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1. Introduction
In this paper we study symmetry and monotonicity properties of the solutions to the problem

—Au=L+fw ing,
u>0 in £2, (1)
u=0 onods2

where y > 0, 2 is a bounded smooth domain and u € C(£2) N C%(£2).
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Our main results will be proved under the following assumption
(Hp) f() is locally Lipschitz continuous, non-decreasing, f(s) > 0 for s >0 and f(0) > 0.

As a model problem we may consider solutions to —Au = uiy + u? with g > 0.

Since the pioneer results in [11] and [24] singular semilinear elliptic equations have been consid-
ered by several authors. We refer to [2,3,5-7,12,15-18,23].

The variational characterization of problem (1) is not trivial. In fact, already in the case f =0, the
condition y < 3 is necessary to have solutions in Hé(fZ) and to have the associated energy functional
I # 400, see [18]. A first attempt in this direction can be found in [15] in the case y < 1.

Later in [6] a general approach was developed for any y > 0. The main idea in [6], that will be
a key ingredient in the present paper, is a translation of the energy functional and of the functions
space used, based on the decomposition of the solutions as

u=ug+w (2)
where w € H}(£2) and ug € C(£2) N C%(£2) is the solution to the problem:

—Auo:u%}, in £2,
up >0 in 2, (3)
ug=0 onds2.

The solution ug is unique (see Lemma 2.8 in [6]) and can be found via a sub- super-solution
method like in [6] or via a truncation argument as in [3]. It follows by the comparison argument used
in the proof of [6] that the solution ug is continuous up to the boundary and is bounded away from
zero in the interior of §2. This latter information also follows by [3] where the solution ug is obtained
as the limit of an increasing sequence of positive solutions to a regularized problem.

The equation —Aug = HOLV consequently can be understood in the weak distributional sense with
test functions with compact support in £2, that is

/(Duo,Dq))dx:/u%dx Vo e Cl(2). (4)
0
2 2

Actually the solution is fulfilled in the classical sense in the interior of 2 by standard regularity
results, since ug is strictly positive in the interior of the domain.

In any case, taking into account [18], for y > 3 ug does not belong to Hg)(Q) and, consequently, u
does not belong to H}(£2) too.

The proof of our symmetry result is based on the well known Moving Plane Method (see [22]), that
was used in a clever way in the celebrated paper [13] in the semilinear nondegenerate case. Actually
our proof is more similar to the one of [1] and is based on the weak comparison principle in small
domains.

Let us mention that the symmetry (and monotonicity) results in [13] hold also in the case when
the domain is the whole space RN provided that some a-priori assumptions on the solutions are
imposed, or considering the case of nonlinearities decreasing at zero.

The same symmetry results in R¥ have been obtained in [4,9] (see also the related paper [20])
without any a-priori assumptions.

We refer the reader to [8,19,21] for results in the case of fully nonlinear elliptic equations.

Finally, let us mention that symmetry results can be obtained in many other contexts, e.g. we refer
the reader to [10] for the case of equations in integral form.

In our case, because of the singular nature of our problem, we have to take care of two difficulties,
namely:
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- u does not belong to H}(£2),
- sly + f(s) is not Lipschitz continuous at zero.

This causes that a straightforward modification of the moving plane technique is not possible in
our setting and for this reason we need a new technique based on the decomposition in (2).
Let us state our symmetry result:

Theorem 1. Let u € C(§2) N C%(£2) be a solution to (1) with f () satisfying (Hp). Assume that the domain £2
is strictly convex w.r.t. the v-direction (v € SN~1) and symmetric w.r.t. T}, where

Ty ={xeR": x-v=0}.

Then u is symmetric w.r.t. T and non-decreasing w.r.t. the v-direction in §2], where
2p={xeR:x-v<0}.

Moreover, if §2 is a ball, then u is radially symmetric with g—? (r) <0 forr#£0.

For the reader’s convenience, we describe here below the scheme of the proof.

(i) Since, by [3], ug is the limit of a sequence u, of solutions to a regularized problem (15), we de-
duce symmetry and monotonicity properties of u,, and consequently of ug, applying the moving
plane procedure in a standard way to the regularized problem (15).

(ii) By (i), recalling the decomposition in (2): u =ug + w, we are reduced to prove symmetry and
monotonicity properties of w. To do this, in Section 4, we prove some comparison principles
for w needed in the application of the moving plane procedure.

(iii) In Section 5, we carry out the adaptation of the moving plane procedure to the study of the
monotonicity and symmetry of w. It is worth emphasizing that the moving plane procedure is
applied in our approach only to the Ha(Q) part of u.

