SIGN-CHANGING STATIONARY SOLUTIONS AND
BLOWUP FOR A NONLINEAR HEAT EQUATION IN
DIMENSION TWO

FLAVIO DICKSTEIN, FILOMENA PACELLA, AND BERARDINO SCIUNZI

ABSTRACT. Consider the nonlinear heat equation
(NLH) v — Av = |v|P" o

in the unit ball of R?, with Dirichlet boundary condition. Let
up x be a radially symmetric, sign-changing stationary solution
having a fixed number K of nodal regions. We prove that the
solution of (NLH) with initial value Au, x blows up in finite time
if |A — 1| > 0 is sufficiently small and if p is sufficiently large. The
proof is based on the analysis of the asymptotic behavior of u, x
and of the linearized operator L = —A — plu, c[P~.

1. INTRODUCTION
Let us consider the nonlinear heat equation

v — Av = |v|P~ o, in Qx(0,7)
(1.1) v =0, on 092 x (0,7
v(0) = vy, in Q,

where Q C RY, N € N, is a bounded domain, p > 1, T' € (0, 4+00] and

vy € Co(Q) = {w € C(Q),w =0 on IN}.
It is well known that there exists a unique classical solution of (1.1)
which is defined over a maximal time interval [0,7;,). It is also well
known that (1.1) admits both nontrivial global solutions and blowup
solutions for any p > 1. In fact, given ¢ € Cy(€2) and A € R, let us
consider vy (¢) the solution of (1.1) corresponding to vy = Ap. For |}
small, using that the first eigenvalue of the Laplace-Dirichlet operator is
positive, it is easy to construct global sub and supersolutions of (1.1),
ensuring that v,(p) is globally defined. On the other hand, vy(y)
has negative energy for large |A| and, as a consequence, it blows up,
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see [3] or [16]. An interesting question is to understand what happens
for intermediate values of A. The case of positive functions ¥ > 0,
U £ 0, is better understood. It follows immediately from the maximum
principle for the heat equation that there exists A* > 0 such that v, (V)
is global if 0 < A < A* and v\ (¥) blows up if A > A*. (The borderline
case A = A* may correspond to either globality [9], [10], [21] or to
blowup [20].)
In other words, defining

G = {vy € (), T, = o0},

it holds that G* = {vg € G,vg > 0} is star-shaped with respect to 0.
(In fact, GT is convex.) In general, however, G is not star-shaped. In
fact, consider the stationary problem
(1.2) {—Au = |u[P~'u in Q,

u=0 on 0.
where p > 1 and Q is the unit ball in RY, N > 2. In [5] the authors
showed that there exists p* < pg := (N +2)/(/N —2) with the following
property. If u is a radial sign-changing solution of the Lane Emden
problem (1.2) (for subcritical p there are countable many), there exists
e > 0 such that if p* < p < pg and if 0 < |1 — A\| < e then \u € G, i.e.,
va(u) blows up in finite time for A slightly greater or slightly smaller
then 1. Note that u € G, so that G is not star-shaped. Let us point
out that an analogous result was proven for N = 3 and p close to 1,
see [8]. The results in [5] have been extended to case of general non
symmetric domains in [19]. Further analysis of the structure of the set
G and of its complementary set

(13) B = {Uo € O()(Q),TUO < OO}

can be found in [6] and [7].

The results of [5] and [8] do not apply in the case N = 1. In fact,
for N =1 and p > 1 vy(u) is global and converges uniformly to zero
if |A\| < 1, while vy(u) blows up if |A\| > 1. This is due to the anti-
periodic structure of the one-dimensional problem, which implies that
va(u) does not change sign between two consecutive nodes of u. In
this way, in the one-dimensional case there is no essential difference in
considering u with or without a definite sign.

In this paper we treat the case N = 2, which was left open in [5].
We recall that for any p > 1 and K € N there exists a unique (up to a
sign) radial solution u,x € C?(Q) of (1.2) with K nodal regions. The
main goal of this work is to establish the following result.

Theorem 1.1. Let uy x be a sign-changing radial stationary solution of
(1.1) (see (1.2) ) with K nodal regions. Then there exists p* = p*(K) > 1
and € = e(p,K) > 0 such that if p > p* and 0 < |1 — \| < ¢, then

)\up,;c € B.
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Our result is analogous in spirit to the one in [5] cited above. In fact,
the proofs are based on similar strategies. They are both consequences

of the following proposition, which is a particular case of Theorem 2.3
of [7].

