b− 243a40

288a0

(b, a0 ∈ Q∗ ) have a point of order 3 with abscissa 3a0/2 (see Lemma 4.5), whose ordinate is
4b+27a20
12

√
2a0

. Therefore K0 = Q and

[K1 : Q] =

 1 if a0 ≡ 2 (mod (Q∗)2)

2 otherwise
.

The other family

Fc : y2 = x3 + c ,

(c ̸= 0 and c ̸≡ 2 mod (Q∗)3 ) behaves in a similar way. We always have a Q-rational subgroup
of order 3, namely {O, (0,

√
c), (0,−

√
c)} (see Theorem 3.2), so that K0 = Q. Finally

[K1 : Q] =

 1 if c ≡ 1 (mod (Q∗)2)

2 otherwise
.

Case 4: ∆ = h3 and (−h− 4b)/3 = ℓ2 for some h, ℓ ∈ Q∗ .
As seen in Lemma 4.11, Q(Ex[3]) has degree 2 or 4 and is generated by

√
γ and

√
γ′ (which,

summed with a rational, are the abscissas of the 3-torsion points). Therefore one has a rational
abscissa if and only if Q(Ex[3]) has degree 2, i.e., if and only if the curve belongs to the family

Fα,β : y2 = x3 + (−3m2 + 6βm)x+ 2α3 + 12αβ2 − 6αβm ,

with α, β,m ∈ Q, β ̸= 0 and m2 = α2 + 3β2. In all other cases [K0 : Q] = 2.
With the notations of Lemma 4.11 one has that

[K1 : Q] =


[K0 : Q] if

√
−ℓ3 − 8bℓ− 16c+

(
−ℓ2 + 4c

ℓ

)√
γ ∈ Q(

√
γ)2

2[K0 : Q] otherwise

.

Case 5: ∆ = h3, with h ∈ Q, and −h− 4b = 0, i.e., c = 0.
In the proof of Theorem 3.1 we showed that [K0 : Q] = 4 and that ŷi does not belong to
Q(Ex[3]): hence [K1 : Q] = 8.

We summarize the results (and extend them to X(3) ) in the following

Theorem 5.2. An elliptic curve E defined over Q provides a non cuspidal rational point in
X0(3)(Q) if and only if
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• it belongs to the family

A1 : y2 = x3 + bx+
16b2 − 216a20b− 243a40

288a0

(b, a0 ∈ Q∗ );
• or it belongs to the family

A2 : y2 = x3 + c ;

• or it belongs to the family

A3 : y2 = x3 + (−3m2 + 6βm)x+ 2α3 + 12αβ2 − 6αβm ,

with α, β,m ∈ Q, β ̸= 0 and m2 = α2 + 3β2.

An elliptic curve E defined over Q provides a non cuspidal rational point in X1(3)(Q) if and
only if

• it belongs to the family A1 with a0 ≡ 2 (mod (Q∗)2);
• or it belongs to the family A2 with c ≡ 1 (mod (Q∗)2);
• or it belongs to the family A3 and

γ ,−ℓ3 − 8bℓ− 16c+

(
−ℓ2 + 4c

ℓ

)
√
γ ∈ (Q∗)2

or

γ′ ,−ℓ3 − 8bℓ− 16c+

(
−ℓ2 + 4c

ℓ

)√
γ′ ∈ (Q∗)2 .

An elliptic curve E defined over Q provides a non cuspidal rational point in X(3)(Q) if and
only if

• it belongs to the family A2 with c ≡ 1 (mod (Q∗)2) and c ≡ 2 (mod (Q∗)3);
• it belongs to the family

A4 : y2 = x3 + bβ,h̃x+ cβ,h̃

described in (14) of Lemma 4.11.

