LOCAL W™ REGULARITY FOR p()-LAPLACE EQUATIONS

ANNAMARIA CANINO, PHUONG LE AND BERARDINO SCIUNZI

ABSTRACT. We study w2me) regularity for local weak solutions of p(-)-Laplace equations

loc

where p € C'(Q2) N C(Q) and min_ g p(z) > 1.

1. INTRODUCTION

We consider the following p(-)-Laplace equation
(1.1) —div(|Duff™2Du) = f in Q,

where 2 is an open bounded domain in RY. Since in this paper we will prove local regularity
results, we do not require any assumption on the regularity of the boundary of €.

Set C(Q2) = {h € C(Q) | min,.q h(z) > 1}. For h € C(Q) we denote
h_ =minh(z) and h, = maxh(z).

e z€Q

Throughout this paper, we always assume that u € VVlt,f(')(Q) is a local weak solution

to (1.1]), that is
[ Dul2(Du, Deydn = [ fode, v el
Q Q

and the following conditions are fulfilled:

(Po) p € CH(Q) N CL(Q), _ _

(Fy) f € L")(Q) where h € C,(Q) and h(x) > N/p(x) for all z € Q.
We deal with the study of the local regularity of the weak solutions to (|1.1)). More precisely,
since in general solutions are not of class C? (), then it is an important issue the study
of the summability of the second derivatives of the solutions. To state our main result we
need some notation:

We denote
N={zeQ|l<pa)<2}; P={recQ|2<px)<3}; B={zeQ|pl) >3},
and for ¢ > 0, we also set:

Qo) ={ze€eQ|1<p(x)<2+4d}and Q*(§) ={r € Q|2+ <p(z) < 3}.
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Moreover for future use for k = 1,2,3, given Qo C €, we define QF = Q* N Qy and for
k= 1,2, we define QF(5) = QF(0) N Q.

Consider the additional conditions on f:
(Fy) f € WHO(Q) where ¢ € C, (), o
(Fy) f is continuous and f > 0 in a neighborhood of €23
and let m € C*(Q) N C(Q) such that:
(i) m(z) < 2in Qf (the complement of Q3 with respect to 2)
(i) m(x) < % — 4 in Q2 for some & > 0.
Here we prove the following:
Theorem 1.1. Suppose that conditions (Fy), (Fy), (F1) and (Fy) are satisfied and assume

that q(x) in (F1) is such that q(x) > p(px()le in a neighborhood of Q' and q(z) > 2;555)—3 in
0?2, then

uwe W2,

loc
If else we assume that p is a constant such that 1 < p < 2, and condition (Fy) are

satisfied with h(z) in (Fy) such that h(z) = B in €, then
u € W22(Q).

loc

The proof will be given in two separate theorems: Theorem and Theorem in
section 3.

If we consider the case when p is constant and u € C*(Q) (see [6], [9, 15, 8] and [T, 2, [7]),
our results reduce to the ones obtained in [5] (see also [I4] for a local version). The
interested reader may find very useful reading the survey of G. Mingione [I1], and the
references therein.

Note that, even in the case when p is constant, the regularity of the second derivatives
proved in Theorem is optimal, at least in the case p > 3. To show this it is sufficient

/
. . p .
to consider the function u(xy,...,zy) = %, which solves

Ayu=1.

It is easy to see that, for p > 3, the regularity of this solution is no more than the one
proved here and in [5].

Previous regularity results on the second derivatives of solutions to p-Laplace equations are
known in the case 1 < p < 2, see [15].The achievement of results regarding summability of
the second derivatives in our context, and in the context of p-Laplace equations is a hard
task. The nonlinear Calderén-Zygmund theory does not work simply, even if important
results have been obtained in [12], see also the references therein (and [11]).

It would be interesting to study regularity result, following the approach presented here,
in the setting described in the interesting paper [I3]. We point out however that in the
case p(z) = p > 3, the condition f € L(Q) is not enough to get the regularity result in
Theorem [L.1t
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To show this, let Q = B(0,1), u = —(1/r)|z1|" 'z for 1 <r <p and set 0 =1 — (r —
1)(p—1). Note that r <2 and 0 < o0 < 1. We have g—;‘l = a7, LY = (1 —r) || By

? Oz?
ou _ O*u _ ;
and 32+ = = 0 for all 7 # 1.

