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Abstract

We prove regularity results for the solutions of the equation —A,,u = h(z), such
as summability properties of the second derivatives and summability properties
of ﬁ. Analogous results were recently proved by the authors for the equation
—Apu = f(u). These results allow us to extend to the case of systems of m-
Laplace equations, some results recently proved by the authors for the case of a
single equation. More precisely we consider the problem

Ay (uw) =fw) wu>0 in @ , u=0 on 9N
—Ap,(v) =guw) v>0 in Q@ , v=0 on 90

and we prove regularity properties of the solutions as well as qualitative properties
of the solutions. Moreover we get a geometric characterization of the critical sets
Zy ={z € Q|Du(z) =0} and Z, = {z € Q| Dv(z) = 0}. In particular we prove
that in convex and symmetric domains we have Z,, = {0} = Z,, assuming that 0
is the center of symmetry.
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1 Introduction and statement of the results

Let (u,v) € C1(Q) x C1(Q) be a weak solution of the problem
—Ap,(w) =fw) u>0 in Q ,u=0 on 9N (1.1)
—Ap,(v) =gu) v>0 in Q@ ,0=0 on IN '

where € is a bounded smooth domain in RN, N > 2, A,,(u) = div(|Du|™2Du)
is the m-Laplace operator, 1 < mj,mo < co and the nonlinearities f, g are positive
(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz continuous.

We study regularity and qualitative properties of the solutions of (1.1) such as
symmetry and monotonicity properties. Moreover we study geometric properties of
the critical sets Z,, and Z,,, where

Z, = {x € Q| Du(x) = 0}, and Zy ={z € Q| Dv(z) = 0}. (1.2)

We exploit the techniques recently introduced by the authors in [13] and in
[14] where the case of a single equation is considered. In particular, to extend the
techniques introduced by the authors in [13] to the case of systems of m-Laplace
equations, it is necessary first to extend some regularity results proved in [13],
where the case —A,,(u) = f(u) is considered. In details (see Theorem 2.1) we
prove summability properties of the second derivatives of the equation :

—Ap(u) = h(z)! (1.3)
Then (see Theorem 2.2 ) we prove summability properties of W for any
solution u of the problem:
—Ap(u) =h(z) inQ
>0 inQ (1.4)

=0 on 0f)
where  is a bounded smooth domain in RV, N > 2, A,,(u) = div(|Du|™ 2 Du) is
the m-Laplace operator, 1 < m < oo.
In both cases we have the following hypothesis for h:
(*) heC%»enWLYQ) with ¢ > max{Z,2}.
The results we get may be summarized as follows:

Theorem 1.1 Let u € C*(Q) be a weak solution of (1.3), with h satisfying (*)
1 <m<oo. Then for any E CC Q2 and for every i,j =1,..., N, we have

/ ‘D’U,|m_2
sup _—
22 J B\ fu,, =0} [Ua, [Pz — Y7

Iwe devote an entire section to this equation, which is interesting in its own.

|Du;|* dy < C
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where <1,y < N—=2if N>23,v=0if N=2and C =C(B,7,E). Moreover

Du m—2—0
sup/ ¥||D2UH2 dy < C,
z€Q JE\Z, ‘JJ - y|’y

where Z,, = {x € Q : Du(x) = 0} is the critical set of the solution. Furthermore, if
u is a weak solution of (1.4) with h(s) > 0 for s > 0, then, for any x € Q and for
every r < 1, we have that (|1Z,| =0 and)

1 1
dy < C
/Q|Du|<m1>r o —yp Y

where C' does not depend on x, vy < N —2 if N >3 and y=0 if N = 2.

In particular these regularity results apply to problem (1.1) with h = f(v) or
h = g(u) (see Theorem 3.1). Therefore we get summability properties of pi and

L where
Pv

pu = |Du|™ 2 and pv = |Dv|™ 2. (1.5)
The summability properties we get are exactly those needed in [13] to prove weighted
Sobolev and Poincaré inequalities. We refer to [25] and [32] for the theory of
weighted Sobolev spaces H ;’p (2). Moreover in Section 3 we briefly recall the rele-
vant definitions and the properties. Therefore also in our case we get the following:

Theorem 1.2 Let (u,v) € CH(Q) x CY(Q) be a weak solution of (1.1) where  is
a bounded smooth domain in RN, N > 2,1 < my,mg < co and the nonlinearities
f»g are positive(f(s),g(s) > 0 for s > 0) and locally Lipschitz continuous. Then, if

we consider p, = |Du|™ =2 and p, = |Dv|™272, we get, for every p > 2
IEllzo) < CLUQDIDEN Loy for every & € Holf, () (1.6)
and
1
Inllze@) < C2(1QDIDNN Lo,y for everyn € Hyp () (1.7)

where C1(|Q]), C2(|Q2]) — 0 if Q] — 0. In particular, (1.6) and (1.7) hold for every
g€ Hy (Q) orne Hy? (Q).

Moreover, by Theorem 1.1, if (u,v) € C1(Q) x C1(Q) is a weak solution of (1.1),

we get that |Du|™ ~2Du € W12(Q,RY) and |Dv|[™2~2Du € WH2(Q,RY), and we
can define the linearized operator at a fixed solution (u, v):

L(u,v) ((uxz y U )7 (‘P? w)) = (L%u,v) ((uxz y Uz )’ (907 ’w))’ L%u,v) ((uxm Vg )’ (@7 1/)))

where
L%u,v) ((uml y Uz ), (90) 1][))) =

/[IDU|’"“2(D%»D<P) + (m1 = 2)| Du|™ ~*(Du, Dug,)(Du, D) — f'(v)ve, pldw
Q
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and

L?u,v)((um ) V )7 (907 w)) =
/[|Dv\m2_2(szi,Dw) + (mg — 2)|Dv|™*~*(Dv, Dv,,)(Dv, DY) — ¢’ (u)uy,p)dx
Q
for any ¢, ¥ € C3(Q) and 1 < my, ma < co. Moreover the following equation holds

L(u,v)((ua:ivij)> (90; ’(/})) =0 V(@ﬂb) € C&(Q) X Cé(Q)v iaj =1,.. .,N. (18>

More generally, if (w, h) € H}?(2)x H}(€2), we can also define Ly, ) ((w, h), (¢,))
as above. In this case we say that (w, h) € H)*(Q) x H)*(Q) is a weak solution of
the linearized equation if for any ¢, 1 € CO( )

L(u,v)((w’ h)v (@a w)) = (L%u,v)((wv h)’ (‘Pv 1/)))’ L%u,v)((w’ h)v (@a w)) = (07 0) (19)

In particular, by density arguments we can suppose , (p, 1) € H&:iu (Q) x H&jv (Q).
Here, given a general weight p € L1(€), H&’g(ﬂ) is defined as the closure of C(£2)
(or C2°(Q)) in H}P(Q) (see Section 3).