Proof. The results for X0(3) and X1(3) are in the above case by case analysis. Because of the
natural projections X(N) → X1(N) → X0(N) (coming from the inclusions Γ(N) ⊆ Γ1(N) ⊆
Γ0(N) ) we look for points in X(3)(Q) only among the curves with K1 = Q, i.e., the ones
providing points in X1(3)(Q). Note that if one has a rational point P of order 3, then P
cannot be a part of a rational triple (E , P1, P2) (with < P1, P2 >= E [3]) because there is no
elliptic curve with Q(E [3]) = Q. Therefore we have to find non rational points P1 and P2

which are permuted by the action of Gal(Q/Q).
By Lemma 4.5 no curve of the family A1 can provide such points.
For the curves y2 = x3 + c with c ≡ 1 (mod (Q∗)2) and c ≡ 2 (mod (Q∗)3) one has
(E , (ζ3 3

√
−4c,

√
−3c), (ζ23

3
√
−4c,−

√
−3c)) ∈ X(3)(Q).

For the the remaining case assume that γ ∈ (Q∗)2 so that, since Q(
√
−3) = Q(Ex[3]) =

Q(
√
γ,

√
γ′), one has γ′ ≡ −3 (mod (Q∗)2). The points with non rational abscissas are

x3 = 1
2(ℓ −

√
γ′) and x4 = 1

2(ℓ +
√
γ′) and are permuted by Gal(Q/Q). The correspond-

ing ordinates are (we only consider the positive ones since the sign is not important here)

y3 =

√
ℓ3 + 3ℓγ′ + bℓ+ c− (3ℓ2 + γ′ + b)

√
γ′ , y4 =

√
ℓ3 + 3ℓγ′ + bℓ+ c+ (3ℓ2 + γ′ + b)

√
γ′

and they are permuted by Gal(Q/Q) only if

ℓ3 + 3ℓγ′ + bℓ+ c− (3ℓ2 + γ′ + b)
√
γ′ ∈ Q(

√
γ′)2 .

Note that this final case gives Q(E [3]) = Q(
√
γ′) = Q(ζ3), so these curves are exactly the

ones of the family A4. We remark that the curves y2 = x3 + c, with c ≡ 1 (mod (Q∗)2) and
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c ≡ 2 (mod (Q∗)3), are included in the family A4, we kept the cases separated (and omitted
the usual “or” in the statement) to maintain some simmetry with the previous cases and to
provide an easy example. �
Remark 5.3. As is well known the presence of a rational subgroup C3 of order 3 in E [3] is
equivalent to the existence of a rational isogeny φ : E → E ′ whose kernel is exactly C3 . This
isogeny can be useful to approach various questions. For example in descent procedures to
compute 3-Selmer groups and the 3-part of the Tate-Shafarevich group (some computations
of this kind for the curves y2 = x3 + c are provided in [2] and [3]). Another example is the
local global problem: in [5] the authors prove that if there is no K-rational 3-isogeny for E ,
then the local global divisibility problem (for p=3) has an affirmative answer (see the lines
immediately below the statement of [5, Theorem 1]). Therefore the local global divisibility
holds for p=3 over Q for all the curves not included in the familiesA1, A2 andA3 of Theorem
5.2 and, looking at the fields K0 described above, one can find many more examples of this
phenomenon. The same conclusions and many generalizations arise also from [11] and [12];
in particular, [12, Theorem 10] assures that the local global divisibility holds for p=3 over Q
for all the curves not included in the family A4.

Appendix A. Galois group for c = 0

We maintain the notations of Section 3, in particular of Theorem 3.1. Recall that Q(E [3]) =
Q(ŷ1 , ζ3 ), so we are basically looking for the Galois group of the splitting field of the minimal

polynomial of ŷ1 which is X8 + 8b3

3 X
4 − 16b6

27 .
From the generators given in Theorem 3.1 it is easy to compute the elements of the group
Gal(Q(Ex[3])/Q): one has

φ1 = id φ5


x̂1 7→ x̂3

√
−3 7→

√
−3

φ2


x̂1 7→ x̂1

√
−3 7→ −

√
−3

φ6


x̂1 7→ x̂3

√
−3 7→ −

√
−3

φ3


x̂1 7→ x̂2 = −x̂1

√
−3 7→

√
−3

φ7


x̂1 7→ x̂4 = −x̂3

√
−3 7→

√
−3

φ4


x̂1 7→ x̂2 = −x̂1

√
−3 7→ −

√
−3

φ8


x̂1 7→ −x̂3

√
−3 7→ −

√
−3

(the φ and ψ of Theorem 3.1 correspond to φ6 and φ2 respectively) with φ2φ6φ2 = φ8 = φ3
6 .