Therefore, % € L*(Q) if and only if s < 5. Since 7= < 2%}9/ = %, u does not satisfy
1
regularity property in Theorem [I.1]
However u is a solution of (1.1]) where

Y1) 0 .
(g [T DOy = —(|ag |7y

0
A p—2 —
f = —div(|DulP~*Du) 5 P

dr,
= (1 =gz
belongs to L'(Q) for 1 <t < 1/o and 1/o = oo if r = p'.

The proof of Theorem will be carried out in two different theorems: Theorem
and Theorem below. Following [5] we linearize the equation and then we exploit it
via the right choice of test functions. However we deal with solutions that may not be
of class C}.,, consequently we need to construct a regularized problem. We consequently
prove some uniform estimates on the second derivatives, that provides the desired result
by passing to the limiting problem.

2. PRELIMINARIES

It is standard to see that, under our assumptions, we can assume without loss of gener-
ality that the problem can be locally regularized as follows:
for an open set B such that B CC 2 and ¢ € (0,1), let f. € C*(B) satisfy

(2.1) f-> fae. in B, f. — f strongly in L"(B) and a.e. in B.
Then there exists a unique solution u. € W)(B) to the local regularized problem
22) {—div ((52 + \Dug|2)p”%‘2Du5) —f. inB,
Uclop = u.

Moreover, u. € C?(B) and

/(52 +|Du?) S de < €,
B
u, — u strongly in W0 (B).

(2.3)

Remark 2.1. The construction of the regularized problem has been used by many
authors. We refer the readers in particular to [6] where this approach was used in order to
deal with the study of C’llo’ca regularity of the solutions.

Let us point out for the reader’s convenience that the existence of the solution u. to ([2.2))
follows in a standard way by minimizing the energy functional (note that f. = f.(x) is
fixed). The fact that u. € C?(B) is now a consequence of standard elliptic regularity, since
the operator in in strictly-uniformly elliptic.

Finally it follows that u. converges to u (that is holds) by uniqueness and exploiting
the results in [3] (see also [4]).
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Here and hereafter, C' > 0 denotes a constant independent of € € (0,1), ¢ = ¢/(¢g—1) is
the conjugate of ¢, ¢* = Nq/(N — q) is the Sobolev exponent of ¢, )y is an open set such
that 0y CC B and n € C°(B) denotes a test function such that

0<np<1 inB
(2.4) { ==
n=1 in .
For a function u : 2 — R, we also denote its partial derivatives u; = D;u = a%,-u and

1D2ull = (3, ; | ).

If f satisfies (F}), we will choose f. € C*(B) such that f. > f ae. in B, f. — f
strongly in W)(B) and a.e. in B. Then u, is constructed as above.

We will use the following inequality

(2.5) |logt|* + |logt| < Cs +t° +17°

for t > 0 and 0 > 0 and Cj is a constant depending on §. It is important to note that
the constant Cs becomes arbitrary large when § approaches zero. In our applications, see

Lemma , we will in any case use ([2.5) with 6 > 0 fixed.

3. LOCAL REGULARITY

Lemma 3.1. Let u. be a solution to (2.2) and assume that f satisfies (F}). Let 3 € C(B)
such that 0 < - < [y <1 and 1 —p(x)/¢ (z) < B(x) for all x € B, then we have

/ (82 + \Dus|2)
Qo

where C' depends only on B, p, f and 3.
Moreover, if p is constant in B, the conclusion is still valid for constant (3 such that
0<p<landl—p/d(z)<p forallx e B.

p(z)—2-p(z)
2

| D*u.|]* dx < C

Proof. The main ingredient in this proof is the linearized equation, which involves the sec-
ond derivatives of the solutions. Then, everything is reduced to the right choice of test
functions.