Exploiting the linearized equation and the weighted Poincaré inequality proved
before, we can use the results of [14] and prove the following:

Theorem 1.3 Let (w,h) € lef(Q) X H;;Q(Q) be nonnegative weak solutions of
(3.6) in a bounded smooth domain Q of RN, N > 2, 2 < my,my < oo and suppose
that the nonlinearities f,g are positive (f(s), (s) > 0 for s > 0), nondecreasing
and locally Lipschitz continuous. Suppose that B(x,50) C Q. Let us set

111 1 meo
2 2 N N m—1

(consequently 2° > 2 form > 2) and let 2* be any real number such that 2 < 2* < 2".
Then for every 0 < s < x, x = 2 , there exists C1,Cy > 0 such that

| <C; inf w (1.10)
B(x,9)
and
s(B(z,20)) X 02 inf h (1.11)

B(x,9)

where Cy,Co are constants depending on x,s, N,u, m, f.
If 242 <y < 2 or 2842 < my < 2, the same result holds with x replaced by

N+2 N+2
;28 — my—1
X' = % where 2% s the classical Sobolev exponent, n =1-1ands < 5y O
mo — 1
s < §E respectively.

As a consequence we get a strong maximum principle for the linearized operator:
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Theorem 1.4 (Strong Maximum Principle) Let (w,h) € H}*(Q) x H)2(Q)N
C%(Q) x CY(R) be nonnegative weak solutions of (1.9) in a bounded smooth domain
Qof RN, N > 2, 2 < my,ma < oo and suppose that the nonlinearities f,g are
positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz continuous.
Then, for any domain Q' C Q withw >0 in Q' and h > 0 in @', we have w =0 in
Q orw>0imQ andh=01inQ orh>0inQ.

These preliminary results allow us to exploit the Alexandrov-Serrin moving plane
method and get symmetry and monotonicity properties of the solutions of (1.1).
To this aim the key tool is a weak comparison principle in small domains that we
will prove exploiting the weighted Poincaré inequality obtained. More precisely we
have the following

Theorem 1.5 (Weak Comparison Principle) Let (u,v) € C'(Q) x C*(Q2) and
(@,v) € CYQ) x CH(Q) be weak solutions of (1.1) where Q is a bounded smooth
domain in RN, N > 2,1 < my,ma < 0o and the nonlinearities f, g are both positive
(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz continuous.

Let Q' C Q be open and suppose u < @ on 0 and v < © on OY. Then there
exists § > 0 such that, if || <5, thenu <@ in Q' andv < T in .

We then exploit Theorem 1.5 and prove the following result. We refer to Section
5 for the definitions of u(z¥), v(z¥), ¥, and other definitions which are customary
in the Alexandrov-Serrin moving planes method.

Theorem 1.6 Let (u,v) € CH(Q) x CY(Q) be a weak solution of (1.1) where Q is
a bounded smooth domain in RN, N > 2, 1 < my,me < co and the nonlinearities
fsg are positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz con-
tinuous.

For any direction v and for X in the interval (a(v), A2(v)], we have

u(z) <wu(zf) and v(z) <v(zy) Vzef. (1.12)

Moreover, for any A, with a(v) < A < A2(v), we have

u(z) <u(xy) VeeQX\Zy, (1.13)
where ZV, = {zx € Q : Du(x) = Du¥(z) =0}, and

v(z) <wv(xf) VeeQX\Z),. (1.14)
where Z¥, = {x € Q¥ : Du(z) = Duf(z) = 0}. Finally

ou y

g(x) >0 Vzef, )\ Zu (1.15)
where Z,, = {x € Q : Du(x) = 0}, and

ov y

where Z, = {x € Q: Dv(z) = 0}.



202 L. Damascelli, B. Sciunzi

Theorem 1.6 was proved by C. Azizieh in [2] for the case 1 < m; < 2 and
1 < mg < 2. The proof in [2] relies on the techniques introduced by L. Damascelli
and F. Pacella in [11] and [12]. We will instead follow the proof proposed by the
authors in [13] where a general result on the geometric properties of the critical
set (see Theorem 5.1) allows to avoid local symmetry phenomena in a very simple
way. At the same time, this proof applies to a larger class of domains (see e.g. the
smoothed rectangle).

Remark 1.1 The results in [2] have been used in [4] (see also [3]), where, following
[7, 8], existence results and a priori estimate for the solutions of some elliptic systems
involving m-laplace equations are proved.

The literature about semilinear (nondegenerate) elliptic systems, is wide. We
refer to [6, 7, 8, 15] and the references therein for some results about existence and
a priori estimates for the solutions.

In the case 2}{;7;2 < mq,mg < 00, using Theorem 1.4, we improve considerably

Theorem 1.6. In particular we can prove a result (see Theorem 5.3) that, in the
case of convex and symmetric domains, the following holds:

Theorem 1.7 Let (u,v) € C1(Q) x CY(Q) be a weak solution of (1.1) where ) is
a bounded smooth domain in RN, N > 2, 21<,V:22 < my,mg < oo and the nonlinear-
ities f, g are positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz
continuous.

If the domain Q is convex with respect to a direction v and symmetric with
respect to the hyperplane Ty = {x ERN :z.v= 0} then u and v are symmetric,
i. e. u(x) = u(zf) and v(z) = v(zf), and nondecreasing in the v—direction in
with? 9% (z) > 0 in Qf and 22(z) > 0 in QF.

In particular Z,, C T§ and Z, C Ty . Therefore if for N orthogonal directions
e; the domain Q0 is symmetric with respect to any hyperplane T5' and Az2(e;) =
Xa(—e;) =0, then

Zy={x € Q| Du)(x) =0} ={0} =Z, ={x € Q| D(v)(z) =0} (1.17)

assuming that O is the center of symmetry.
Finally, since the m-Laplace operator in not degenerate in Q0 \ {0}, we get

ue C?*Q\{0}) and veC*Q)\{0}).

