MONOTONICITY OF SOLUTIONS TO QUASILINEAR PROBLEMS
WITH A FIRST-ORDER TERM IN HALF-SPACES
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ABSTRACT. We consider a quasilinear elliptic equation involving a first order term, under
zero Dirichlet boundary condition in half spaces. We prove that any positive solution
is monotone increasing with respect to the direction orthogonal to the boundary. The
main ingredient in the proof is a new comparison principle in unbounded domains. As a
consequence of our analysis, we also obtain some new Liouville type theorems.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS.

We consider C'h* weak solutions to the problem
—div(a(u)|VulP~2Vu) + b(uw)|Vul? = f(u), inRY
(1.1) u(x',y) > 0, in RY
u(2’,0) =0, on IRY
where we assume N > 2, a € (0,1) and
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(H1) 1<p<2,1<q<p;
(H3) a,b and f are locally Lipschitz continuous functions on R;
(Hj3) there exists v > 0 such that a(s) > v for every s € R.

We denote a generic point in RY by z = (2/,y) with 2/ = (21, 22,...,2y-1) and y = .

Note that the C™* regularity of the solutions follows by the well known results in [18,
30, 31, 40].

We study monotonicity properties of the solutions, w.r.t. (with respect to) the y-
direction, via the Alexandrov-Serrin moving plane method [1, 6, 27, 38]. For the semilinear
case, the founding papers on this topic go back to the works [2, 3, 4, 5, 15, 28]. We also
refer the readers to [7, 9, 16, 19, 20, 25, 36] for other results concerning the monotonicity of
the solutions in half-spaces also in more general settings (always in the uniformly elliptic
case).

In the present work, we consider the quasilinear problem (1.1) and we continue the study
that we have started in [21, 22].

The first main contribution of this paper is the following:

Theorem 1.1. Let u be a solution to (1.1) and let us assume that u € Cllof(@) and
Vu e L*(RY). Let (Hy), (H2) and (Hs) be satisfied and assume that f(s) >0 for s > 0.
Then u is monotone increasing w.r.t. the y-direction, that is

— >0 in RY.

For a(-) =1 and b(-) = 0 problem (1.1) reduces to

Apu= ), R
(1.2) u(z',y) >0, in RY
u(z’,0) =0, on ORY .

The monotonicity of solutions to (1.2) was first studied in [14] in the two dimensional
case and considering positive nonlinearities. Later, in dimension N (always for positive
nonlinearities) a first result was obtained in [21]. Both the results hold under the restric-

2N +2

tionN—H<p<2.

As a consequence of Theorem 1.1, we can remove this restriction and get the following:

Corollary 1.2. Let 1 < p < 2 and u € Cllof‘(@) be a solution of problem (1.2) with

(Vu| € L=(RY). Assume that f is locally Lipschitz continuous with f(s) > 0 for s > 0.
Then u 1s monotone increasing w.r.t. the y-direction.

2N+2 : o
N1z <D <2is needed because it is used

there the strong maximum and comparison principles of [13], which, in turn, are based

Let us point out that in [21] the restriction
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on the estimates in [12]. A novelty in this paper, even in the special case of the pure
p-Laplacian operator, is the fact that we avoid the restriction 2]@[;2 <p<2

Let us also mention that the case p = 2 is well known, as remarked here above, while
recently in [22] the monotonicity of solutions to (1.2) is proved in the case 2 < p < 3, for

positive power-like nonlinearities or in the case p > 2, for strictly positive nonlinearities.

The technique exploited in the proof of Theorem 1.1 also allows us to improve Theo-
rem 1.8 in [21] allowing the presence of a first order term in the equation and avoiding also

in this case the restriction p > %Vj;. Namely we have the following:

Theorem 1.3. Let (Hy) and (Hs) be satisfied. Assume that u € C,{);’“(RN), with v €
Whee(RY), is a solution to

—div(|VulP~2Vu) + b(u)|Vul? = f(u), inRY
u(z',y) > 0, in RY
u(z’,0) = 0, on ORY
with b(u) > 0. Suppose that
dz2>0 : 0<s<z = f(s)>0 and s>z = f(s) <O.
Then u is monotone increasing w.r.t. the y-direction.
Let us emphasize some new Liouville type results that complement and improve those

we proved in [21, Theorem 1.6]. They follow from our monotonicity results and some
techniques used in [21]:

Theorem 1.4. Assume 1 < p < 2 and let f be locally Lipschitz continuous. Let u €
o CY(]RN) Whee(RY) be a non-negative solution of

loc

(1.3)

—Ayu= f(u), nRY
u(z’,0) =0, on ORY .

Assume that one of the following holds:
a) N =2 and f(s) >0 for s >0, with f(0) =

b) N >3, f(s) >0 fors >0, f(0) =0 and f is subcritical w.r.t. the Sobolev critical
exponent in RN,

c) N >3, f(s) >0 fors >0, f(0) =0 and f(s) > As NS i 0,0], for some

A0 > 0.

Then u = 0.
On the other hand, if N > 2, f(s) > 0 for s > 0, then there are no non-negative solutions

of (1.3).
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We refer the readers to [14, 21, 22, 42] for other Liouville type theorems for quasilinear
elliptic equations in half-spaces.

The proofs of the monotonicity results in half spaces are generally based on weak com-
parison principles in narrow unbounded domains. We refer the readers to [3, 4, 5, 9, 15,
16, 20, 25, 36].

In our case, the presence of the therm |Vu[P~2 gives rise to a phenomenon that was
first pointed out in [8, 11], in the case of bounded domains. Namely, we will prove our
monotonicity result via a weak comparison principle in domains that can be decomposed
into two parts. A narrow part (w.r.t. the Lebesgue measure of the section) and a part
where the gradient of the solution is small.