For simplicity in notation, we denote w = wu.. Choosing test function ¢ = D;1y, with
Y € C}(B), for the regularized problem (2.2)), we get:

/ (€2 + | Dw’) ™~ (Dw, D(Dit))) — f.Ditp dz = 0.
B

Integrating by parts we obtain

p(z)—4

/B<€2 + |Dw|?) "7 (Dw,, DY) + (p(x) — 2)(e> + | Dw|*) " (Dw, Dw;)(Dw, D))

p(z)—2

—i—%pi(x) log(e® + |Dw[*)(e* + |Dw|*)" 2 (Dw, DY) — ¢ D;f. dx = 0.
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Choose 1 = w; (e + \wiP)’ﬂ(;) n* where 7 satisfies (2.4]), then

Dy =n?(e + !wilz)_ﬁgz) (1 —ﬁ(x”wi'z) Duw;

24 |w; |?
2 2\ —£@) L5 2\— 8@ 2 2
+ 2wi(e” + [wil )= D — quwin”(e” + |wi ") 7= log(e” + |wil ") DB
Hence we have
0=
2 4 | Dw]?) 25 z)|w; |2
[ CADRIE o (Sl
B (24 |wil?) = €2 + [w;]
2 | Dwl2) 29
+2/ (% + [ Du| )B(x) win(Dw;, Dn) dz
B (e + |wil?) 2
1 [ (2 +|Dw)* 5
__/ (5 +| 7~U| )ﬂ(x) wleog(52+\wi|2)(Dwi,Dﬁ)da¢
2J (24 |lwif?)
2 4 |Dw|?)" 5 B(z)|w;|?
+/(p(:c) —2)( |Du )W) (Dw, Dw;)*n? <1 — %) dx
B (€2 + wi]?) e? + |w;|
e2 + | Dw|?) "5
+2/(p(:1:) —2)( | Dl )5(1) w;n(Dw, Dw;)(Dw, Dn) dx
B (€ + |wif?) 2
1 2 4+ | Dwl[?) ™7
— 5/(]0( ( | Dyl )B(z) w;n?log(e? + |w;]?)(Dw, Dw;)(Dw, DB) dx
B (€2 + |wil?) 2
1 e? + |Dw|? — x) Jw; |2
+—/pl-(x) log(e® + ]Dw|2)( | Dyl )5(I> (Dw, Dw;)n* [ 1 — % dx
2 Jp (e2 + |w;]?) 2 €2 4 |y
e2 + | Duw[?) "3
+ [ aonte? + Py P 0w, Dy a
B (€2 + |wif?) 2
1 2 4+ | Dwl?)" 7
— 1 [ paoste? + puty EPD o 4 ) (Dw, D) s
B (€2 + |wil*) 2

B)
- / wi(e® + |wil*)™ = 0D f. dx
B
=h+L+Lz+ 1+ Is + I+ 17 + Ig + Iy + Iyp.
Here I, denotes each term in the previous expression, consecutively.

Since

Sl _

0<1-p.<1~



6 ANNAMARIA CANINO, PHUONG LE AND BERARDINO SCIUNZI

we have
p(z)—2
i + I, = / (82 + |Dw’2) 2 |DUJ|2772 1 — ﬁ(l’)|w2|2 d.:lf
s @ e Z e + |wi?
p(z)—4
(e + [Dw|*) ™2 Bx) wil*
B+ [ () -2 o (Dw D (1- 52 o
B (82 + ’wi|2) P) g« + ]w |
. . e2 + |Dwl?) "3
> inf(min{ple) ~ 110 - 600 2 6 [ ETPEL by a
zeQ B (2 + |wil2)™

On the other hand, for all 6 > 0

win(Dw, Dw;)(Dw, Dn) dz|

p(x)—2

g2+ |Dw|?) 2
< sup (2-+ 2p(a) —20) [ D) Dy
B

&+ o)

= 5/ sar— | Dwil*p? dx+0(5)/ s |wil*| Dn? da
B (g2 + |wil?) 2 B (g2 + |wil?) 2

<o [ CHDUD b e +06) [ @+ 1Dup) 5
B (24 |w?) 2 B

2 4 [ Dwl? plz)-2

< 5/ (5 + | U)| )mx) ‘DsznZ dr + C((S)

B (g2 4 |wil?) 2

where the second estimate is an application of Young inequality and the last estimate is
derived from (2.3)).