The paper is organized as follows:
In Section 2 we prove some general regularity results for the solutions of (1.4). In
Section 3 we exploit these results in the case of problem (2.2) proving in particular
a weak maximum principle in small domains for the solutions of (2.2) and Theorem
1.4. In Section 5 we prove Theorem 1.3 Theorem 1.6 and Theorem 1.7.

2The crucial novelty here is that we get g—;‘(a:) > 0 and %(m) > 0 in QY. Previously, by

Theorem 1.6 this was known only in Qf \ Z, or in Qf \ Z,.
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2 Regularity results

In this section we prove some general regularity results for weak C(Q) solutions of
the equation

—Ap(u) = h(z) (2.1)
and in particular for solutions of the problem
—Ap(u) =h(z) inQ
U >0 in) (2.2)
U =0 on 0f)

where  is a bounded smooth domain in RY, N > 2, A,,(u) = div(|Du|™ 2 Du) is
the m-Laplace operator, 1 < m < oo, and we have the following hypotheses on h:

(*) heCOenWLYQ) with ¢>max{¥,2} ac(0,1).

We recall that the set where problem (2.2) is degenerate is exactly the critical
set Z, of u, where
Zy, = {x € Q| Du(z) = 0}. (2.3)

Therefore in Q\ Z,, we can use standard elliptic regularity (see e.g. Theorem 6.4 in
[23]) and deduce that
u€ C**(Q\ Z,).

Also if h € C%%(Q) it follows that u € C%*(Q\ Z,).

We extend here to (2.1) and (2.2) some regularity results recently obtained by
the authors [13] for the problem

—Am(u) = f(w).

In particular, we prove summability properties of the second derivatives of the solu-

tions and summability properties of W. We recall that summability properties
of W are the key tool which allows to get a weighted Sobolev inequality.

Summability properties of the second derivatives of the solutions will be deduced
using the linearized equation. Since at the moment the linearized equation is well
defined only in Q\ Z,, where u is smooth, for the time being we use the definition of
the linearized operator at the fixed solution u only with test function ¢ € W12(Q)
with compact support in Q\ Z,. Later, our regularity results will allow us to define
the linearized operator in the entire region €.

Let us first observe that, arguing exactly as in Lemma 2.1 of [13], we get the
following:

Lemma 2.1 Let u € CY(Q) be a weak solution of (2.1), with h satisfying (*).
Then, for every ¢ € W12(Q) with compact support in Q\ Zy, Ly(ug,, @) is well
defined by
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/[|Du|m_2(bui,D<p) + (m — 2)|Du|™*(Du, Du;)(Du, D) — ahg@]dm.
Q

8%‘1‘
Moreover, we have
Ly(uz;, ) =0 (2.4)
for every ¢ € WH2(Q) with compact support in Q\ Z,.
Theorem 2.1 Let u € CY(Q) be a weak solution of (2.1), with h satisfying (*)

1 <m < oo. Then for any E CC 2 and for every i,j =1,..., N, we have

D m—2
sup/ %|Dui|2dy <C
zeQ J B\ {u,,=0} Uz, [Plz — y[7

where <1,y < N—=2if N>3,v=0if N=2and C =C(B,v,E). Moreover
D m—2—0
sup/ Dl pezay < ¢,
ze0Jmz, lr—yl

where Z,, = {x € Q : Du(x) = 0} is the critical set of the solution.

Proof. Let us observe that we can suppose that x € E without loss of generality. In
fact, suppose that we prove that for every measurable set £ CC € we have

|Du|™2 <
sup T Puil " dy < K (8,7, E).
2B J B\ {u,, =0} |Ua, |’ —y|

Then if 0 < § < % dist (E,0Q) and Es = {z € Q : dist (2, E) < §}, considering
the two cases € Es and = € Q\ Ey, it follows that

|Du|"% = 1
sup [ Duf? dy < K(8.7, Bs) + - K(5.0, B).
2€Q J B\ {u,, =0} |uz, Pl =yl o7

Let E CC Q, z € E, and consider a cut-off function ¢ € C2°(£2) such that ¢ > 0 in
Q,and ¢ =1 in Es = {z € Q| dist (2, F) < 0} where 0 < 0 < 1 dist (E,09).
Let G, be defined by

Gc(s)=0 if [s] <€

Gc(s) =28 — 2¢ if e <5< 2¢
Ge(s) = 2s + 2¢ if —2e<s< —€
Ge(s)=s if [s| > 2¢

so that G is a Lipschitz continuous function and 0 < G < 2. To obtain our result,
we will consider the case x € ENZ, and © € E'\ Z, separately.

Case 1. Suppose first that x € ENZ,. In this case define 1. ,(y) = % Iff(z)h

with<1l,y<N-2and N > 3. If N =2, we use ¢, = Cfu(u‘rﬁ)ga Since G (uy,)
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vanishes in a neighborhood of each critical point, in particular in a neighborhood
of y =z, we can use ., as a test function in (2.4) and get

bm-z) [ AR B ) - Ol gy
~ Ge(ty, 1
gy 1P B D
~ Ge(ty, 1
+(m—2) /Q\Es | Dul™*(Du, Du;)(Du, D) uit:l/;) T
+ [ 12D Dy Gy
(m— 2)/Q IDuf" (D, Du)(Du. Dy _1y|7)) ﬁ;ifjré)@dy _

Oh Ge(us,) 1
o 0zi |ug,|P |z —y

pdy.

By the definition of G, it follows that (GL(uy,) — ,6%”’)) > 0 in Q. Therefore we
get '
|Du|™ 2| Duy* ., Ge(ua,)
Lad B e MNP ) = By dy <
; \uxiﬁlw—ylv( (uz,) = 3 . ) dy
Du|™=2|Du;|| Dep| G (us,
Cm-y [ DD Gl
Q\Es |z — y|'y |uam
|Du|™ 2| Du;| Ge(us,)
-1 Lpd
D ey T P
|g—h Uy, TP
+/ 2T LI
o lz—y|
By the definition of Ej, since x € E, we know that sup ——— < — and, using

yeo\B, [T —y|Y 07

the fact that |Du|™2|Du;| € L?,(2), since ¢ has compact support in Q, we get

m—2(7y,, .
/ | Du|™ | Du;|[Dp| Ge(ua,) dy < C))
Q\Es

|z =yl |tz |

where C7 does not depend on z.
Let us now note that, since 2 is bounded, then fQ m is uniformly bounded

for any fixed s < N. Therefore, since u is C' we get
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|Bac|, || 907 |’Y d <
T —
Y (2.5)
< |8x1
< const
alz—yl
where vy < N — 2.
By Young’s inequality with exponents 1~ and (%)' = % (note that vy~ <
N), we get
[For [
pdy <
[z —y[7
Oh 1
< const(/ =% dy+/ —) < (2.6)
suppp OTi suppe | —y| V-2

N
< const (||h| 2

N + const) < (Cy
W™ 2 (supp )

where C5 does not depend on z. From now on, the proof is exactly the one of
Theorem 2.2 in [13].

