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12.1. We consider the double series

G2(z) =
∑
n

∑
m

′ 1

(m+ nz)2
;

G(z) =
∑
m

∑
n

′ 1

(m+ nz)2
;

H2(z) =
∑
n

∑
m

′ 1

(m− 1 + nz)(m+ nz)
;

H(z) =
∑
m

∑
n

′ 1

(m− 1 + nz)(m+ nz)
;

where the symbol
∑′ indicates that (m,n) runs through allm ∈ Z, n ∈

Z, with (m,n) ̸= (0, 0) for G2 and G and (m,n) /∈ {(0, 0), (1, 0)}, for
H2 and H. (Notice the order of the summations!)

a) Prove that both H2 and H converge and that H2 = 2, H = 2 −
(2πi)/z.

Hint: use the formulas



1

(m− 1 + nz)(m+ nz)
=

1

m− 1 + nz
− 1

m+ nz

πcotπτ =
1

τ
+

∞∑
d=1

(
1

τ − d
+

1

τ + d
);

πcotπτ = πi− 2πi
∞∑

m=0

e2mτπi, with m ∈ N.

b) Prove that G2 −H2 = G−H.

Hint: use the formula

1

(m− 1 + nz)(m+ nz)
− 1

(m+ nz)2
=

1

(m+ nz)2(m− 1 + nz)

c) Prove that G1(−1/z) = z2G(z).

d) Prove that

G1(z) =
π2

3
− 8π2

∞∑
n=1

σ1(n)q
n,

where, as usual, q = e2πiz.

Hint: use a similar proof to the one needed to show the Fourier

expansion of the Eisenstein series:

Gk(z) = 2ζ(z) + 2
(2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)q
n, for k ≥ 4.

e) Define F (z) = q
∏∞

n=1(1− qn)24. Prove that

F ′

F
(z) = 2πi(1− 24

∞∑
n=1

σ1(n)q
n).