We will state our comparison principle, which is the second main contribution of the
present work, under more general structural assumptions and for more general quasilinear
problems (cfr.(1.5) below). We also remark that no restrcition on the sign of w and v is
required. More precisely, we consider continuous functions a = a(x,u),b = b(x,u) and
[ = f(z,u) defined on RY x R and satisfying the following conditions:

(Hy) a,b and f are locally Lipschitz continuous functions, uniformly w.r.t. x. Namely,
for every M > 0, there are positive constants L, = L,(M), L, = Ly(M) and
Ly = Ly(M) such that for every x € RY and every u,v € [—M, M] we have :

la(z,u) — a(z,v)] < Lolu—vf,  |b(z,u) = b(z,v)| < Ly|u — ],

|f(z,u) = fz,0)] < Lglu—v].
For every M > 0 there is a constant K = K (M) > 0 such that for every x € RY
and every s € [—M, M| we have :

la(z,s)] < K, |b(z,s)] < K.
(Hs) There is a constant v > 0 such that a(z,s) > v for every (z,s) € RY x R.

Remark 1.5. (i) When the functions a, b and f depend only on the variable u and are
locally Lipschitz continuous on R, assumption (Hy) is automatically satisfied.

(i1) Typical examples of functions a = a(x,w) satisfying both (Hy) and (Hs) are provided
by a(x,u) = (sin®(z1) + 10)(Ju| + 1) or a(z,u) = |u| + 2 + cos?(|z]).

We have the following:

Theorem 1.6. Let 1 <p <2, N > 2 and let (Hy), (Ha), (Hs) be satisfied. Fiz Ao > 0 and
My > 0. Consider X € (0, Xo], 7,e > 0 and set
A

_ A A
(1.4) Soue) =R x (yo — o50b0+ 5), Yo > 5
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Let u,v € Ol (X ngo)) such that ||[ul]ae + [|[Vuloo < Mo, |[0]lee + [[VV]leo < My and

—div(a(z,w)|VulP2Vu) + b(z,u)|Vul? < f(z,u), in X0y,
(1.5) —div(a(z,v)|Vu[P7?Vv) 4+ b(z,v)|Vo|! > f(z,v),  in Sy,
u < v, on 0S¢y,

where the open set Siroy C X(xy,) 18 such that

Se= U L7

Z,/eRNfl
and the open set I° C {2’} x (yo — 3,y0 + 3) has the form

and, for ' fized, A7, , BS, C (yo — %,yo + %) are measurable sets such that
AT | <7 and B C{yeR: |Vu(2,y)| <e, |Vu(a, y)| <e}.

Then there exist

70 = 70(N, P, ¢, Ao, Mo, ) > 0
and

g0 = o(N,p, ¢, Ao, Mo, ) >0
such that, if 0 <17 < 19 and 0 < € < &g, it follows that

u<w in Sire).

If the functions f, a and b are assumed to be globally Lipschitz continuous on RY xR and
the functions a and b are supposed to be bounded on Rf X R, the same conclusion holds
true without any assumption on the boundedness of u and v.

Note that, both ¢ and 7y in Theorem 1.6 can be explicitely calculated, cfr. Remark 2.3.
For later purposes, we also state the following special case of the previous theorem. It
corresponds to the case in which B:, = () and the set S(;) is contained in a narrow strip.
This result also provides an extension of Theorem 1.1 in [21] to the case of problems
involving a first-order term as in (1.1) or in (1.5).

Theorem 1.7. Let 1 < p <2, N > 2 and let (Hy), (H,), (Hs) be satisfied. Fiz My > 0.
Consider A > 0 and set

_ A A A
Yiago) = RN-1 « (yo - §,y0 + 5), Yo = 5

Let u,v € Ol (Sngo)) such that ||[ul]oe + [|[Vuloo < My, |[0]lee + [|VV]leo < My and

loc — —

—div(a(z, w)|VuP2Vu) + b(z,u)|Vul? < f(z,u), X0y,

(1.7) —div(a(z,v)|Vo[P72Vv) 4 b(z,v)|Vo|? > f(z,v), X0,
u<w, on 0§,

where 8 C X(x,,) i an open subset.
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Then there exists
X = X(N7p7% MOa’Y) >0
such that, if 0 < A\ < X, it follows that

u < m S.

If the functions f, a and b are assumed to be globally Lipschitz continuous on Rﬁ X R and
the functions a and b are supposed to be bounded on RY x R, the same conclusion holds
true without any assumption on the boundedness of u and v.

We point out that A in the above theorem, can be explicitely calculated, cfr. Remark 2.3.

Remark 1.8. Theorem 1.6 and Theorem 1.7 are the main ingredients in the proof of our
monotonicity result Theorem 1.1. The new geometry of the domain that we consider is
crucial to prove our monotonicity result in the case 1 < p < 2, without the restriction
p > 2]@[:’22 that appears in [21]. At each x' fized, the section of the domain is decomposed
into two parts: a narrow (w.r.t. the Lebesgue measure) part and a part where the gradients

are small.

The qualitative properties of positive solutions to —A,u = f(u), in various unbounded
domains, are also studied in [10, 14, 17, 19, 21, 22, 23, 24, 26, 33, 37, 39, 42].

Here below we describe the scheme of the paper:

i) In Section 2 we prove the general weak comparison principle stated in Theorem 1.6
(and also Theorem 1.7). The proof is carried out exploiting the iteration scheme
introduced in [21] (see also [22]), and taking advantage from the geometry of the
considered domain.

ii) In Section 3 we prove a crucial property of local symmetry regions of the solutions.
Namely we show that such regions must touch the boundary. This follows by a fine
analysis of the limiting profiles of the solution.

iii) In Section 4 we prove Proposition 4.1, that allows to carry out the moving plane
procedure via Theorem 1.6.

iv) In Section 5 we prove Theorem 1.1.

v) In Section 6 we prove Theorem 1.3 and Theorem 1.4.

2. THE WEAK COMPARISON PRINCIPLE: PROOF OF THEOREM 1.6

In the sequel we will use the following inequalities: Vi, € RY with |n| + || > 0 there
exist positive constants C;, C5 depending only on p such that

(2.1) P20 = ' P20 1 — '] > Ci(lnl + 0P 2 —n)* ifp>1

n[P=2n — | [P~27| < Cyn—nP' ifl<p<2
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NOTATION. Generic fixed numerical constants will be denoted by C' (with subscript in
some case) and they will be allowed to vary within a single line or formula. |S| denotes
the Lebesgue measure of a set S. f* and f~ are the positive part and the negative part
of a function f, i.e. fT=max{f,0} and f~ = —min{f,0}.