Case 2. Suppose now that © € E'\ Z,. In this case, consider E and Ej as above,
and for € > 0 small consider a cut-off function ¢, , € C°(Q) such that ¢, > 0 in
Q, Yer =01in Be(x), 9 =1 1in Es \ Bac(x), |Dpe x| < % in Ba.(x) \ Be(z) and
|De | < 1 outside Ba.(x). Moreover suppose that there exists a set A CC § such

that supp (¢e,) C A for every ¢ and x € E.

Using e o = C‘;u(iulfﬁ) ﬁ‘ﬁe,r as a test function in (2.4) and arguing as in Theorem

2.2 in [13], the thesis follows.

As a consequence of the previous estimates we can prove

Corollary 2.1 Let u € C1(Q) be a weak solution of (2.2) with h satisfying (*),
1 <m < oo. Thenu € C**(Q\Z,), where Z, = {x € Q : Du(x) = 0} is the critical
set of the solution, |Du|™ 2Du € VVllof(Q RYN), and therefore |Du|™' € WL (Q).

If moreover, 0 is smooth, u € C*(Q) and h € C**(Q) is nonnegative, then Z, N
00 =10, uecC>(Q\ Z,), |Du|™2Du € WH2(Q,RY) and |Du|™"1 € WH2(Q).

Proof. By elliptic regularity, u € C**(Q2\ Z,) (see e.g. Theorem 6.4 in [23]), since
it satisfies an uniformly elliptic equation in a neighborhood of each regular point
x € Q\ Z,. Recall that by Theorem 2.1 (where we have used test function with
compact support in Q \ Z, only) we obtain that

/ | Du|™ =8| D?u||? dz < C, (2.7)
E\Z,

where 8 < 1, Z,, = {x € Q: Du(z) = 0} is the critical set of the solution, and E is
any compact set contained in €.
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Let us now set
¢n = G1(|Dul™?uy,)

where G 1 is defined as in Theorem 2.1, n € Nand i € {1,..., N}. By the definition
of G1 we get that ¢,, € WH2(E) and

0 5,
—— 6 = Gy (|Dul"2uy,) (| Dl 2u,,). 2.4
e = Gy (D" e ) S (D ) (2.
Therefore, exploiting (2.7), we get
||¢n||W172(E)<K VneN (2.9)

where we also use the fact that (|Du|™72)2 < c|Du|™ 278 for 1 < m < oo and
B>2-m)ifl<m<2.

Since W12(E) has a compact embedding in L?(E), up to subsequences there
exists w € WH2(E) such that

¢, — w strongly in L*(E),
as n tends to infinity and
¢, — w almost everywhere in F.
Since ¢, — |Du|™ %u,, almost everywhere in E, we get
=we WH(E). (2.10)

Since i € {1,..., N} is arbitrary, the thesis follows and | Du[™2Du € W 2(Q, RV).
If moreover € is smooth, u € C1(Q) and h € C*(Q) is nonnegative, then Z, N9 =
) by the Hopf’s lemma. By standard elliptic regularity it follows that « belongs to
the class C2°“ in a neighborhood of the boundary, so that v € C?:*(Q2\ Z,) and

|Du|™=2Du € W12(Q,RY).

| Du|™ %y,

i

Remark 2.1 Since a C*(£) solution u of (2.1) with h satisfying (*) is regular in
Q\ Z,, the generalized derivatives of | Du|™2u,,, coincide there with the classical
ones. Moreover in {u,, = 0}, by Stampacchia’s Theorem (see e.g. [31] Theorem
1.56, p. 79), the generalized derivatives of | Du|™~2u,, are zero almost everywhere.
From now on we will do all computations taking into account this fact. In particular
we get

0 -
5 DUl Pug,) = (| Dul™ g5 + (m — 2)[ Du|™~*(Du, Du;Juy,)

Ly

where % stands for the distributional derivative and @;; are defined by
°J
. in Q\Z,
Gy = § - \ (2.11)
0 in Z,

and Du; stands for the ”gradient” (Uity .-y Uin)-
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Lemma 2.2 Letu € CY(Q) be a weak solution of (2.2), with h satisfying (*). Then
the linearized operator L, (u.,, ) is well defined by

Ly, (U:Biv 90) =
m—2( 71 m—4 » oh
[|[Du|™*(Dui, D) + (m — 2)|Du|™*(Du, Du;)(Du, Do) — 3 pldx
Q €L
for every ¢ € WH2(Q) with compact support in Q. Moreover we have
Lu(uz;,0) =0 (2.12)

for every ¢ € WH2(Q) with compact support in Q.
Furthermore, if Q is smooth, and h is a nonnegative function in CO*NW12(Q),
then Ly (ux,,©) = 0 for every o € Wy>(Q).

Proof. By Corollary 2.1, | Du|™ 2u,, € Wllof(Q), so that we can argue as in Lemma
2.1 integrating by parts and, if ¢ € C°(Q)), we get

/Q (| Du|™2(Dus, D) + (m — 2)|Dul™*(Du, Du;)(Du, D) da+

on (2.13)

Q[axﬁ’

ldz =0

i.e.
Lu(uzm <p) = 0'

By density we get the general case of ¢ € W12(Q2) with compact support. If,
moreover, () is smooth, and h is a nonnegative function in C%* N W12(2) then
again by Corollary 2.1, lDu|m_2uxi € Wh2(Q), and, since h € WH2(Q), by density,
. 2
we can consider ¢ € Wy ().
The results proved in this section allow us finally to get the summability prop-
erties of the inverse of the weight p = |Du|™~2 stated above.

Theorem 2.2 Let 2 be a smooth domain in RN, u € C*(Q) be a weak solution of
(2.2) with h satisfying (*) and h(s) > 0 for s > 0, 1 < m < +oo. Then, for any
x € Q and for every r < 1, we have that (|Z,] =0 and)

1 1
dy<C
Il DUl a7
where C' does not depend on x, vy < N —2 4 N >3 and y=0 if N = 2.