Proposition 1.2. Let u be a sign changing solution of (1.2) and let ¢,
be a positive eigenvector of the self-adjoint operator L given by Ly =
—Ap —pluP~ly, for p € H*(Q) N HY(Q). Assume that

(1.4) /le £0.

Then there exists € > 0 such that if 0 < |1 — \| < g, then the solution
ua(u) of (1.1) with the initial value Au blows up in finite time.

Proposition 1.2 says that the linear instability of the stationary so-
lution expressed by (1.4) yields not only nonlinear instability, but also
blowup. A similar result for positive solutions of the nonlinear heat
equation and of the nonlinear wave equation may be found in [15]. In
view of Proposition 1.2, Theorem 1.1 holds if we prove the following:

Theorem 1.3. Given K > 2, let u be a radial solution to (1.2) having
KC nodal regions. Then there exists p* = p*(K) such that for p > p*

/Ug@l >07
Q

where py s the first positive eigenfunction of the linearized operator L
at u.

The proof of Theorem 1.1 relies on the fact that, in an appropri-
ate sense, the limit problem of the Lane Emden problem (1.2) is the
Liouville problem

(1.5)

—Au=c¢e* inR?
e* € LY(R?),

see [1], [13], [14]. To be more precise, we consider a suitable scaling @
of u, which is defined on a ball Q of radius r(p) such that r(p) — oo
as p — oo. We define as well a rescaling L of the linear operator
L, possessing a first eigenvector ¢, associated to a first eigenvalue A1
Extending @ and @, identically equal to zero outside €, it turns out
that

(1.6) [Pt — e,
pP—00

uniformly over the compact sets of R?, where z* is the unique radial
solution of (1.5) such that z*(0) = 0 and Vz*(0) = 0. Moreover, the

linearized limit operator L* = —A — ¢*" has a negative first eigenvalue
A7 and a positive corresponding eigenfunction (] and
(1.7) A — A

p—00
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~ . 2 2
(1.8) 1 — ¢ in L*(R?).
p—r00
Using (1.6) and (1.8) we show that

p—1~ z* %
(19) Jrarag — [ .

Since both ¢* and ¢} are positive, the integral at the left hand side
of (1.9) is positive for large p. By a simple computation, this allows
to conclude that (1.4) holds. Then Theorem 1.1 follows from Proposi-
tion 1.2 and Theorem 1.3.

To obtain (1.6)-(1.9) we exploit the analysis of [14] concerning the
case of two nodal regions. For K = 2, the limit problem associated to
u™, the positive part of u, is a regular Liouville problem in the whole
space R? (while the negative part u~ is associated to a singular Liouville
problem). Using the results of [14], we have been able to prove that
(1.6) holds for solutions having any fixed number K of nodal regions.
There are two crucial steps in the proofs of (1.7)-(1.9) for general K,
the variational characterization (2.10) of u, which is a consequence of
the results of [4], and the energy estimate (2.1).

For N > 3 and subcritical p < pg, it was shown in [8] that A\u € B
if |1 — A| and ps — p are small enough (A # 1), independently of the
number /C of oscillations of the stationary solution u. We were not
able to obtain here an analogous result, since p and A depend on K
in Theorem 1.1. There is a distinguished difference between the two
cases. In the case N > 3, the limit problem of (1.2) for p — ps
is still the same problem (1.2) for p = pg, which has a (unique, up
to dilations and translations) positive regular solution. However, in
the present case N = 2, there is qualitative, other than quantitative,
transformation when passing to the limit p — oo. This explains why
the analysis here is more involved.

The rest of the paper is organized as follows. In Section 2 we obtain
some preliminary results that will be useful in the sequel. In particular,
we obtain the energy estimate in Proposition 2.1 and the variational
characterization in Proposition 2.4. In Section 3, we carry out an as-
ymptotic spectral analysis, proving (1.7) and (1.8). Finally, in Section 4
we show (1.9), which yields Theorem 1.3 and Theorem 1.1.