We start recalling a lemma, whose proof can be found in [21, Lemma 2.1].
Lemma 2.1. Let > 0 and 3 > 0 such that § < 277, Moreover let Ry > 0, ¢ > 0 and
L: (R(), +OO) — R

a non-negative and non-decreasing function such that

29 L(R) < 0L(2R) + g(R) VR > Ry,
' L(R) < CRP VR > Ry,
where g : (Ry, +00) — RT is such that hIJrrl g(R) = 0. Then
L(R) =0.

We provide now the proof of a generalized version of the Poincaré inequality in one
dimension.

Lemma 2.2 (Poincaré type inequality). Let I be an open bounded subset of R and assume
that I = AU B with |AN B| =0, A and B measurable subsets of I. Let p: 1 — R U {occ}
be measurable and such that

inf p(t) > 0.

tel
Then for any w € Hy(I) such that [, p(t)|0yw|*(t)dt is finite, the following inequality holds:

2 1 1 2
(2.3) /Iw (t)dt < 2|I|max{|A|?g£@, |B|iggm}/lp(t)|8tw| (t)dt

Proof. Since w belongs to Hi(I), there exists a € I such that w(x / Oyw(t)dt. Thus

we have:

(2.4)

lw(z)] < /|atw |dt</|0tw )|dt = /|atw |dt+/|8tw )|dt
< Jape( [ 1o >dt) +|BW2(/ Bl >dt)
< (141sup i@)/ ([ oot oar) "
b (1810 %)/ ([ oo ar) "
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Finally, by using (2.4) we obtain:

/Iw2(t)dt < |I] sup w?(t)

tel

1 1
< 2|I] ( |Alsu —/ Ouwl|?(t)dt + | B|su —/ 8w2tdt>,
1 (141sup 1 [ ploaoyie + Bisup s [ ool

from which the thesis immediately follows. O

Proof of Theorem 1.6: In the proof, the quantities L,(My), Ly(Mo), L(My) and K (M)
will denote the structural constants appearing in assumption (Hy). Also we denote by
|| - [loo, the L norm in Xy 4.

We remark that (u —v)* belongs to L>(X(, ,,)) since v and v are bounded in 3 y,).
For a > 1 we define

(2.5) Y= [(u—v)T]"?,

where ¢(z',y) = p(z') € C°(RN~1) is such that

© >0, in RY
(26) =1, in B'(0,R) c RV,
' 0 =0, in RV-1\ B'(0,2R),
V| <%, inB'(0,2R)\ B'(0,R) C RN,

where B'(0,R) = {#/ e RN"!: |2/| < R}, R > 1 and C is a positive constant.
Let C(R) be defined as

C(R) = {s(m) N{B'(0, R) x R}} .
The assumptions in (2.6) and the inequality u < v on 08, ) imply that ¢ € Wy P (C(2R)).

This allows us to use ¢ as test function in both equations of problem (1.5) and to get (by
subtracting):

/ (a(z,u)|VulP"2Vu — a(z,v)|Vv[P~2Vv, V)
C(2R)

/C2R

/ (fesw) — fla,0)e,
C(2R)

(2.7)

+

)(b(% w)|[Vul? = b(x, v)[Vo[T)y

IN
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from which we infer:

/ oz, w)(| VU2V u — [Vo]P2Vo, Vi)
C(2R)

(2.8) + /C(ZR)(a(x,u) — a(z,v))(|Vo|P72Vu, Vi)

_|_

[ b (Valr = (9o + [ (e - s oI olw
C(2R)

C(2R)
< / ICCTE T

and hence:

IA

(2.9) / oz, w)(|VuP~2Vu — [Vo]P2Vo, Vi)
C(2R)
la
(2R)

J

s [ ) - da Vel [ (i) - Sl <
C(2R) C(2R)

(
(2, u) — a(z,v)|[VoP~H V| + K(Mo)/ [[Vul = [Vol?|)
C(2R)

< L) [ VeVl e+ KO [ (9l 9
C(2R

C(2R)

+ Lb(Mo)/ |Vul%plu —v| + Ly (M) lu — o).
C(2R) C(2R)
Since Vu and Vv belongs to L>®(X, ,,)), using (2.5) we obtain:
(2.10) a/ a(z,u)(|VulP2Vu — Vo2V, V(u — v) ") [(u — v) "> p?
C(2R)

+ / a(x,u)(|VulP2Vu — |Vu[P2Vu, Vo) [(u — v) T]*
C(2R)

IN

o Ly(Mo) [Vl / LTV e

b LRIV [ (o e +
C(2R)

© (LM [Vl + Ly(Mo) / Ll e

TR (M) Myt / o T = 0

where, in the last term we used the mean value theorem and the boundedness of Vu and
Vo to deduce that: ‘|Vu|q — |Vo|?| < My |V (u — ).
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Recalling (2.1), from (2.10) we obtain

aCry [ (Val + Vol V(= o) Pl - )
C(2R)

IN

CoK (M) /

IV (u =) PV [(u — v) ]
C(2R)

L) Vol [ )l - o)
C(2R)

LRVl [ (=) ee
C(2R)

+ (Lo(Mo)[[VolE + Ly (Mo)) /c@m[(u — )ty

a—l+a+1
> 2

LK (M) Myt / 1V (1 — v)*][(u — 0)*] T

C(2R)

It is easy to resume the computations above as follows:

211)  aCiy /C (T [0 29 ) Pl )1

< (Co (Mp)(2Mo)P™ + 2MELo(Mo)) / VR — o)t

C(2R)
+ - (La(Mo)M§™" + K (Mo) M™™) / IV (u—v)*|[(u— v)ﬂ%@?
C(2R)

T (La(Mo)ME + Ly(Mo)) / LT

Recalling that p < 2 and using the weighted Young inequality zy < e2% + %, from

a—1l4+a+1
=g 2

/ 1V (= o) |[(u — 0)*]
C(2R)

/C(ZR)Q{|Vu+|Vv|>O}
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we deduce that, for every § > 0 it holds

(2.12)
aCy 7/ (IVul + Vo)V (u — o) P[(u — v)F]*?
C(2R)

IA

(Col (M) (2Mo)P~" + 2ME Lo(My)) /C LR,

+ 0 a (La(Mo) M + gK (Mo) Mo ™) /C(2R) [V (u = v)*P[(u = v) )"

(a (La(MO)Mg_ Z(;]K(MO)MO(I_ ) + (Lb(MO)Mg 4 Lf(MO))> /C(QR)KU o U)+]a+1302.