Proof. Since h is positive, by Hopf’s Lemma, there exists F such that Z, CC E CC
Q. Moreover we can suppose dist (Z,,0F) > 0. Since (2\ E)N Z, = 0, it follows
that

/ L L < ! / L _w<c
Y x . Y x
o\g [Du|(m=r |z —y|v ming\ g [Du|m=D7 Jo\ g [ — y|
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and therefore to prove the theorem it is sufficient to show that for every = € € we
have that

1 1
dy < C,
/E|Du<ml>r o —yp Y

where C' does not depend on z. Finally the same arguments in the proof of Theorem
2.1 allow us to reduce to proving that, considering only = € E,

1 1
dy < C,
/E|Du<m1>r e —yp Y

where C' does not depend on = € F.
Now let ¢, be defined as in Theorem 2.1 and define

1 Pe,x

L (7 T s s Py

Since |Du|™~1 € W2(Q), its gradient vanishes a.e. in the critical set Z, and 1. ,
can be used as test function in (2.2). By the positivity hypothesis on h, we have
h(y) > C% > 0 for any y € F, so that we get

/ ewdy < Cy / Yeahdy < Cy / beahdy <
E E Q
<Cl/ | Du|™2(Du, Dt . )dy.

Q

The proof follows now, as in Theorem 2.3 of [13], exploiting Theorem 2.1.

3 Comparison results

We begin here the study of the properties of the solutions of (1.1). In the sequel,
as in [25], if p € L'(£2), the space H}P (1) is defined as the completion of C*(Q) (or
C*°(9)) under the norm

[ollg2e = [0l (@) + 1DVl Lo, (3.1)

and || Dv|},q ) = Jo [Dv[Ppdz. Thus, H}?(9Q) is a Banach space and H}?(9Q) is
a Hilbert space. Moreover we define Hé,’[’f (€2) as the closure of C(Q) (or C2°(9)) in
H}?(Q). We also recall that in [32], H)? is defined as the space of functions having
a distributional derivatives represented by a function for which the norm defined in
(3.1) is bounded. These two definitions are equivalent if the domain has piecewise
regular boundary.
From now on, given (u,v) € C}(Q) x C}(Q) a fixed solution of (1.1), we will
consider
pu= Du™2,  p, = |Do|™ 2 (3:2)

With these definition, using Theorem 2.1 and Theorem 2.2 with h = f(v) or
h = g(u), we have the following:
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Theorem 3.1 Let (u,v) € CH(Q) x CY(Q) be a weak solution of (1.1) where Q is

a bounded smooth domain in RN, N > 2, 1 < my, me < co and the nonlinearities

f,g are locally Lipschitz continuous. Then, for any E CC Q and for every i,j =
., N, we have, for every x € (Q,

D’U, my—2
J L
E\{ug, =0} |Ua, ||z —y|7

and
2 dy < Co

|Dv|m2—2
5 P
/E\{'Uzi=0} |UT@|ﬂ|‘T - y"y ¢

where B <1, v < N—-24f N=23,7v=01i¢N=2and Cy, Cy depend on v, 3, B
and on the solution (u,v), but not on x € Q. Moreover

|Du\m1*2’ﬁ
e, T 1P <

and

mo—2—0
[ e ay < 0
E\Z lz —y|
where Z,, = {x € Q: Du(x) = 0} is the critical set of u and Z, = {x € Q : Dv(x) =
0} is the critical set of v.
Finally, if Q is smooth and f,g are positive(f(s),g(s) > 0 for s > 0), then
|Zu| = 1Z,] =0 and, for any x € Q and for every r < 1, we have

1 1
/Q |Du|(mi=Dr [z =y dy < Cy

and

1 1
dy < C
/Q [Do[ema =17 Jz =y VS 2

where Cy and Cy do not depend on x, vy < N —2if N >3 andy=0if N =2.

Therefore py, p, € L= () if m1, ma > 2 since (u,v) € CH(Q) x C1(Q). If instead

jS,v_:r; <m < 2, then py, p, € L*(Q), which follows easily from Theorem 3.1.

In particular, summability properties of p— and = of Theorem 3.1 are exactly

those needed in [13] to prove weighted Sobolev mequahty and consequently weighted
Poincaré inequality. Referring to [13] for the proof, we can state the following:

Theorem 3.2 (Weighted Poincaré inequality) Let (u,v) € C1(Q) x C*(Q) be
a weak solution of (1.1) where Q is a bounded smooth domain in RN, N > 2,
1 < my,mg < 0o and the nonlinearities f, g are positive(f(s),g(s) > 0 for s > 0)
and locally Lipschitz continuous. Then, if we consider p, = |Du|™~2 and p, =
|Dv|™272 we get, for every p > 2

I€ll o) < CLURDNDE N Lr(p,)  for every & € Hy'h () (3-3)
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and
Il Loy < C2(1QDIDN| Lo,y for everyn € Hy® () (3.4)

where C1(|9]), C1(|22]) — 0 if || — 0. In particular, (3.3) and (3.4) hold for every
1,2 1,2
§€ Hy,, (Q) orne HO,pW(Q).
If (u,v) € CHQ) x CH(Q) is a weak solution of (1.1), then by Corollary 2.1
(exploited with h = f(v) or h = g(u)) it follows that |Du|™ ~2Du € W12(Q,RY)
and |Dv|™2~2Du € W12(Q,RY), and we can define

L(U,U) ((uzz y Uz )7 (4,0, 1/})) = (L%u,v) ((uzz y U )7 (907 ¢))7 L%u,v) ((uwz y U )7 (907 ¢))

where
L%u,v)((umi ) vivj)v ((Pa ZZJ)) =

/[|D“|m1_2(DuwD¢) + (m1 = 2)|Dul™ " (Du, Dug, ) (Du, D) = f'(v)vs, ¢ldz
Q

and
L%u,v)((uiﬂb ’ ’ij )? (90) ¢)) =

/ [\Dv|m272(Dvri,D1/)) + (mg — 2)|Dv|m274(D1}, Duy,)(Dv, DY) — ¢’ (u)ug,|dx
Q

for any ¢ € C§(22) and 1 < my, ma < co. Moreover, the following equation holds:

Ly (e, v3,), (9, 0)) =0 Y(p,¥) € C5(Q) x CH(Q), 4,j=1,...,N. (3.5)