For future use we point out that later § will be a fixed (small) parameter. Consequently
C(6) will be a fixed (large) constant.
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By Young inequality and (2.5 we get

p(z)
|uhﬁ§é@u>2ﬁ€+“””)> wilog(2 + [y [2)(Dw, Duwy) (Duw, D) d

(2 + |wil?)
D 2
< C’/ ‘log(&?z—i- ]Dw]2)| (e* + [Dwl’ )Bw | Dw;|n dx
B (2 + |wi?) >
Dw|?)™ Dw|?)%”
<6/ e+ [Dul) g, |le|2n2da:—|—C /‘logs + | Dw| )‘ 2 (€7 + | Dul’) e dx
(€2 4 Jw;|?) 2 (€2 4 |w;|?) 2
D 2
<6/ e+ |Dul” )ﬁ(z) | Dw;|*n? dx
(2 + |wil?)
vty [ CHDIE Do @ i
€2+|w| (e + [wil?) 2 (e + [wil?)

2
(z)—2

Dw
<5/ e+ (; | Dw;|*n? dx
(e + |w|

+O(5) / (€2 + | Dw?) ™2™ 1+ (22 + | Dw|?) ™5 1 (& 1 |Dwl?) " da
B

Note that C(§) depends on § because of the Young inequality and also includes Cjs given
by([2.5)). Also in the following C(6) may be relabeled.
Similarly,

p(z)—2
Dw
|&+H@|:y/px@kg@%+umﬁﬂg** ) wn(Dw, Dy da|
5 (& + Jw?) 5
(2 + [Dw|?) "5

+%L 2)log(e> + | Duwl?) s log(e2 + i) (D, D) daf

(€% + fwil?) 2
SC/(52+|Dw\2)W+(E | Dwp) 2 L (2 4 pyf?) 2 g,
B
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and

o w;n? log(e? + |w;|*)(Dw;, DB3) d:(:|

so—win’® log(e? + |w;]*) (Dw, Dw;)(Dw, D) dx|

+C(0) / (2 +Dw)7 4+ (&2 + | D) 5 4 (24 [ Du) T e,
B

If p and 3 are constants then I3 = Iy = I; = I3 = Iy = 0. Otherwise, recalling the
assumption 0 < f_ < (3, < 1, we can choose § fized small enough such that 6 < Cj/4 and
d < fB(x) <p_ — ¢ for all x € B, from the previous estimates and (2.3) we have

z)—

D 2

e+ |Dul” >ﬂ(z) |Dw;|>n? dz + C(6).
2

(€2 + |wil?) 2

(3.3) mwwkwwhmwkmwm<a§/
On the other hand,

|I1o| = |/wz‘(€2+|wi|2 _ @) 2D, fedx‘
B

1—B(x)
g/@+mm .
B LICO)(B)

Since f. — f in WO(B), we have || D; f-|| pac) () < C. Moreover, from 0 < 0@ g () <

M in B and (2.3) we have (&% + |wi]?) 1 7 HLq() < C, and then |I19| < C.
Taklng into account (3.1]), and exploiting (3.2 and (| . we conclude that

/ (€2 + | Dw[?) "3
B

(3.4)

1-B(=)
2

|dz < CIDsfell o || (€2 + )

s | Dwi*n du < C.

(€% + Jwif?)

Since n = 1 in {2y, the desired result follows by taking the sum of the previous inequality
over 4.