2. PRELIMINARY RESULTS

It is well known that, for p > 1 and K > 1 (1.2) admits a unique
radially symmetric solution w, x € C?%(Q) having K nodal regions and
such that u,(0) > 0, see e.g. [23]. In this section we establish bounds
on the energy of u,x and on its Cy norm which will be crucial for the
proof of our main result. These estimates extend those in [18] for the
case K = 2.
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Proposition 2.1. There exist p* = p*(K) € R and € = E(K) > 0 such

that
2.1) p/ P+ d :p/ V2 de < €
Q Q
for p > p*.
Proof. Consider the energy functional
1 1 .
Ep(u) = QHVqu - mHuHZL

for u € Hy (), the space of radial functions of Hj(€2). Note that, if u
is a solution of (1.2), then

p—1 2
E,(u) = 2(p—+1)/Q|Vu| :

In this way, Proposition 2.1 will be proven once we bound pE,(u, «)
uniformly in p. To do so, we first remark that the proofs of Theorem 1.2
and of Theorem 1.4 of [4] still hold when applied to the space Hg,.(€2).
As a consequence, we obtain a sequence of distinct solutions of (1.2)
+v,;, 7 € N, such that
a) ||Up,j||H&,,(Q) —» 00 as j — 0.
b) v, is positive and v, ; changes sign for j > 2. Moreover v, ;
has at most j nodal regions.
c) Ey(v,;) < Bj, where
2.2 ;= inf sup E,(v),
(2.2 5=t s E0)
dim(V)>j
We next observe that, by the uniqueness (up to a sign) of the radial
solution of (1.2) having j nodal regions, we may write that

(23) ,Upvj = up»j

for all j. We shall now use ¢) here above to estimate pE,(u, ;) inde-
pendently of p. Our arguments extend those employed in [18] for the
case 7 = 2 of two nodal regions.

Given K € N, fix a, ..., a1 positive numbers satisfying a;; > o1
fory=1,...,K —1 and set ax = 0. Consider the K-dimensional sub-
space Vi of Hy,(2) spanned by the K linearly independent functions
9p1,- -5 9pk, defined in the following way.

1) gpa is the unique positive radial solution to (1.2) in the ball
B,={r eR® : |z| <e ™P}.

2) For 2 < j < K, g, is the unique radial positive solution to
(1.2) in the annulus

Ay j={zeR® : e < |z| <e P}
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Let us assume for the moment that there exist p > 1 and constants
C1,...,cx such that

(2.4) PEy(9p5) < ¢ Vp > D, 1<j<K.

Since gy, ; belongs to the Nehari manifold

Ny = {u € Ho () \{0} : [[Vull3 = [lull}iy
it is easy to see that E,(tg,,;) < E,(gp,;) for all t € R. By (2.4),

K K K
pE, (thgp,j) < ZpEp(ng) < cha
j=1 j=1 j=1

for all t; € R and p > p. Hence, using (2.3) and c¢) here above, we get

pE,(upx) < sup pE,(v) < ZCJ,

vEVp

showing (2.1) for any p > p. To conclude the proof, it remains to show
(2.4).

We start by estimating pE,(g,1). Note that

Zup alp
gpa(|z]) = e7=Twy(e™"[x]),

where w),, is the unique positive solution to (1.2) in the unit ball. Thus,

(2.5) / IV gpal? =

Moreover, it follows from Lemma 2.1 of [1 [ ] that

‘va‘z

|Vw,|> — 8me.
By p—o0

Therefore

2 1
PE,(gp1) = M/ |Vgp71|2 L 16metert!
p—1 By p—roo
and this gives (2.4) for j = 1.

We now estimate pE,(g, ;) for j > 2. Let 2, ; be the positive (radial)
solution of

mae ([Pt [V =p ) =1,
A

1
HO,T(APJ) p.j Apyj

Then 2, ; satisfies —Az, ; = (pI,;)~" 2} ;, so that g, ; = (pIp,j)_Tilzp,j.