More generally, if (w, h) € H})?(Q) x H)*(Q) we can define Ly ) ((w, h), (¢, 1)) as
above. In this case we say that (w,h) € H)*(Q) x H}?(Q) is a weak solution of
the Linearized Operator L, . if

L(u,v)((w’ h)> (907 ¢)) = (L%u,v)((w7 h)’ (4,07 w»v L%u,'u) ((w’ h)» (907 ¢)) = (07 0)' (36>

In particular, by density arguments we can assume (p, 1)) € H&’gu (Q) x Holfv Q).
In [14] the authors showed that by a weighted Sobolev inequality, a Harnack
inequality follows for solutions of the Linearized Operator of the problem —A,, (u) =

f(u). The same arguments apply to our case and allow to prove the following

Theorem 3.3 Let (w,h) € HL2(Q) x HL2(Q) be nonnegative weak solutions of
(3.6) in a bounded smooth domain Q of RN, N > 2, 2 < my,ms < 0o, and suppose
that the nonlinearities f,g are positive (f(s),g(s) > 0 for s > 0), nondecreasing
and locally Lipschitz continuous.

Suppose that B(x,50) C Q. Let us set



212 L. Damascelli, B. Sciunzi

(consequently 2° > 2 form > 2) and let 2* be any real number such that 2 < 2* < 2",
Then for every 0 < s < x, x = %, there exists C1,Co > 0 such that

w|| s < Cp inf w 3.7
|wll Lo (B(x,25)) < Lot (3.7)
and
h| s <Csy inf h 3.8
17l L (B(2,25)) < 2 ok (3.8)
where C1,Cy are constants depending on x,s, N,u,v,m, f. If 2]%'_"22 <mp <2 or
%{,V_:FQQ < mo < 2, the same result holds with x replaced by x' = 3—2 where 2¢ is the
classical Sobolev exponent, s% =1- % and s < 311;} or s < ;”f;i respectively.

Proof. The proof follows directly from [14] once we note that, since f, g are nonde-
creasing and w and h are nonnegative, w weakly solves

J1Du™ 2 (Dusy, D) + (1 = 2| Du™ (D Dus (D, Dl > 0
Q
and h weakly solves
J1Del™ (D, D) + (ma — 2| Dol (Do, Doy, ) (Do, D)o > 0.
Q

Therefore we can apply the results of [14] to w and to h separately and the thesis
follows. An immediate consequence is the following

Theorem 3.4 (Strong Maximum Principle) Let (w,h) € H}*(Q) x H)2(Q)N
C°(Q) x CY(2) be nonnegative weak solutions of (3.6) in a bounded smooth domain
Qof RN, N > 2,2 < my,my < 0o, and suppose that the nonlinearities f,g are
positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz continuous.
Then, for any domain Q' C Q with w >0 in Q' and h > 0 in @', we have w =0 in
Qorw>0imQ andh=01inQ orh>0inQ.

Proof. Let us define K, = {x € Q' |w(z) = 0}. By the continuity of w, then K, is
closed. Moreover by Theorem 3.3, for any = € K,,, there exists a ball B(x) centered

in z, and contained in K,,. Therefore K,, is also open and the thesis follows. The
same arguments apply to h.

4 Weak comparison principle

In what follows, we will use the following standard estimates for the m-Laplace
operator(see e.g. Lemma 2.1 of [11]):

™20 — 7' |20 | < eu(Inl + 10’ [)"2n — | (4.1)

(nl™ 20 = 0|20 10— '] = ca(Inl + [0')" 2 |n — | (4.2)
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Theorem 4.1 (Weak Comparison Principle) Let (u,v) € C'(Q) x C*(Q2) and
(@,v) € CHQ) x CH(Q) be weak solutions of (1.1) where Q is a bounded smooth
domain in RN, N > 2, 1 < my, mg < 00, and the nonlinearities f,g are positive
(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz continuous.

Let Q' C Q be open and suppose u < @ on 0 and v < v on OY. Then there
exists § > 0 such that, if || <9, thenu <@ in Q' andv <0 in .

Proof. Let us first consider the case 1 < m; < 2 and mg > 2. Let €’ be defined as
in the statement of the theorem and consider (v —a)* € Hy™ (') and (v —10)" €
Hy™(Q). Using (u— )t as test function for —A,,, (u) = f(v) and (v — o)" as
test function for —A,,,(v) = g(u), we get

/ [(IDu/™ 2 Du — |Da[™~2Da), D(u — @)*)] do :/ (F(v) — £(8))(u— )" da.
o

’

(4.3)
and
[ D20 = D32 D0). D(w =) dx = | (9() = g(@)(0 = 0)*
(1.4)

By (4.1) and (4.2), since f, g are locally Lipschitz continuous and nondecreasing we
get that there exists A > 0 such that f(v) — f(v) < A(v — v)". Therefore

o / ((1Du| + |Da))™2|D(u — @) [2dz < C1A | (v — o) (u—a)*de  (4.5)
Q Q

and, analogously

& /Q/((|Dv|+|D17|)’”2_2|D(v—17)+)|2dm <Gt [ w-o)tu-u)tde (40)

/

In particular, we have used the fact that, since f, g are nondecreasing, then (f(v)—
f(@0) <0iff v <o and (g(u) —g(w)) <0 iff u < a.
Adding (4.5)and (4.6), and using Young’s inequality, we get

|D(ufﬂ)+)|2d:v+/ |Dv|™272|D(v — 9)T|? da <
& Q’ (4.7)
< [ fw-n) Pdet Gy [ [0-0) P do

’

where we have also used the fact that, since m; < 2 then (|Du| + |Du|)™ =2 > 0.
We can now apply the classic Poincaré inequality to (v —u)" and weighted Poincaré
inequality (see Theorem 3.2) with weight p, = |Dv|™272 to (v — v)* and get

|D(u7ﬂ)+)|2dx+/ |Dv|™2 72| D(v — 9)T|? da <

Q’ i (4.8)

< () / ID(u— @) da + Co(|]) / Do|™ 2| Do — )" 2 da
Q/ Q/
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where C1(||) — 0 if || — 0 and C(|Q'|) — 0 if || — 0.
Now, if || < ¢ and 0 is sufficiently small so that C1(|€?]|) < 1 and C3(|Q']) < 1,
then we get an absurdity unless

|D(ufa)+)|2d:n+/ |Dv|™2=2|D(v — )2 dz = 0 (4.9)
Q 4

which implies (u —#)™ = (v — )" = 0 and therefore v < % and v < ¥ in Q.