< (CoE(Mp)(@Mo)" + 2MELo(My)) / AR,

+ 802° 7P (Ly(Mo) Mo + K (Mo) Mo*~#~V) / (IVul + [V )P 72V (u — o) P[(u — v)T]*7?
C(2R)

2-p , q—(p—1)
(Z LGNS KO0 o (ot + 1y 0) [ = 00

+

Here we are using the fact that ¢ > 1 > p — 1, since (H;) holds.
Take now

Cry

0 = .
2+ (2277 L, (Mo) My + 22-PqK (My) My? P~ 1)

Consequently we have:

(2.13)

C
17 / (V] + [Vol)P2IV (u — o) Pl(u — v) 77
2 Jeer)

«

< (CoE (Mp)(2Mo)P™" + 2MELa(Mo)) / V[ — )

C(2R)
(2277 L, (Mo) My + 227 Pq I (M) Mo?~ P~ 1)? ) Hledtl 2
+ « 20 [(u—=0)"]""p
17 C(2R)
MM+ L) [ (=),
C(2R)

Since o > 1 we immediately get that
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(2.14)

/C o (T [0 29— P01

2(CoK (M) (2My)P~* 4+ 2MP Ly (My)) 200y p)Ho
< - / o [V
(2277 La(Mo) My + 2> Pq K (Mo) My~ P~ V)? )l 2
" (Cr7)? /C(2R)[(u I
2(Ly(Mo) Mg + Ly (Mo)) — o)+
- / Ll

Let us define

B 2(Co K (My)(2Mo)P~t + 2M¥F Ly (M)
= i ’

(2.15) ¢

(2277 Ly (Mo) My + 22 PqK (M) Myt~ #=1))2 N 2(Ly(Mo) MY + L (My))

2.16 — :
(216) ez (C1y)? Ciy

I = / VRl —v)H, L = / (4 — v)7]H
C(2R) C(2R)

and note that both ¢; and ¢y depend only on p,q,v and My, in particular they are inde-
pendent of & > 1. Thus, with the definitions above, we now rewrite (2.14) as follows: for
every a > 1,

(2.17) / (V] + [Vo)P2I¥ (u — o) Pl — v) 7"
C(2R)
< cli +cols.

We also observe that
[ (a9l 190029 = 0 Pl = o))y’ =
RN-1 s

= [Vl Vel V= )P 0) 1 < o
C(2R)

since ¢ depends only on z’ and the right-hand-side of (2.17) is finite. Hence, for almost
every ' € RV~! we have that

(2.18) /IT,E(’V“’ + Vo)V (1 = 0) " PP[(u — )] dy < +oo,

which also entails: for almost every 2/ € RV-!
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(219) [ 09l 907210, 0 = o) Pt = o)1y < o

x

— Evaluation of the term I;. Let us recall the decomposition stated in (1.6) which
gives

Seoy= |J IF with IJ7=ALUB;.

' €Rn—1
We set
par (t) = (IVu(z', t)] + [Vo(a', 1)])P~>

in order to apply Lemma 2.2 in each I°, for which (2.19) holds true, with p(t) := pu (t),
A= A7, B:= B and w(t) = [(u—v)*(«/,t)]*s . Note that the constant in (2.3) in this
case is given by:

1
Cre(2") = 2X max < |AL| sup ——, |BS/| sup .
(@) {‘ oop oy P SR

Therefore, for almost every 2’ € R¥~!, we have
(2.20) Cre(a') < Cre i= 2Xo max {7(2Mp)* ", Xo(26)> 7},

so that, since 1 < p < 2, C} . can be chosen arbitrary small, for 7 and ¢ sufficiently small.
Now, recalling that ¢ depends only on z’ and using Young inequality with conjugate
otl and a + 1, we get:

«

exponents

L <2 / (1= v)* ]| Vig| = 2 / (1 — v)* 0|V 5[Vl
C(2R) C(2R)

a-+1 a+1 a+1

<2/ [(u—v)f]* o e [Vl 2 +2/ Vel =
B C(2R) atl C(2R) a+1

«

a+1 2 @ [e% a+1
<2 ([ (lw-o1F) ay ) o Vel Far w2 [ e
RN-1 \ JI7;* C(2R)

and the application of Lemma 2.2 yields
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C¥+1 2 _ a— a+1 a+1
otk / (IVul + Vol *[(u = 0) 1710, (u — 0) " |Vl 5
C(2R)
2 [ (v
C(2R)
a+1 2 _ o at1 a+1
o / (IVul + Vo] = 0) "V (0 — o) o™ |Vl 5
2 C(2R)

a+1
2 / V|
C(2R)

where C; . has been defined in (2.20).