Hence,

(2.6) p/ Vgpsl* = (pLp;) 71

Ap,j
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Next, inspired by the results in [12] on the asymptotic behavior of the
radial positive solution in an annulus as p — oo, we set A; = a;_1 —a;
and consider

o _logtey-1)

1 1 Jajp+logr emw-1r <r<e 5 P

wy () = (2mA;)"2p ’ (abas 1) o
—a;p —logr, e 2 P<pr<e WP,

where 7 = |z|. Since w,; € H},(A,;) and vap,j”%%Apj) =p~ ! we get

+1
2.7) / W< T,
Ap,j
Then,
ef(aj+§j71)p
p+1 —esl AP () p+l
wys > (2m) T A P p (aj_1p + log )P r dr.
Ap,j —o;
e “j-1P

oo
Through the change of variables s = e~ T r, we get

(2.8)

1
Sl A pHl
/ ng;l > (QW)*pTIAj & el@i—14a;)p / (7]4—])1 logs> sds
Ap,j A

PL;

Using the Dominated Convergence Theorem, we obtain

! 9 p+1 1 a5 A
2.9 14+ —1 ds — 28) g = T
( ) / ( } ogs) S sp ; S S 5 2:3‘
6_@

It then follows from (2.6)-(2.9) that

2p(p +1 e te
PEy(9p3) = Tl)/A [Vgpsl? < 5m(A;) e 2ot

P,J

if p is large enough. This concludes the proof. O

Remark 2.2. Note that min;<x A; — 0 as K — oo. Thus, the energy
estimate (2.1) is not independent of K.

As a consequence of Proposition 2.1 and of Theorem 1.2 of [4] we
can show a nice variational characterization of the radial solutions u, x
of (1.2).
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Proposition 2.3. We have

2.10 E,(u = inf sup E,(v).
( ) p(Upx) VeHL(®) veg (V)
dim(V)>K
Proof. Denoting by x1, X2, ..., xx the K the characteristic functions

associated to the K disjoint nodal regions of Up i, Set ui’,c = UpK X and
define Vi as the subspace generated by {u) x}j<x. Since E(tu) ) <
E(u; i) for all t € R, we have that

K K
K, (th“?;,lc) < ZEP(UPJC> = Ep(up ).
j=1 j=1

From (2.2) we get that 5; < E,(u;). The reverse inequality was ob-
tained in the proof of Proposition 2.1 and so (2.10) holds. O

Since for general domains {2 there could be more solutions having
the same number of nodal regions but different energy, as it is the case
when 2 is a ball (see [2]), a characterization of type (2.10) does not
hold for general stationary solutions in H} ().

Let now ¢, ¢ be such that

(2.11) 5;,% = pu, (0)P!
and set
(212) 0< TpKC,1 < Tp.K,2 < e K Tp . K—1 <1

the nodal radii of u, c(|x]) = u,(r), r = |z|, in the ball.

Proposition 2.4. We have the following.
i) [lup (@) = upx(0).
ii) There exist ¢ > 0 and C(K) > 0 such that ¢ < u,c(0) < C(K)
for all p > 1.

Tp,K,1 S 00
€p,K  p—oo

. Hu JCHLOO x| >r
i ) P (lzl>rp 1) 9 < l
up,k(0) P00 2

iii)

Proof. Considering u, x as a function of r = |z|, it satisfies
N-—-1
/ p—1 _
Uy xc + —7’ U’p,IC + ’Up’[d Up K = 0.

Multiplying the equation by w;, s, we get that F'(r) < 0, where

1 1
(2.13) F(r)=35 el + mwp,zc
Thus F' is nonincreasing. In particular, F'(0) > F(r) for all » > 0,
which implies that ||up k| L~@) = upx(0). This also implies that the
absolute values M;, j = 1,2,..., K, of the local maxima of each nodal
region of u, x decrease with j.

p+1




BLOWUP OF SIGN-CHANGING SOLUTIONS 9

We next prove the lower bound in 7). Let us recall that this was
shown to be true in Lemma 2.3 of [14] for the case K = 2 of two nodal
regions. This yields the result for general /C, since wu,x(0) > u,2(0).
Indeed, for j < K

2

(2.14) up (1) = rﬁjupJg(ergjr).
_2
Taking j = 2, we get u, (0) = Tpfé; Up2(0) > u,2(0).
To obtain the upper bound, we see from (2.14) for j = 1 and from
Proposition 2.1 that

1 200+ 1
(2.15) p/ ugﬁl(r)r dr = prpf,”gj / uﬁ}l (rpscar)rdr =
0 0

4 L 4 1 i 4
1 P 1 P 1
Pk i U, 1 (s)sds < pT;’K’l/o Uy 1 (s)sds < Cryxa-
for some C' = C(K). We next recall that

1
1
(2.16) lim p/ uﬁjl(r)r dr = Py lim p/ﬂuﬁjl dzr = 4e,
0

p—00 T p—00

2

see [1]. Using (2.15) and (2.16) we conclude that 7}, is uniformly
bounded from below. Finally, we note from (2.14) that