To deal with the general case we note that if m; > 2 and 1 < my < 2 then we will
apply weighted Poincaré inequality(see Theorem 3.2) with weight p, = |Du|™ 2
to (u — @)™ and the classic Poincaré inequality to (v — v)". We will otherwise use
only the classic Poincaré inequality if 1 < mq,mo < 2 or only weighted Poincaré
inequality if mq, mg > 2.

In the proofs of our results we will also use a strong comparison principle proved
in [11]. For the readers convenience we recall the statement:

Theorem 4.2 (Strong Comparison Principle) Let 1 < m < oo, and u,v €
CY(Q) satisfy

—div(|Du|™ "2 Du) + Au < —div(|Dv|™ "2 Dv) + Aw, u < vin Q. (4.10)
Define Zy, = {z € Q : |Du(z)| + |Dv(z)| =0} if m # 2, Zy,, =0 if m = 2. If
o € Q\ Zyp and Uy, = vy, then u = v in the connected component of Q\ Zy,
containing x,.

5 Qualitative properties of the solutions

To state our monotonicity and symmetry result we need some notations.
Let v be a direction in RY. For a real number \ we define

Ty ={zeR:x-v=2X\} (5.1)
S={zeQ:z-v<A} (5.2)
5y =Ri(x) =z +2A—z-v)y, reRY (5.3)
and
a(v) = ;relgx -V (5.4)

If X > a(v) then O is nonempty, thus we set
(€5)" = RX(23). (5.5)

Following [27, 18] we observe that for A — a(v) small then (Q¥)" is contained in (2
and will remain in it, at least until one of the following occurs:

(i) (£2X)" becomes internally tangent to OS2 .
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(if) TY is orthogonal to 0N .

Let Aq(v) be the set of those A > a(v) such that for each p < X neither one of the
conditions (i) and (ii) holds, and define

A1(v) =sup Ay (v). (5.6)
Moreover, let
Ay(v) ={A>a(v): () CQ VYue (a(v),\} (5.7)
and
A2(v) = sup Aq(v). (5.8)

Note that since 2 is supposed to be smooth, neither A;(v) nor As(v) are empty,
and A1(v) € Az(v) so that A1(v) < A2(v) (in the terminology of [18] ©f ) and
QKQ ) correspond to the 'maximal cap’, respectively to the ’optimal cap’). Finally

define
AFPW)={A>av):u<uf and v < vy Vu € (a(v), ]} (5.9)

and
AGY (v) = sup Ag(v). (5.10)

Here below we prove a useful result regarding the geometric properties of the
critical set of the solutions. The result we prove has been already proved in [13] for
solutions of A,,(u) = f(u). Anyway, for future use, we give here the details of the
proof for the general case of solution of (2.2).

Theorem 5.1 Let u € CY(Q) be a weak solution of (2.2) where Q is a general
bounded domain, and suppose that h satisfies (*) with h(s) > 0 if s > 0. Then
Q\ Z, does not contain any connected component C such that C C 2. Moreover, if
we assume that 2 is a smooth bounded domain with connected boundary, it follows
that Q\ Z,, is connected.

Proof. Let C be a connected component of Q\ Z, such that C CC Q. Then
Du(z) =0 Vz € 9C. (5.11)

By Corollary 2.1, since |Du|™~2Du is continuous and identically zero on 9C, we
get |Du[™2Du € Wy*(C,RN). Then there exists a vector field 4,, € C5°(C,RN)
which approximates |Du|™ 2Du in the norm of Wy*(C,RY). If now E C C is a
smooth subset such that

supp (4,) CCEccC

by the Divergence Theorem applied to A, in E, it follows, for every ¢ € W2

/ div(Ap)¢ + (An, Do)dx = / div(Ap)¢ + (An, Do)dx =
© E (5.12)

OFE
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Moreover, since when h is positive, |Z,| = 0, by (1.4) we get
—div(|Du|/™ ?Du) = h  almost everywhere in C.

If now we choose ¢ = k # 0 then we get

/ k-hdr = / —div(|Du|™?Du) - kdx =
© © (5.13)
lim —div(Ay) -kdx = lim [ (A,,Dk)dx =0
and by (5.13)
/ hdx =0 (5.14)
C

which is impossible when h is positive.

If Q is smooth, since h is positive, by Hopf’s Lemma a neighborhood of the
boundary belongs to a component C of Q\ Z,. A second component C’ would be
compactly contained in 2, which is impossible by what we have just proved. So
Q\ Z, is connected.

If we consider solutions of (1.1), exploiting Theorem 5.1 with h = f(v) or
h = g(u), we immediately get:

Corollary 5.1 Let (u,v) € C1(Q) x CY(Q) a weak solution of (1.1) where Q is a
bounded smooth domain in RN, N > 2, 1 < my,mg < 0o, and the nonlinearities
f, g are positive(f(s),g(s) > 0 for s > 0) and locally Lipschitz continuous. Then we
have that Q\ Z, and Q\ Z, are connected. Here Z, = {x € Q: Du(x) = 0} is the
critical set of u and Z, = {x € Q : Dv(z) = 0} is the critical set of v.

We now prove our symmetry and monotonicity result:

Theorem 5.2 Let (u,v) € C1(Q) x C1(Q) be a weak solution of (1.1) where  is
a bounded smooth domain in RV, N > 2, 1 < my,my < 0o and the nonlineari-
ties f,g are positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz
continuous. For any direction v and for X in the interval (a(v), A2(v)], we have

u(z) <u(xy) and v(x) <wv(xy) Voef. (5.15)
Moreover, for any A with a(v) < X < A2(v) we have
u(z) <u(xf) VeeQX\Zy, (5.16)
where Z¥, = {z € Qf : Du(z) = Du¥(z) =0}, and
v(z) <wv(zf) VaeQ§\Z, (5.17)
where ZV, = {x € Q¥ : Du(z) = Duf(x) = 0}. Finally

)
a—Z(x) >0 Vze,,,\Z (5.18)
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where Z,, = {x € Q: Du(z) = 0}, and

ov
ov

where Z, = {x € Q: Dv(z) = 0}.