Using the equations

x̂1x̂3 =
b

3

√
−3 ; x̂21 − x̂23 = −4b

3

√
3 ; i =

√
3
√
−3

3
one computes

(15) φ1(x̂3) = φ4(x̂3) = x̂3 ; φ2(x̂3) = φ2(x̂3) = x̂4 = −x̂3 ;

(16) φ5(x̂3) = φ8(x̂3) = x̂1 ; φ6(x̂3) = φ7(x̂3) = x̂2 = −x̂1 ,
and

(17) φ1(i) = φ3(i) = φ6(i) = φ8(i) = i ; φ2(i) = φ4(i) = φ5(i) = φ7(i) = −i .
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We write down the elements of Gal(Q(E [3])/Q) according to their restriction to Q(Ex[3])/Q),
i.e., providing 2 = [Q(E [3]) : Q(Ex[3])] extensions to any of the previous φj ’s. Here they are

φ1


φ1,1 = id

φ1,2


ŷ1 7→ −ŷ1

√
−3 7→

√
−3

φ5



φ5,1


ŷ1 7→ ŷ3

√
−3 7→

√
−3

φ5,2


ŷ1 7→ −ŷ3

√
−3 7→

√
−3

φ2



φ2,1


ŷ1 7→ ŷ1

√
−3 7→ −

√
−3

φ2,2


ŷ1 7→ −ŷ1

√
−3 7→ −

√
−3

φ6



φ6,1


ŷ1 7→ ŷ3

√
−3 7→ −

√
−3

φ6,2


ŷ1 7→ −ŷ3

√
−3 7→ −

√
−3

φ3



φ3,1


ŷ1 7→ ŷ2 = iŷ1

√
−3 7→

√
−3

φ3,2


ŷ1 7→ −ŷ2 = −iŷ1

√
−3 7→

√
−3

φ7



φ7,1


ŷ1 7→ ŷ4 = iŷ3

√
−3 7→

√
−3

φ7,2


ŷ1 7→ −ŷ4 = −iŷ3

√
−3 7→

√
−3

φ4



φ4,1


ŷ1 7→ ŷ2 = iŷ1

√
−3 7→ −

√
−3

φ4,2


ŷ1 7→ −ŷ2 = −iŷ1

√
−3 7→ −

√
−3

φ8



φ8,1


ŷ1 7→ ŷ4 = iŷ3

√
−3 7→ −

√
−3

φ8,2


ŷ1 7→ −ŷ4 = −iŷ3

√
−3 7→ −

√
−3

(note that φj(x̂1) = x̂k yields φj(ŷ
2
1) = ŷ2k which gives the two extensions φj,h(ŷ1) = ±ŷk ,

h = 1, 2). Since the image of ŷ3 depends on the image of x̂3 , from equations (15) and (16),
one gets

φ1,h(ŷ3) = ±ŷ3 ; φ2,h(ŷ3) = ±iŷ3 ; φ3,h(ŷ3) = ±iŷ3 ; φ4,h(ŷ3) = ±ŷ3 ;

φ5,h(ŷ3) = ±ŷ1 ; φ6,h(ŷ3) = ±iŷ1 ; φ7,h(ŷ3) = ±iŷ1 ; φ8,h(ŷ3) = ±ŷ1 .
With these informations it is easy to check the orders of some elements:

o(φ1,1) = 1 ; o(φ1,2) = o(φ2,1) = o(φ2,2) = 2 ; o(φ3,1) = o(φ3,2) = 4 .