— Evaluat
we get:

(2.22)

I

IA

ion of the term I,. We use the same notations as in the evaluation of I; and

- /C(2R> <Ku - v)+]a;1>2 o= /RNl </f (Ku - ”)ﬂa;l)Q dy) (p(a")*da’

e (%5 1)2 /. ( / IVl 902l = 0) 10y - vm?dy) (pla')Pde’

a+1)? _ o
Cre (—) / (IVul + [Vo))P2[(u — )"V (u — v)FPe?
2 C(2R)

Let us fix
(2.23)
Recalling

a=2N+1>1.

that C; . tends to 0, as both 7 and ¢ go to zero, we can take 7 > 0 and € > 0

small enough, such that

(2.24)

N 1
C261'7',5 (a—; ) < 57 ClcT,zs(a + 1)2 < 2_N

so that from (2.17) we have

(2.25)

From (2.6

(2.26)

[ 9l (9o 9 = o Pl = 0 < 20
C(2R)
) we infer that

qu| + Vo)V (u = o) P — 0)*

NN

|Vu| + V)PV (u — )P (u — v)* p? < 2011
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and, using (2.21), we obtain

(2.27) /C(R)(!VUI + Vo )PV (u = o) P [(u - v) ] <

< aCiula+1f | o T 1707 2= 0) W =) P [T+
2

+ 4¢ / \Vgp|aT+l.
C(2R)

Recalling (2.23) one has:

(2.28) /C(R)(IVM + Vo)V (= o) P (u = 0)*

< 9/ (IVul + Vo) =V (u — o) P[(u — v)*]*7 + CR™,
C(2R)
where
0=cCro(a+1)%
C =4 \C*F >0
exploiting also (2.6). Notice that, in view of (2.24), we also have that § < 2=, In order
to apply Lemma 2.1 we set
L(R) = / (IVul + [Vo)P=2 |V (u = o) *[(u — o) "],
C(R)
and
g(R)=CR2.
Then from (2.28) we have:
L(R) <0L(2R)+g(R) VR >0,
L(R) < CRN VR > 0.
Applying Lemma 2.1 with 8 = N, we get L(R) = 0 and consequently the thesis.
[

Proof of Theorem 1.7.

The desired result is obtained with the same proof of that of Theorem 1.6 with the following
slight (but necessary) modifications. Replace S¢-.) by S, set e =7 =X, B, =0, I =
AT, =SSN {2’} X (yo — 3,90 + 3) and observe that (2.20) becomes

(2.29) Cy(7) < Oy 1= 2)%(2My)* 7,
and that (2.24) becomes

a+1\> 1 s
(2.30) Oy 5 <3 aCha+1)* <277,
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The conclusion the follows by taking A small enough in the latter one.

O

Remark 2.3. In view of (2.15), (2.16), (2.20), (2.23) and of (2.24), it is possible to
calculate explicitely the value of o and 7. The same can be done for .

3. PROPERTIES OF THE LOCAL SYMMETRY REGIONS

Let us start this section recalling a useful change of variable. Under our assumptions on
the function a = a(s) set

A(s) = /0 a(t)7T dt

It follows that A belongs to C2'([0, +00), [0, +00)), is strictly increasing and satisfies

loc
A(0) = 0 and limy_, o, A(t) = +00. Set
(3.1) w = A(u)

then, w € CL*(RY) and

loc

~Apw + b(w)|Vw|? = f(w), inRY

(3.2) w(x',y) >0, in RY
w(2’,0) =0, on ORY
with b(w) = _MATw)  and f(w) :== f(A ' (w)). It follows that b and f still are

a(A=t ()"
locally Lipschitz( continu>ous (here we used the fact that ¢ > 1 > p — 1, since (H;) is in
force). We notice that : f(s) > 0 for s > 0 if and only if f(s) > 0 for s > 0 and that,
f(0) = f (0). This shows that, as we will recall later, it is not restrictive to our purposes
to assume from now on that
a(s)=1.

We also observe that using the mean value theorem in the y-direction, the Dirichlet
condition on u and the fact that Vu € L>(RY), we get that u is bounded on every set of
the form {0 < y < n}, for any n > 0. This implies that also w and Vw are bounded on
every set of the form {0 <y < n}, for any n > 0 (the bound might depend on 7).

With this in mind, now we are going to prove an important properties concerning the
local symmetry regions of the solutions. Let us start with some notations.
We define the strip X, by
Yy = {0<y<A}
and the reflected function uy(x) by
ur(z) = up(2',y) == u(z’,2X —y) in M.
As customary we also define the critical set Z, by

Z,={z e RY : Vu(x) = 0}.
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We have the following

Theorem 3.1. Let 1 < p < 2 and letu € CLY(RY) be a solution to (1.1) with a(s) = 1. Let

loc

(Hy), (Ha) be satisfied and assume that f(s) > 0 for s > 0. Let us assume that both u and
Vu are bounded on every strip ¥,, n > 0. Suppose furthermore that u is monotone non-
decreasing in ¥y, for some A > 0. Assume that U is a (not empty) connected component of
Ya\Zy such that u(x) = up(x) inU, (i.e. a local symmetry region for u). Then necessarily
U touches the boundary of RY, namely

oUnN{y=0} # 0.
Proof. Let us start showing the following
Claim 1: There exists 7 = 7(U, \) > 0 such that dist(U,{y = 0}) > 7.
By contradiction let us assume that there exists a sequence of points

Tn = (x;wyn) € u7

such that
(3.3) nh_)rrolodlst(xn Ay=0}) = nh_}rgoyn = 0.
We consider the sequence
T = (] /\)
n n’ 2

and the two different cases

a) u(Z,) is strictly bounded away from zero uniformly on n;
b) up to subsequences lim u(z,) = 0.
n—oo

Case a). Define the sequence
(3-4) un () = u(z’ + 2, y).

Let KL C ]R_]J(, be a compact set. Since both v and Vu are bounded on every strip X,, n > 0,
we get :

0 < u,(z) < C(K), |Vu,(z)| < C(K), Vo e I,

for some positive constant C'(K).

Therefore C1* estimates (see the classical results [18, 31, 40]), Ascoli’s Theorem and a
standard diagonal process imply that

oL’ ®N

(3.5) w5
up to subsequences, for o/ < «. Recalling that u, (0, %) > 79 > 0, uniform convergence
implies that u., is a non-trivial non-negative solution to the equation in (1.1) (with a(s) =
1). Actually, by the strong maximum principle [41], we have that

(3.6) Uso(z) >0 Vo eRY.
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By the definition of U (i.e. u(z) = ux(z) in U), since by (3.3) (together with the Dirichlet
condition and the mean value theorem) we have

w(zy, yn) < [|Vu(z)|loo - Y — 0, asn — 4oo.
Then it follows:
(3.7) lim (e, 2X —y,) = lim wu(a,y,) = 0.

n—-+o0o n—-+o00

From (3.7), using (3.4) and (3.5), we obtain:
Uso(0,2X) = 0.