Note also that Theorem 1 is proved in Section 6, exploiting the more general result Proposition 9.

2. Notations

To state the next results we need some notations. Let v be a direction in RN with |v| = 1. Given a
real number A we set

T) ={xeRY: x- v =1}, (5)
2)={xe2:x-v<i} (6)

and
X, =R}(X)=x+2(A —x-V)v, (7)

that is the reflection trough the hyperplane T;. Moreover we set
I
(£2) = R (s2) (8)
and observe that (£2}')’ may be not contained in £2. Also we take

a(v) = Xlél{fzx V. (9)
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When A > a(v), since £2; is nonempty, we set

A1(v) = {x: () c 2 foranya(v) <t <A}, (10)
and
A(v) =sup A1 (v). (11)
Finally we set
uy (x) =u(xy), (12)

for any a(v) <A < A1 (V).
3. Symmetry properties of ug

Basing on the construction of the solution ug of (3) we prove in this section some useful symmetry
and monotonicity result for ug.

Proposition 2. Let ug € C(£2) N C%(£2) be the solution to (3). Then, for any
av) <A <ii(v)
we have
up(x) < upj(x), Vxe 2} (13)

and
dup
5, ¥ >0, Vxe 27 ) (14)

Proof. Let u, € Hé(Q) N C(£2) be the unique solution to

_ u”:(un+%)y forx € £2,
Up >0 forx e £2, (15)
u, =0 forx € 052.

The existence of u, was proved in [3] and the uniqueness follows by [6]. Since the problem is no more
singular, by standard elliptic estimates it follows that u, € C2(£2). Therefore we can use the moving
plane technique exactly as in [1,13,22] to deduce that the statement of our proposition holds true for
each up. By [3] u, converges to ug a.e. as n tends to infinity and therefore (13) follows passing to the
limit. Finally in the same way

aLl()
8—V(x) >0, Vxe .Qfl(v),

and therefore (14) follows via the strong maximum principle. O

As a consequence of Proposition 2, we get
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Proposition 3. Let ug € C(£2) N C%(£2) be the solution of (3) and assume that the domain 2 is strictly convex
w.r.t. the v-direction (v € SN~1) and symmetric w.r.t. T;. Then ug is symmetric w.r.t. T and non-decreasing
w.r.t. the v-direction in £2. Moreover, if £2 is a ball, then uo is radially symmetric with %Lro (r) <0 forr+0.

4. Comparison principles
Let us start with the following
Lemma 4. Let y > 0 and consider the function
gy Xy, z,h) =x" x+ )Y z+h) +x72V (z+h)Y —=2" x+ )V (z+h)?" —x"2" (x+ y)”
and the domain D C R* defined by
D:={(xy.z.h)|0<x<z 0<h<y}
Then it follows that g, <0in D.

Proof. Since x < z, by a direct calculation we get
a
aiy”(x, V.2 =yx’ x+ ) z+ ) -y x+ )" N z+h)Y —yxV 2 (x+y)? 7 <0,

Therefore we are reduced to prove that g, <0 in DN {h =y}, that is
gy (x Y.z, ) =x'(x+y) @+ y) +x'2V 2+ y) = 2" x+ ) (z+y)’ —x'ZV (x+y)? <0.

For x = 0 the thesis follows at once. For x > 0 we note that

11 1 1
xy.z)=—(—— = -
&2 ) (XV AT Y.

)(X”ZV Z+ )7 x+y)7)
and the conclusion follows exploiting the fact that, for 0 < x < z fixed, the function
&M =xT7V -2V + @@+ —(x+0)77
is increasing in [0, co) and g, (0) =0. O
Lemma 5. Let u € C(2) N C?(2) be a solution to problem (1) with y > 0. Assume that §2 is a bounded
smooth domain and that f (-) is locally Lipschitz continuous, f(s) > 0 for s > 0 and f(0) > 0. Let w be given
by (2).
Then it follows
w>0 inSf2.
Proof. Since u € C(£2) N C?(£2) and ug € C(£2) N C%(2), then w € H}(2) N C(2) N C3(R2).

By hypothesis on f(-), it follows that u is a super-solution (following Definition 2.5 of [6]) to the
equation

—Av=—.
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Therefore, by Lemma 2.8 in [6] we get that
u>ug in$ andtherefore w>0 in$2.