2.17 Pl = Bl
( ) il tp i (0)

Since u,1(0) — +/e, see [1], we conclude that u,x(0) is uniformly
bounded from above. This completes the proof of ii).
To show #i7), we use once again (2.14) to write that

(218) Tp,]C,l = TP,IC7QTP7271
and that
p—1 p—1 1
2 _ 2 g
(219) up,lC = Up3 rp7’<a2'

From (2.18) and (2.19) we get

TpKC, =1 =1 Tp,2,
p—l = pTP:IC,luij (0) = \/ﬁrp72)1up,22 (0) - p_21

2.20
(2.20) . -

Thus the result for general K follows from the one for K = 2, which
was proven in Proposition 2.7 of [14].

It remains to show iv). Since the absolute values of the local maxima
of each nodal region of u, x decrease, it follows easily from (2.14) that
the quotient in iv) does not depend on K. For K = 2, iv) was proven
in Theorem 2 of [14]. This closes the proof. O

The next proposition gives a meaning to the statement that the Lane
Emden problem has the Liouville problem as a limit.
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Proposition 2.5. Define the rescaled function

p
= — — 0

“p,K Uy (0) (Upxc(ep i) — upic(0)),
over the rescaled domain Q. . = 5;,11cQ and set zpx = 0 outside €2 .
Then
2.21 — 2"
( ) ZP, C}OC(RQ) <y
where

1

(2.22) 2 = log ((1 + g|a:|2)—2) .
1s the unique reqular solution to the Liouville problem

— Az = ¢* ; R2
(2.23) e "

Jpe €@ < +oo,  2(0) =|Vz(0)] =0.

Proof. The proof is similar to that of Theorem 2 in [13]. We outline
the main steps for the reader’s convenience. Using (2.11) it is easy to
see that 2,k solves

Ep,KC

p—1
Az = ‘1+Zp—7’c‘ (1+25)  mo
p p
with |1 + Z”T’C| < 1. By standard regularity theory it follows that
2z is uniformly bounded in C? (R?) and hence (2.21) holds with z*

loc
satisfying (2.23). Note that the uniform estimate of the energy obtained
in Proposition 2.1 yields that fRQ e* < 400 (see the proof of Theorem 2
in [13] for details) and (2.22) follows by the classification of the solutions

to (2.23). O

Remark 2.6. Here is another argument for the proof of Proposition 2.5.
It follows from (2.14), (2.17) and (2.11) that zpx = 2p1 in Q. This
yields (2.21) for general IC, since the case of positive solutions KK = 1
was shown to be true in [1].

3. ASYMPTOTIC SPECTRAL ANALYSIS

As discussed in Section 2, an appropriate rescaling of u, x converges
to the solution of the Liouville problem (2.23). In this section we
consider the corresponding linearizations of the Lane Emden and of
the Liouville problems and study their connections.

We first discuss the linearization of the limit problem. For v €
H?*(R?) define

L*(v) = —Av — e v.

Consider the Rayleigh functional

R(w) = /R2 ([Vw]® — e w?) da
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for w € H'(R?) and define
(3.1) A= inf R(w).

||w||L2(R2):1
We remark that A} > —oo, since €*~ is bounded.

Proposition 3.1. We have the following.
i) A\ <0.
ii) Every minimizing sequence of (3.1) has a subsequence which
strongly converges in L*(R?) to a minimizer.
iii) There ezists a unique positive minimizer ¢ to (3.1) which is ra-
dial and radially nonincreasing. Moreover, A} is an eigenvalue
of L and @7 is an eigenvector associated to \j.
Proof. A direct computation gives that ¢~ € H'(R?) and that
. 1 . 4r
R )=—= [ & =——,
(€7) 2 /11@2 5

so that Aj is negative. This gives i).

