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Sheet of exercises n.11

For all the sheet, let Λ be a complex lattice, ζΛ be the Riemann zeta function

and σΛ be the Riemann sigma function.

11.1. Let k > 2 be an even integer. Recall that we defined the Eisenstein

series of Λ by

Gk(Λ) =
∑

ω∈Λ\{0}

1

ωk
,

which is a lattice function. Prove that in a neighborhood of z = 0,

the Laurent expansion of ζΛ(z) is

ζΛ(z) =
1

z
−

∞∑
k=1

G2k+2(Λ)z
2k+1.

11.2. For i ∈ {1, 2, ..., n}, let {ai} and {bi} be points of the complex plane

satisfying
∑n

i=1 ai =
∑n

i=1 bi. Prove that the function

f(z) =
σΛ(z − a1)...σΛ(z − an)

σΛ(z − b1)...σΛ(z − bn)

is Λ-periodic.

11.3. a) Prove that for all u, v ∈ C \ Λ,

℘(u)− ℘(v) = −σ(u+ v) · σ(u− v)

σ2(u) · σ2(v)
.



b) From a) deduce that

σ(2u) = −℘′(u)σ(u)4.


