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Sheet of exercises n.9

For all the sheet, let Λ = Zω1 ⊕Zω2 be a complex lattice, let ℘ = ℘Λ be the

Weierstrass ℘-function associate to Λ. Set ω3 = ω1 +ω2 and ek := ℘(ωk/2),

for i ∈ {1, 2, 3}.

9.1. Prove that e1 + e2 + e3 = 0.

9.2. Prove the two duplication formulas satisfied by the Weierstrass ℘-

function, for u ∈ C/Λ, 2u /∈ C/Λ:

a)

℘(2u) =
1

4

(
℘′′(u)

℘′(u)

)2

− 2℘(u);

b)

℘(2u) =
(3℘(u)2 − 1

4
g2)

2

4℘(u)3 − g2℘(u)− g3
− 2℘(u).

9.3. Prove that

℘

(
z +

1

2
ω1

)
= e1 +

(e1 − e2)(e1 − e3)

℘(z)− e1

9.4. Prove that

℘(u+ v)− ℘(u− v) = − ℘′(u)℘′(v)

(℘(u)− ℘(v))2
.



9.5. a) Prove that, if n is an integer, then ℘(nu) can be expressed as a

rational function of ℘(u).

b) Show, in particular, that

℘(3u) = ℘(u) +
℘′(u)2(℘′(u)4 −Ψ(u)℘′′(u))

Ψ(u)2
,

where Ψ(u) = ℘′(u)2(℘(u)− ℘(2u)).