To prove ii) let w, be a minimizing sequence of (3.1). Clearly, w,
is bounded in H'(R?). Therefore, up to a subsequence, it converges
weakly to some w € H'(R?), and strongly in L*({|z| < R}) for every
R > 0. The weak lower semicontinuity of the norm gives

Vw|? < hmlnf/ |Vw,|? and |w]|z2me)y < 1.
R2

Moreover, exploiting the decay properties of e, we get
‘/ e (w? — w?) §/ e w2 —w?| =
R2 R2

/ e |w? — w?| + / e |w? — w?|
{|z|<R} {lz>Rl[}

C
ﬁ )

e” w2 — e” w?.
R? R?

Therefore R(w) < Af, so that w # 0. Letting

< Cllwy — wl|z2(jwj<r) +

yielding

. w
W=,
[w]] 22 g2
we have » \
A< R() = (w) o AN AL
Hw“L? (R2) ||w||L2 (R2)
Hence ||w||z2@e2y = 1 and w is a minimizer. This also allows us to

deduce that w, converges to w in L*(R?) so that i7) holds.
The proof of iii) now uses standard arguments, including a rearrange-
ment procedure (see [17]). O



12 FLAVIO DICKSTEIN, FILOMENA PACELLA, AND BERARDINO SCIUNZI

We next consider the linearization of the Lane Emden problem. In
the rest of this paper we fix > 2 and we denote for simplicity wu, «,
ok, ete. by u,, £,, ete. Define for v € H?(Q)

L,(v) = —Av — plu, [P~ v,

We denote by Ai(p) the first eigenvalue of L, in ©Q and by ¢;, the
corresponding positive eigenfunction normalized such that ¢, > 0
and ||¢1,|l2() = 1. In particular, we have

(3.2) —Aprp — p|“p|p_1901,p = M(p)e1p-
Moreover, A1 (p) < 0 for any p > 1, as it is easy to verify. Let us define
951,10 by
P1p = €p P1p(Ep T) in Q,
@1, = 0 outside €2, , €, being given by (2.11). Then ¢, satisfies

Doy =V, + MG, I

where
1 p—1
(3.3) V() = —|UZ§(%;C2_|? = ’1 +2
and
(3.4) 5\1(29) = 5?,)\1(]7)-
In other words, ¢, is a first eigenfunction of the operator
(3.5) Ly=—-A-V,I

in L2(Q.,) with D(L,) = H*(Q.,) N HY(,), Mi(p) being the corre-
sponding first eigenvalue.
Extending ¢, = 0 outside ()., we have the following.

Lemma 3.2. The set {¢1,,p > 1} is bounded in H}(R?).

Proof. We have that ||@y ;| r2r2) = 1. In addition, since le(p) is nega-
tive and ||up|| L) = up(0),

/ |V951,p‘2 :5;1)/ |V§01,p|2(5px) :5;2)/ |V‘PLP’2 =
R2 Qe Q

P

—p / P~ 1¢%p+e§A1<p> / 2,

<t [ P et = g [l <

Remark 3.3. Applying Strauss Lemma [22] for radial functions of
H}(R?), we see from Lemma 3.2 that ¢1,(x) — 0 as |z| — oo uni-
formly in p and r = |x|.

i

We are now ready to discuss the convergence of the eigenvalues M (p).
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Theorem 3.4. We have
(3.6) M(p) — AL

p——+00

Proof. We divide the proof in two steps.

Step 1 : For e > 0 we have
X< \(p) + € forp sufficiently large.
To prove this, we see that A < R(P1,), since ||P1,[|L2r2) = 1. Thus,

(3.7)
A < / Vul* — 31, = / Vorl* = Vo dh, - / (¢ -
R2 Qs QE

13

p p

O G AE

€p

R NG AC R BN G AL S
lz|<R R<|z|<e;

where R > 0. Using Hoélder’s inequality, (2.1), (2.11) and (2.22) we get

/R ol<es? [ = Vol&t, < lle o qqaizrn +
<|z|<ep

PR 4
Cll@1pll o (g1afzry) (Up(0)~F™ {/ Up(f?px)pﬂ} ep "
R<|z|<ept
_ 5 ey (ENF
< AR+ Cp1p e g (4 (0) 7 () 7

- p=1 2
= 64R™* + CHSOLPH%OO({M;ER}) Ertiprit,

Using that [|@7 ||z (fjej=ry) — 0 as R — oo uniformly in p, see Re-
mark 3.3, and i) of Proposition 2.4, we may fix R large enough so
that

(3.8) / VB < /2
R<|z|<eyt

for all p > 1. By (2.21) we get that V, = (1 + %")p_l converges uni-

formly to e*” on compact sets. In this way, for R fixed as above and p
sufficiently large

(39) [ =Tk, <o
lo|<R
Step 1 then follows from (3.7), (3.8) and (3.9).