This is a contradiction with (3.6) and Claim 1 is proved in case a).

Case b). Arguing exactly as in the proof of the case a) here above, it follows that
necessarily 1., = 0. This implies that case b) occurs only if f(0) = 0 because if not, 0 can
not be a solution of our equation.

Recalling (3.4) we define

(3.8) (7', y) = = Ty

so that

and u, uniformly converges to 0 on compact sets of @ by construction. Recalling that
we are assuming that a(s) = 1, it is easily seen that

that is
(3.9) —div(|Vin [P Vi) + én(2) - [Vian|P™! = éu(z) - a2,
where

En(2) = b(un)|Vaun | D, &.(z) = j;fpuﬁ)-

The assumptions on b(-) and f(-) and the fact that ¢ > 1 > p— 1 imply that ¢, and &, are
bounded on every strip ¥,, n > 0. Indeed, since b and f are locally Lipschitz continuous
functions we have

A —(p—1
(3.10) 6 ()] < [1D(w) [0, [ V]| 2 8
_ £ (un) . .
(3.11) 0 < tn(@) = =2 < Ly(lulloes, lum(@)P < Ly(ljulloos, Il %,

where we used that f(0) = 0.
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On the other hand we have that lim {,(f)l = 0, since f(0) = 0 as remarked above, p—1 < 1
t—0

+t
and f is locally Lipschitz continuous. The latter, together with the fact that both u, and
Vu, converge to zero uniformly on compact sets of RY and ¢ > 1 > p — 1, immediately

yields that also ¢, and ¢, converge to zero uniformly on compact sets of @

Fix 0 < ¢ < % and consider un arbitrary compact set IC of @ containing the point

(0,3). By Harnack inequality (see [35, Theorem 7.2.2]), applied to the equation (3.9) on
the compact set KN {y > §} CC RY, we get that:

(3.12) sup u, < Cyx inf u, <Cy.
Kn{y=6} Kn{y=6}

Moreover, by the monotonicity of u in ¥\ we have:

(3.13) sup U, < sup u, < COp.
Kn{y=0} Kn{y=d}

Hence we can use (once again) C* estimates, Ascoli’s Theorem and a diagonal argument
to get, up to subsequences, that:

,
O RY) _
Uy — U

for o/ < a. Arguing as above, we see that @ > 0 in @ and @(0,3) = 1.
Taking into account the properties of ¢, and of ¢,, we can pass to the limit in (3.9)
obtaining:
~A,i=0 in R
By the Strong Maximum Principle [41], we therefore get that @ > 0 since @ cannot be
equal to zero because of the condition : (0, %) = 1. Actually, by construction, we have
—Ayu=0, inRY
(3.14) u >0, in RY
u(2/,0) =0, on IRY.
By [29, Theorem 3.1] it follows that @ is affine linear, that means:
u(@',y) = ky,
for some k£ > 0 by the Dirichlet assumption. This is a contradiction since by assumption
u and consequently u have a local symmetry region and this concludes the proof of the
Claim 1.
We show the following
Claim 2: There exists v = y(U, A) > 0 such that u > v in U.

To show this, assume by contradiction that there exists a sequence of points

= (2, yn) €U,
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such that

(3.15) Jirgou(xn) =0
and with y,, converging (up to subsequences) to yo > 0.
Using definition (3.4) we set

u(z' + x,,y)

— / J—
Uy (2, y) = )

?

so that @(0, y,) = 1 and u,, uniformly converges to 0 on compact sets of @ by construction
(see (3.15)). As above (see (3.9)), it is easy to see that

(3.16) —div(|Vi,|P2Va,) + é.(z) - |V, [P~ = &, (x) - a2,

with ¢, and ¢, satisfy (3.10) and (3.11) and, both of them converges to zero uniformly on
compact sets of RY. Furthermore, we have that

1o (N
Cloca (R+)

U, — U

up to subsequences, for o/ < «. Then, arguing as above, we get that « > 0 in @ and
u(0,y0) = 1, with yo > 0. Moreover

~A,i=0 in R

By the Strong Maximum Principle (see [41]) we get that u > 0, since @ cannot be equal to
0 because of the condition: @(0,yy) = 1. In fact, as in (3.14), by construction and using
29, Theorem 3.1], it follows that @ is of the form :

(3.17) u(z',y) = ky,

for some k > 0.
Since by construction

ﬂ(()? yO) = a)\<07 Z/0>7

if yo < A, we get a contradiction by (3.17) concluding the proof of Claim 2. If else yg = A, it
follows by construction that 2—5(0, yo) = 0. This is deduced by observing that aaf;"
somewhere on the segment from (0, y,) to (0,2X —y,,) (since (2}, , y,) € U) and exploiting
the uniform convergence of the gradients. Therefore again we get a contradiction by (3.17)

concluding the proof of Claim 2.

vanishes

Since f(s) > 0 for s > 0, Claim 2 implies that there exists v* > 0 such that

(3.18) flu) >~ inl.
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Now we proceed in order to conclude the proof. Let ¢gr(2’,y) = ¢r(x’) with p(z) €
C(RN™1) defined as in (2.6). For all € > 0, let G. : R* U {0} — R be defined as:

t, if t > 2¢
(3.19) G.(t)={2t—2, ife<t<2e
0, ifo0<t<e.