Moreover the elements φ6,1 has order 8 and it generates the subgroup

< φ6,1 >= {φ1,1 , φ6,1 , φ3,1 , φ8,1 , φ1,2 , φ6,2 , φ3,2 , φ8,2 }
where o(φ6,2) = o(φ8,1) = o(φ8,2) = 8 (the ambiguity on the sign of φ6,1(ŷ3) does not alter
these results). Looking at the non abelian groups of order 16, there are only two of them with
this type of elements: D8 (dihedral) and SD8 (semidihedral). To choose between them one
has to compute the orders of φ5,h and φ7,h (h = 1, 2) but here the ambiguity on the sign of
φ5,h(ŷ3) and φ7,h(ŷ3) allows them to have order 2 or 4: if they are all of order 2 we have D8
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otherwise they are all of order 4 and we get SD8 .

Assume, for example, that o(φ7,1) = 2: this comes from the choice φ7,1(ŷ3) = iŷ1 . Then
(recalling also equations (17))

φ7,1(ŷ1 + iŷ3) = iŷ3 + ŷ1 .

Moreover

ŷ1 + iŷ3 =

(√
−2b

3

√
3

)
(
√
x̂1 +

√
x̂3) .

Using the equations

ŷ1 =

√
−2b

3
x̂1

√
3 and ŷ3 =

√
2b

3
x̂3

√
3 ,

one computes

φ7,1(
√
x̂1 +

√
x̂3) = φ7,1(ŷ1)φ7,1

(√
− 3

2b
√
3

)
+ φ7,1(ŷ3)φ7,1

(√
3

2b
√
3

)
= φ7,1

(√
3

2b
√
3

)
[φ7,1(ŷ1)φ7,1(i) + φ7,1(ŷ3)]

= φ7,1

(√
3

2b
√
3

)
[iŷ3(−i) + iŷ1]

= φ7,1

(√
3

2b
√
3

)
[(−i)(iŷ3 − ŷ1)]

= φ7,1

(√
3

2b
√
3

)
[φ7,1(i)(iŷ3 − ŷ1)]

= φ7,1

(√
− 3

2b
√
3

)
(iŷ3 − ŷ1)

.

But this yields

iŷ3 − ŷ1 = φ7,1(
√
x̂1 +

√
x̂3)φ7,1

(√
−2b

3

√
3

)
= φ7,1

(
(
√
x̂1 +

√
x̂3)
√

−2b
3

√
3

)
= φ7,1(ŷ1 + iŷ3) = iŷ3 + ŷ1

,

which provides a contradiction.
Therefore φ7,1 has order 4 and Gal(Q(E [3])/Q) ≃ SD8 .

References

[1] C. Adelmann, The decomposition of primes in torsion point fields, Lecture Notes in Mathematics, 1761.
Springer-Verlag, Berlin, 2001.

[2] A. Bandini, 3-descent and the Birch and Swinnerton-Dyer conjecture, Rocky Mt. J. Math 34 (2004),
13–27.

[3] A. Bandini, 3-Selmer groups for curves y2 = x3 + a, Czechoslovak Math. J. 58 (2008), 429–445.
[4] R. Dvornicich - U. Zannier, Local-global divisibility of rational points in some commutative algebraic

groups, Bull. Soc. Math. France 129, no. 3 (2001), 317–338.
[5] R. Dvornicich - U. Zannier, On a local-global principle for the divisibility of a rational point by a

positive integer, Bull. Lond. Math. Soc. 39, no. 1 (2007), 27–34.
[6] N.M. Katz - B. Mazur, Arithmetic moduli of elliptic curves, Annals of Math. Studies 108, Princeton

Univ. Press, Princeton, 1985.
[7] A.W. Knapp, Elliptic curves, Princeton Univ. Press, Princeton, 1992.
[8] B. Mazur, Modular curves and the Eisenstein ideal, Publ. Math. IHES 47 (1977), 33–186.
[9] B. Mazur, Rational isogenies of prime degree, Invent. Math. 44 (1978), 129–162.

[10] L. Paladino, Elliptic curves with Q(E [3]) = Q(ζ3) and counterexamples to local-global divisibility by 9, J.
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Parco Area delle Scienze, 53/A - 43124 Parma - Italy

Laura Paladino, e-mail: paladino@mat.unical.it
Dipartimento di Matematica - Università della Calabria
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