Step 2: Given € > 0, we have that
M(p) < Xi+e  for p sufficiently large.
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To prove this, let us consider for R > 0 a cut-off regular function
Yr(z) = Yr(r) such that

- 0<yr <1with g =1 for r < R and ¢g = 0 for r > 2R,

- [VYr| <2/R
and set

Yr o1

¥R @1l L2e) |
We take R such that the ball of radius 2R is contained in €2, . Since
€2, converges to the whole space as p tends to infinity, we can assume
that R is arbitrarily large for p large enough.
From the variational characterization of \;(p) we deduce that

p) < / Vusl? -V
RQ

:/ Vwg|? —ez*w%+/ (ez* —\z,)w
R2 R2

for all p > 1. It is easy to see that wg — ¢} in H'(R?) as R — oc.
Therefore, given € > 0 we can fix R > 0 such that

WR —

(3.10)

(3.11) / IVwg|? — e wh < A} +e.
R2
For such a fixed value of R, we can argue as in Step 1 to obtain that

(3.12) / (e =V wh < e
R2

for p large enough. Now (3.10), (3.11) and (3.12) yield Step 2.
Assertion (3.6) follows from Step 1 and Step 2.

We may now prove the convergence of the eigenfunctions ¢ .
Corollary 3.5. ¢y, strongly converges to ¢} in L*(R?).

Proof. Theorem 3.4 shows that ¢, is a minimizing sequence for (3.1),
and so the result follows by ii) and iii) of Proposition 3.1. U

4. PROOF OF THEOREM 1.1
We start with the
Proof of Theorem 1.3. Using @1, € H}(Q2) as a test function in (1.2)

gives
/Vup Vi, = / |up|P™ up Pip

while using u, as a test function in (3.2) yields

/Vup-VsOLp:/plup|”‘1ups01,p+A1(p)/upsol,p.
Q Q Q
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Subtracting the first equation from the second we obtain

p—1 _
/|up|p 1upSOl,p = /UPSDL:D'
—>\1(p) Q Q

We may therefore study the sign of [, |u, [P~ u, 1, which is equivalent
to studying the sign of

1
- - p—1
1, (01, / ol P

In order to prove the result, we will show that

1 X
p—1 z *
W) g Ll e, = [ e 0 a o

To do so, we take € > 0 and choose R > 0 such that

(4.2) / e” ot <e.
lz|>R

We then write
(4.3)

1 3 1 B i
up(O)p Ep /Q |U/p|p lup QDLP = Up(O)p /S;Ep |up(5p x)|p 1Up<5p I’) QDLP((L‘)
1 — ~
- ), GO (e ) 1)
P x|<

1 _ N
[ ol e g
R<|z|<z—:1;1

+ R
up(0)P
Using the decay properties of ¢y ,, see Remark 3.3, we may take R
eventually larger so that
1

ep )P ¢
Up(O)p /R<m|<gp1 |up( Px)| PLp

| 2
< C||g01p||Loo({|x|>R} " (0> (/R<| . ) |up(5p I)|P+1>P €p p+1
P x|<€e

1 +1 _
< Ol @1pllzee(lalzry) —rs (0] /| p|p+1 ’
D
1

< 0”901 pHLOO({|m|>R}) (0)pp+1gp+1 <e¢

for all p > 1, where we have used (2.1), i) of Proposition 2.4, (2.11),
Holder’s inequality and a change of variables for the integration.
Moreover, (2. 21) and Corollary 3.5 yield

u (e P -
‘/ - p ) 90143_/ € 901)
jwj<r N Up(0 z|<R
L. z* x
/ (1 + ) Pip —/ e® ¢
|z|<R p lz|<R

(4.5)
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for p eventually larger. Thus (4.1) is a consequence of (4.2)-(4.5). O
We finish by proving our main result.

Proof of Theorem 1.1. Theorem 1.1 follows immediately from Theo-
rem 1.3 and Proposition 1.2. U
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