Now let us show that w > 0 in the interior of §2 via the maximum principle exploited in regions
where the problem is not singular. More precisely let us assume by contradiction that there exists a
point xg € £2 such that w(xg) =0 and let r =r(xp) > 0 such that B,(xg) € £2. We have, in the classical
sense, in B;(xg)

1 1 1
SAW=—AU+AUg= ———— + fU) > — —.
O (o + wy” fw uy T wo+wy ul

Since ug(xg) > 0 we can assume that ug is positive in B;(xg). Therefore we get that

1 1
m - K =c(X)(up+w —ug) =cx)w

1

for some bounded coefficient c(x). Thus there exists A > 0 such that Tor w7

Br(xp), so that

- L 4+Aw>0in
up

—Aw+ Aw >0 in B;(xg).

By the strong maximum principle we get w =0 in B;(xg) and by a covering argument that w =0
in 2. But w=0 in £ implies f(-) =0 and we get a contradiction. O

Proposition 6 (A strong maximum principle). Let a(v) < A < A1(v) and let 2 be a sub-domain of 2.
Assume that u € C(§2) N C2($2) is a solution to (1) with f(-) satisfying (Hp).
Let w be given by (2) and assume that

ow .
— >0 in$2'.
av

Then it holds the alternative

d 0
—W>O in2" or —W=O in 2.
av av

Proof. Let us use the short hand notation w, := ‘f,—’(}v and ug, := B(,LUU Since f’(-) >0 ae.! by as-
sumption (Hp), ug, > 0 in £’ by Proposition 2, u > ug by Lemma 5 and finally w, >0 in £2’ by

assumption, differentiating the equation in (1) we get that w, solves

y , 1 1
—Aw, :_WWU +f (U)(WU +UOU)+]/ HVT - UVT Uy
0

v

Z

1 Note that, even if f’ exists a.e., the term f’(u)(w, + up,) makes sense in the weak Sobolev meaning thanks to Stampac-
chia’s theorem.
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We recall now that u is bounded away from zero in £2’, and therefore we find A > 0 such that

v

—Aw, > o

Wy = —Aw,,

so that the conclusion follows by the standard strong maximum principle [14]. O
Proposition 7 (Weak Comparison Principle in small domains). Let a(v) < A < A1(v) and §2’ C §2}'. Assume
that u € C(§2) N C2(82) is a solution to (1) with f(-) satisfying (Hp).
Let w be given by (2) and assume that
w<w) onds.
Then there exists a positive constant § = §(u, f) such that, if £ (£2") < 8, then
w<w) ing.

Proof. We have

1 .
—A(UO+W)=m+f(uo+W) in £2, (16)
—A(uo‘;+w}\’)—;+f(u0§+w‘1) in 2. (17)

 (uo} +w)Y
Since (w — WK)Jr € Hé (£2) we can consider a sequence of positive functions v, such that

Y € C°(£2') and %M w—w’)"
c A

We can also assume that suppyr, C supp(w — wX)*. We plug ¢, into the weak formulation of (16)
and (17) and subtracting we get

/(D(uo + w) — D(ug} + w}), Dy dx
o

1 1 v v
=/(m+f(lm+w)—m—f(UO)\‘i‘W)L))‘//ndx (18)

Q'

Since ug and up} solve (3) we deduce

v — 1 — ! ! - !
/(D(W —w}). Dym)dx = /((UOK)V W) | wotwy (uoy + WK)V>% *

2/ '

+/(f(uo+w) — f(uo} + w}))ymdx. (19)

Q'

Since up < up; in £} and w > w} on the support of ¥, by applying Lemma 4 with ug =x, w =y,
ugy =z and w; =h we get



4444 A. Canino et al. / ]. Differential Equations 255 (2013) 4437-4447

o) (o + W) (uo} + wl)? + (wo) (uo})” (uo} + wl)”
—(uo})” (o +w)Y (uo) +w})” — (o) (uo})” (uo + w)” <0
1

1 1 1
and then (e — oy + Grwy ~ worrwpr) <O
Therefore, by assumption (Hp), we find a constant C > 0 such that

/(D(w W), Dy dx < f(f(uo +w) — f(uo} + )y dx

Q' '
< /(f(uox +w) — (ol + W) ¥ndx < C/(w — w!)ymdx. (20)
Q' 2/

We now pass to the limit for n — co and get
[1p6w = w) Pax<c [(w-w)* P ax
2 ol
and by the Poincaré inequality
/}D(W —w)Pax<ccy(2) /|D(w —w?) P
ol ol
For § small it follows that CCp(£2") <1 which shows that actually (w — WK)+ =0 and the thesis

follows. O

Lemma 8 (Strong Comparison Principle). Let u € C(§2) N C2(£2) be a solution to problem (1), with f (-) satis-
fying (Hp). Let w be given by (2) and assume that, for some a(v) < A < A1(£2), we have

w<w) ing).
Then w < w} in 22} unless w = wj in £2}.