—(2)>0 VYze,, \2Z (5.19)

Proof. Since €2 is smooth, As(v) is nonempty for any direction v. For a(v) < A <
A2(v) we can compare (u,v) and (u¥,v¥), using Theorem 4.1, since (u¥,v) still
satisfies (1.1). In particular, if XA — a(v) is small, then |QX] is small. Hence, by the
Weak Comparison Principle in small domains (see Theorem 4.1), since v < uf and
v < v§ on 99, it follows that u < u¥ and v < ¥ in QF if A —a(v) is small, so that
A () £ 0.

Suppose now, by contradiction, that A\§”(v) < A2(v). By continuity it follows
“Kg”(u) > u and ”Kg“(u) > vin Qlj\g“(u)' By the Strong Comparison Principle (see
Theorem 4.2) we get that, if C* and C" are connected components of QK;;”(V) \ Zu
and Qig“(u) \ Z, respectively, then USyo > unless uf oy =uin C* and v5u, > v
unless UKBH,(V) =vin C".

The case uf ) = w in C* would imply €2 \ Z, to be not connected against
Corollary 5.1 and therefore we have u¥ Suv > u. In the same way we also get v5u. > v.

Now Let A be an open set such that Zy N Q/\m,(l,) C AC Q/\“,,(V) and Zy N
Q)\W(V) CAC Q)\w(y) Note that since |Z,| = |Z,| = 0, we can choose A as small
as we like. Consider a compact set K in Q5. ,, such that |Q)\w( \ K| is sufficiently
small in order to guarantee the apphcablhty of Theorem 4.1. By what we proved
before, “K’gv(u) —u and vng(V) — v are positive in K \ A which is compact. Thus
minK\A(uf\gv(V) —u) > m >0 and minK\A(vﬁ\’g,l,(y) —wv) = m > 0. By continuity
there exists € > 0 such that A§¥(v) + € < A2(v) and for A\j?(v) < A < A\J?(v) + €
we have that |Qf \ K| is still sufficiently small as before and u¥ —u > m/2 > 0
in K\ A, v§{ —v>m/2>0in K\ A. In particular u§{ —u > 0 and v§ —v > 0
on J(K \ A). Moreover, for such values of A we have that v < u¥ and v < v§
on (5 \ (K'\ 4)). By the Weak Comparison Principle(Theorem 4.1) applied to
QY \ (K \ A)(which may be taken as small as we like), we get v < u¥ and v < v¥ in
), which contradicts the assumption A§”(v) < Aa(v). Therefore A\j”(v) = A2(v)
and the thesis is proved.

The proof of (5.16) and (5.17) follow immediately by Theorem 4.2 and the
first part of this Theorem. In fact if (5.16) (5.17) were not true, by the Strong
Comparison Principle, there would exist components of local symmetry, contrary
to what we have just proved.

Finally, to prove (5.18) and (5.19), let us note that, by the linearity of L,,, we
get that (%, %) weakly solves (3.6). Therefore, by the strong maximum principle
for uniformly elliptic operators, we have that (5.18) and (5.19) hold unless 3—7; =
or % = 0 in some connected components of Q\ Z, and Q \ Z, respectively. Since
this is not possible by (5.16) and (5.17), the thesis follows.

An immediate consequence is the following:
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Corollary 5.2 If the domain 2 is convexr with respect to a direction v and sym-
metric with respect to the hyperplane T} = {x eRN :z.v= O}, then u and v
are symmetric, . e. u(x) = u(zf) and v(z) = v(zf), and nondecreasing in the
v—direction in Qf with %(m) >0 in Qf\ Z, and %(x) >0 in QY \ Z,.

) In particular if Q is a ball then uw and v are radially symmetric and % < 0,

v

e < 0.

Proof. It is immediate from the previous theorem. Let us only note that in the case
of a ball, since the level sets of the solutions are spheres, an application of Hopf’s

Lemma (recall that f and g are positive) shows that 0 is the only critical point and
that the derivative in the radial direction is negative in all the other points.

Theorem 5.3 Let (u,v) € C1(Q) x CY(Q) be a weak solution of (1.1) where ) is
a bounded smooth domain in RN, N > 2, QJi,VLQ < mq,mg < 0o and the nonlinear-
ities f,g are positive(f(s),g(s) > 0 for s > 0), nondecreasing and locally Lipschitz

continuous. For any direction v and for X in the interval (a(v), A2(v)] we have

u(z) <ulxf) and v(x) <o) Ve Q. (5.20)

Moreover, for any A with a(v) < A < A2(v), we have
u(z) <u(xy) VeeQX\Zy, (5.21)

where Z!, = {x € QX : Du(x) = Du¥(x) = 0}, and
v(z) <wv(xy) VeeQl\Z),. (5.22)

where Z¥, = {x € Q¥ : Dv(x) = Dv¥(z) = 0}. Finally,

ou N
where Z,, = {x € Q: Du(z) = 0}, and
ov y

where Z,, = {x € Q: Dv(x) = 0}. Consequently, Z, N5\ = 0 and Z, NQY ) =
0.

Proof. By Theorem 5.2, we get (5.20), (5.21) and (5.22). Let us now prove (5.23)
((5.24) follows in the same way). To prove that

ou
%(x) >0 VzeQf,,
assume on the contrary that %(xo) for some zy € QKQ .- Then, since g—l”f is a
nonnegative solution of the linearized equation, by Theorem 3.4 we find p > 0 such
that

Ju

o 0 in B,(zo)
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and B,(xo) C 5. This is a contradiction to (5.18) and the fact that |Z,| = 0,
and therefore (5.23) follows.

We point out an immediate consequences of Theorem 5.3, which may be very
useful:

Corollary 5.3 If the domain §2 is convex with respect to a direction v and sym-
metric with respect to the hyperplane Ty = {x ERN :z.v= 0} then u and v are
symmetric, i. e. u(x) = u(xf) and v(z) = v(xf), and nondecreasing in the v—
direction in f with %(w) >0 in Qf and %(m) >0 in Q.

In particular Z,, C T§ and Z, C Ty . Therefore if for N orthogonal directions
e; the domain Q2 is symmetric with respect to any hyperplane T5' and Az(e;) =
Xo(—e;) =0, then

Zy ={2 € Q| D(u)(z) =0} ={0} = Z, = {z € Q| D(v)(z) = 0} (5.25)

assuming that 0 is the center of symmetry.
Finally, since the m-Laplace operator in not degenerate in Q\ {0}, we get

ue C*HQ\{0}) and veC*Q\{0}).
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