Let x be the characteristic function of a set . We define

—s(u GE(‘VU’D
\Il = \IJE7R = e ( )(IDRWX(ULJL{/\),

where U* is the reflected set of U w.r.t. the hyperplane T\ = {y = A} and

(3.20) s(t) = C- / ey

with C' some positive constant to be chosen later. By the definition of & and taking into
account the fact that U is a local symmetry region of u, we have that Vu = 0 on (U UU?).
Moreover Vu € L*(RY) implies that u is bounded in ¥,. Therefore ¥ is well defined and
we can use it as test function in equation (1.1) (see also [32, Lemma 5]), getting:

(3.21) / |VulP~2(Vu, VU)dr +/
usUr

U
+ / f(u)¥dx.
uUr

Since u and ¥ are even w.r.t. the hyperplane {y = A}, it follows that (Vu, VW) is even
too. Therefore we infer that

(3.22) /M Va2 (Vu, V) d + /u b ()| V| d — /u b ()| V| "Wz + / f(u)Wde.

u

bt (u)|Vu|"Wdr = / b (u)|Vu|"Wdx

uuUr

Let us suppose 1 < g < p. For every ¢ > 0 we have:

(3.23) 1 <C(o)-2P+0, x>0,

say e.g. C(0) = o'~ 4. Therefore (3.22) and (3.23) imply:

(3.24) / VP (Vu, VO)dz + C(0) / b ()| VP Udz + o / b () Uz
u u u

> / b~ (u)|Vu|"Wdx + / fu)¥dr > / f(u)¥dx.
u u u
By (3.18) we can choose ¢ in (3.23), say 7, small enough such that
7= bt (Wl =C >0,
so that

(3.25) / |VulP~2(Vu, VI)dx + C’(&)/

bT (u)| VulPWde > C / Udz.
u

u
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Chosing C' in (3.20) equal to C(&) in (3.25) we obtain

(3.26)
G=(|Vu|)

——\d
v

/ ¢ o VP2V, ¥
u

oy Ge(IVu]) .
) 22 VulP % (Vu, Vor)d
+/ue vl |VulP~*(Vu, Vog)dr

> C«/es(u)(pRG??qqudx
u |Vl

—Ga(t), meaning that h(t) = 0 for 0 <t < e. We have:

We set h.(t) =
Ge(|Vul)

(3.27) Val

/ e W p|VulP~2(Vu, V )dx‘
u

<C [ [FuP (V) |[V(Tu)lords
u
<C [ [vup 2 (IValie((9ul)) | Dul ords.
u
where ||D?u| denotes the Hessian norm.
Here below, we fix R > 0 and let ¢ — 0. Later we will let R — oo. To this aim, let us first
show that
(i) |VulP~2||D?ul|pr € LY(U) VR > 0;

(i7) |VulhL(|Vu|) = 0 a.e. in U as € — 0 and |Vu|h.(|Vu|) < C with C not depending

on €.

Let us prove (i). Defining D(R) = {U N {B'(0, R) x R}}, by Holder’s inequality it follows

328 [ W iDtullonds < coer) ([ 9upetlip e )
u D(2R)

(2

IN

1
o ([ vt e
D(2R)

2
< ClIVu|TsED ( / \wp*-ﬁnmunwm) |
D(2R)

Loo(RY)
with 0 < 8 < 1 and ¢%|Vul|P~*" consequently bounded . By Claim I we have:

dist(U, {y = 0}) > 0.
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Using [34, Proposition 2.1]!, we infer that

2
(/ |Vu|p_2_ﬁ||D2u||2dx) < C.
D(2R)
Then by (3.28) we obtain

/ V2| D2u|[opdz < C.
u
Let us prove (i7). Recalling (3.19), we obtain

0 ift>2e
h(t)=9% ife<t<2e
0 ifo<t<e,

and then |VulhL(|]Vul) tends to 0 almost everywhere in U as e goes to 0 and we have:
[ Vulh([Vul) < 2.
Then by (3.26), (3.27) and (i), (i7) above, passing to the limit as ¢ — 0, we get:

/ efs(u)|vu|pf2(vu7 Vog)de > C’/ prdr, YR >0.
U u
Recalling (2.6), we have that there exists C' = C’(||Vu||Loo(R$)) (not depending on R) such
that: .
|U N supp(pr)| - I > C - U Nsupp(pr)|

and we get a contradiction for R large, concluding the proof. U

4. RECOVERING COMPACTENESS

In this section we prove a crucial result, which allows us to localize the support of
(u — uy)T, where A is defined in (4.2) below. The localization obtained will enable us to
apply the weak comparison principle Theorem 1.6.

With the notations introduced at the beginning of the previous section, we set

(4.1) A= {A€R+:u§uuin§]u‘v’u<x\}
and we define
(4.2) A= sup A.

We have the following;:

Proposition 4.1. Let 1 <p <2 and let u € CZIOCO‘(R_f) be a solution to (1.1) with a(s) = 1.
Let (Hy), (H2) and (Hs) be satisfied and assume that f(s) > 0 for s > 0. Let us assume
that both u and Vu are bounded on every strip 3,, n > 0.

I Actually in Proposition 2.1 of [34] it is considered the case ¢ = p. The same result in the more general
case 1 < g < p follows exactly in the same way repeating the same calculations.
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Assume 0 < )\ < +oo and set
We = (u - UX—I—e) " X{y<A+e}

where € > 0.
Given 0 < § <

N>l

and p > 0, there exists g > 0 such that, for any € < gq, it follows

SuppW;“C{0<y<5}u{)\—5<y<)\+€}u< U Bg,).

x/eRN—l

where BY, is such that
(4.3) By, C{y e (0,A+¢) : [Vu(a',y)| < p, [Vus (2, y)] < p}
Proof. Assume by contradiction that there exists § > 0, with 0 < § < %, such that, given
any €9 > 0, we find € < gy and z. = (2., y.) such that:

(2) u(x;,ys) 2 Uj\+5(xlg, yz—:)

(77) . belongs to the set

{(I’,y) eRY: 5 <y SE\—é}

and it holds the alternative: either |Vu(z.)| > p or |Vus,.(z.)] > p.

Take now g9 = %, then there exists g, < % and a sequence

Tn = (T, Yn) = (22, Ve,)
such that
(s Yn) 2 Usie, (T, Yn)
and satisfying conditions (i) and (ii) above. Up to subsequences we may assume that:
Yn — Yo as n — +oo, with <y < A—9.
Let us define
(4.4) Un (7', y) = u(z’ + 3, y),

Since both u and Vu are bounded on every strip X,, > 0, as before, by C1* estimates,
Ascoli’s Theorem and a standard diagonal process we get that :

(4.5) 5, HED

(up to subsequences) for o/ < a.