Proof. Let us assume that there exists a point xg € £2, such that w(xg) = w} (xo) and let r =r(xg) > 0
such that B;(xg) € £2;. We have, in the classical sense, in By(xo)

—A(W) —w) =—A(u} —uo}) + A(u — ug)

:(iy 1 + ! ! )—I—(f(uoK—FWX)—f(uo-i-W))

ul @)Y T (uol +w)  (ugp+w)Y
1 1
+ v v - v :
(ugy, +wy)”  (uoy +w)”

(21)

Since f(-) is non-decreasing by assumption, ug < up; in §2; by Proposition 2 and w < w} in £2;, we
get

f(uo} +wy) — f(uo+w) >0.
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Moreover, since for 0 < a < b the function g(t):=a™” —b™Y +(b+t)"Y — (a+t)7V is increasing in
[0, 00), we also have

1 1 1 1
— — + - =0
(ug wo})r = (o} +w)r  (up+ W)V)
and by (21) we get

1 1
w) > - .
(uoy +w;)Y  (uo; +w)v

Since uo} (xg) > 0, arguing as in Lemma 5, we find A > 0 such that, eventually reducing r, it results
1 _ (uoXlW)y + AW} —w) >0 in Br(xo), so that

(uoy +w;)
—A(w}] —w)+A(W) —w) >0 inB(xo).

By the strong maximum principle [14] it follows (w}; —w) =0 in B;(xg), and by a covering argument
(w} —w) =0 in £/, proving the result. O

5. Symmetry

Proposition 9. Let u € C(£2) N C2(£2) be a solution to (1). Let w be given by (2).
Then, for any

a(v) <A <ii(v)
we have
w(x) <wj(x), Vxe 2. (22)

Moreover
ow v
W(X) >0, Vxe 9»\1(1;)' (23)

Finally, (22) and (23) hold true replacing w by u.
Proof. Let A > a(v). Since w > 0 in £2 by Lemma 5 we have:
w<w) onasf;).

Therefore, assuming that .£(£2}) is sufficiently small (say for A —a(v) sufficiently small) so that
Proposition 7 applies, we get

w<w) ing), (24)

and actually w < w} in £2} by the Strong Comparison Principle (Lemma 8).
Let us define

Ag={r>aw): w<win forallt e (a(v), Al}
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which is not empty thanks to (24). Also set
Ao = sup Ap.

By the definition of 11(v), to prove our result we have to show that actually Ao = A1(V).

Assume otherwise that Ag < A1(v) and note that, by continuity, we obtain w < WKO in Q{O. By the
Strong Comparison Principle (Lemma 8), it follows w < WKO in .Q;jo unless w = WKO in .Q;O. Because
of the zero Dirichlet boundary condition and the fact that w > 0 in the interior of the domain, the
case w = WKO in .Q;O is not possible. Thus w < WKO in Qfo.

We can now consider § given by Proposition 7, so that the Weak Comparison Principle holds true
in any sub-domain £’ if £(£2") <. Fix a compact set & C .Q;O so that .,2”(.(2;0 \ A) < % By
compactness we find o > 0 such that

WKO—W>20>0 in.7.
Take now & > 0 sufficiently small so that Lo + & < A1(v) and, for any 0 <& < &

a) wy o —w=>=0>0in.J%,
b) LR} N\ H) <.

Taking into account a) it is now easy to check that, for any 0 < ¢ < &, we have that w < WKO+8
on the boundary of Qfo 4 \ A Consequently, by b), we can apply the Weak Comparison Principle
(Proposition 7) and deduce that

v ; v
WSWy 4 N8 N\

Thus w < wx(ﬁ_a in .Q;OH and by applying the Strong Comparison Principle (Lemma 8) we have

w<w) . in £ .. We geta contradiction with the definition of A9 and conclude that actually

Ao = A1(v). Then (22) is proved.
It follows now directly from simple geometric considerations and by (22) that w is monotone

non-decreasing in .Q;](V) in the v-direction. This gives

ow S0 inOV
W(X) >0 in QM(U),

so it is standard to deduce (23) from Proposition 6.
To prove that (22) and (23) hold true replacing w with u, just recall that

u=up+w,
and exploit Proposition 2. O
6. Proof of Theorem 1

The proof of Theorem 1 is now a direct consequence of Proposition 9. Observing that by assump-
tion

r1(v) =0,
we can apply Proposition 9 in the v-direction to get

u(x) < uK](V) (x), Vxe 2§
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and in the (—v)-direction to get
u(x) > uKl wm®, Vxe 2.
Therefore u(x) = uKl(v) (x) in £2. The monotonicity of u follows by (23).
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