We claim that
-4 >0in RY, with a(z,0) = 0 for every € RN 1;
-G <dyin Xy
- (0, 90) = ux(0, yo);
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To prove this note that, since each u,(z’,y) is positive and satisfies the homogeneous
Dirichlet boundary condition by construction, we have: @ > 0 in RY and (x,0) = 0 for
every ¥ € RN71 Tt is also clear that @ < @y in Xy and @(0,y0) > u5(0,y0). Since (as
shown above) @ < aj3, actually there holds: @(0,y) = @5(0,y0). Finally, at 2o = (0, o)
(where (0, yo) = u5(0,y0)) we have that Vu(0,yy) = Vis(0,yo), because xy is an interior
minimum point for the function w(z) := tx(z) — a(z) > 0. For all n we have |Vu(x,)| > p
or |[Vus,. (z,)] > p, and, using the uniform C' convergence on compact set, we get:
IVa(0,y0)| = p-

Recalling that we assumed here a(s) = 1, passing to the limit we obtain that u satisfies

/ \ValP~2(Vi, V)dr + / b(@)|Va|ldr = / f(@)pdz Vo € C(RY).

RY RY RY

Since @ > 0 in RY, by the strong maximum principle [35, Theorem 2.5.1], it follows that
@ > 0ora = 0: by the fact that |Va(0,yo)| > J, the case & = 0 is not possible. Hence @ > 0
on RY. Moreover we have @ < @5 in X5 and (0, yo) = u5(0,yo). By the strong comparison
principle [35, Theorem 2.5.2], we have that @ = @5 in the connected component, say U, of
¥5 \ Z,, containing the point (0,yo). By Theorem 3.1 we have that oU N IRY # (. The
latter yields the existence of a point z = (z,2)) such that @(z) = 0, which contradicts
i >0in RY. O

5. PROOF OF THEOREM 1.1

Let us start recalling that, in view of the changing of variable in (3.1), which preserves
the monotonicity property, it is not restrictive to prove Theorem 1.1 in the case a(-) = 1.
As already remarked, the assumption Vu € L>(RY) implies that that w and Vw (see
(3.1)) are bounded on every set of the form {0 <y < A}, for any A > 0. Thus, we can use
the results demonstrated in Sections 3 and Sections 4.

The proof is based on the moving planes procedure. By Theorem 1.7 the set A defined
in (4.1) is not empty and A € (0, +oo]. To conclude the proof we need to show that A = co.

Assume that \ is finite, set A\g = A + 2,

My = HUHLOO({ogyng\Jrlo}) + HVUHLw({ongZ\Ho}) +1>0

and take 79 = 79(N, p, ¢, Ao, Mo,y) > 0 and €9 = (N, p, ¢, Ao, Mo,y) > 0 as in Theorem
1.6.
By Proposition 4.1 we have that, given 0 < ¢ < min{%, T} and 0 < p < g, we find
£ > 0 such that, for any 0 < ¢ < min{&, 2,1}, it follows
SuppWF c{0<y<Fu{A-0<y<A+e}U ( U BQ),

z/eRN-1

where W = (u — uxy)* - X(y<rsey and BY, is defined in (4.3).
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We claim that u < uy,. in %5,., which contradicts the definition of A and yields that
A = oco. This, in turn, implies the desired monotonicity of u, that is g—Z(x’ ,y) =0 in RY.
To this end, we proceed by contradiction. Suppose that the open set

S(26+s,p) = {:L‘ € 25\—&-5 : u(:c) - ui—l—s(x) > O}
is not empty, then v and v = wu;,, satisfy (1.5) with A = yo = A +&(< Ag), as well as:
|t oo + I VUl|oo < Mo, [|V]|oo + [[VV]|oo < My. Since by construction 26+ < 75 and p < &y,
we can apply Theorem 1.6 to conclude that v < uy,. on Sis4c,). This clearly contradicts
the definition of Si54. ). Hence Sias4c ) = (), which concludes the proof.

O

6. PROOF OF THEOREM 1.3 AND THEOREM 1.4

Proof of Theorem 1.3 .
Since we assumed that b(u) > 0 then —A,u < f(u) so that Theorem 1.7 in [21] applies
and gives that actually

O<u<z

in Rf . Note that, once it is proved that 0 < u < z, then the strong maximum principle (see
[35]) applies and gives that 0 < u < z. It follows furthermore that u is strictly bounded
away from z in 2 for any A > 0. In fact, if this is not the case, arguing as in the proof of
Theorem 3.1 (see case a)) we could easily construct a limiting profile u., with 0 < ue < z,
touching z at some point. This is not possible again by the strong maximum principle [35].
This is enough to repeat the proof of Theorem 1.1 and get the thesis.

Proof of Theorem 1.4.

If w is not identically zero, then it is strictly positive by the strong maximum principle
(see [35, 41]). Therefore u is monotone increasing w.r.t. the y-direction by Theorem 1.1
and the proof of b) and of ¢) follows by [33, 39] exactly in the same way as b) and c¢) in
Theorem 1.6 of [21].

To prove a) let N = 2 and denote by (x,y) a point in the plane. Define
(6.1) w(z) = lim u(z,y)

Y—>00
We see that (see e.g. the proof of Theorem 8.3 in [21] for details) w : R — R is non-negative
and bounded with
—(lw'["?w’) = f(w) 2 0.
A simple O.D.E. analysis shows that w is constant and, by the assumptions on f, it follows
that necessarily w = 0 that also implies © = 0 and the thesis.

To prove the non-existence result when f(s) > 0 for s > 0, we first consider the case
N = 2. By the above argument (which uses only the assumption f(s) > 0 for s > 0) we
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infer that u = 0 which contradicts f(0) > 0. Thus, there are no non-negative solutions.
The same argument can be employed to treat the case N > 3. Indeed, in this case the

N-1)(p—1)

assumption f(0) > 0 implies that f(s) > )\s( N=1=» in [0, 0], for some A,d > 0, yielding
u = 0. Again contradicting f(0) > 0.

(1]
2]
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