O

Lemma 3.2. Let uc be a solution to (2.2) and assume that f satisfies (F1). Letl €
CY(B)N C(B) such that p(z) <I(z) in B and l(:r;) <2 if1 < p(x) <2. We assume that

(3.5) /B(g DU ) de < C

Let 3 € C(B) such that supg(p —1) < - < By <1 and 1 —I(z)/q¢'(x) < B(z) for all
x € B. Then we have

/ (2 + |Du6|2)p(x)_3_ﬁm | D*u.|* do < C
Qo
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where C' depends only on B, p, |, f and (3.
Moreover, if p and | are constant in B, the conclusion is still valid for constant B such

thatp—1<pB<1land1—1/q(x) < forallx € B.
Proof. The proof is rather similar to that of Lemma but (3.5)) is used instead of ([2.3)).
O

Lemma 3.3. Let u. be a solution to (2.2). Consider Qg CC B as above and assume that
f satisfies (Fy) and f > 0 in a neighborhood of B and 0 < r < 1. Then we have

dx
/ @ < C.
% (22 + | Du.[?) "

Proof. As before, denote w = u..
It is sufficient to prove the lemma for

. p(z) _ 1—s_
supmat] = oy ) py 1

where 0 < s_ < sy <1 and 1 — s, is small enough.
By hypothesis, f.(z) > C} in B for some C; > 0 and e small enough.

1—S+

0} <r<i1-—
7}—T p__]_

Using test function ¢! = (e + | Dw|?) (lfp;z))rn in (2.2)) where 7 satisfies (2.4]), we have
—p(@)r
Ci [ (& IDup) 5y ds

B
< | foldx
B

= / (% + | Dw) ™ (Dw, DYY) da
B

p(z)—2 (A—p(z)r

- / (& + [DwP)™ (2 + | Dw?) 5 (Dw, Dy) de
B

p(z)—2

+ [ (= pla)r(@ + Duf) "+ Dl + [Duf)

(A=p(@))r=2
2

n(Dw, D|Dw|) dx

~ 5 [ tog(e® + IDuP)(E + D) 5 (& + | Dul) 2 (D, Dp) do
B
= Jl + J2 + J3.
Exploiting (2.5) and ({2.3]), we have the estimates:

Ji+ Js
2 2 2 9\ (P(@)-1)(A=r)
<C | (1+|log(e® + |Dw]?)|) (e° + |Dwl?) z

dz

(px)=1)(1=r)+5 (@) =D (1=r)=5
2 2

(p(z)—1)(1—r)
2 —|— ( €T

B
<C [ (*+|Dw|?) + (2 4+ |Dw|?)
B

<C

g2 + |Dwl|?)

where 0 < w < % < @ in Band 0 < < p_ — 1 can be taken sufficiently small.
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On the other hand,
)—DA-r)-1
2

5 < (ps — r / (& + [Du?) ™
B

(—p()r

§5/(52+|Dw|2) 2 ndm+g/(€2+|Dw\2)
B 0 Jp

where § < C) and 8 € C(B) such that

—2— [z
U=plol)r o) =223) _ iy 1y py
or equivalently, f(x) =1 — (p(z) — 1)(1 — r). Note that s_ < §(z) < s, for every z € B
and [ satisfies conditions in Lemma [3.1] Hence the proof is completed. O

Lemma 3.4. Let u. be a solution to (2.2)) and | € C1(Q)NC () such that l(z) < p(x)—6

: 1 . 9 ()1
in Q1(5), I(x) < 2 in Q*(8) and I(x) < B

and 8. Suppose that f satisfies (F\), (Fy), q(z) > 2% in a neighborhood of Q'(5) and

p(z)—1
q(x) > 2p?$)—3 in Q2. Then

| D*wl|n| dz

p(z)—2—B(x)
2

| D*w|? dx,

for some positive numbers 0, 01

| D?u. ||'™ dz < C.
Qo

Proof. Recall that we define QF = QF N Qy and QF(§) = QF(5) N Q. Note that it suffices
to prove the lemma for 4, &; and 09 small enough.
We can choose §,0; € (0,p_ — 1) so that § < §; and §; is small enough, there exists

a bounded neighborhood B! of Q}(4) such that for x € B! we have q(z) > (p( -, which
implies ¢/(z) < p(z). We can choose § € C(B?) such that

(2 — plx) + B(x)) (p(x) — 1) 2 _ plx)
4 2 —p(x)+ 4 27
then 0 < f_ < #; < 1 and we can apply Lemma [3.1] to obtain
| D% | de < C
Qy(9) (2 + |Du5]2)72_p(l%+ﬂ(z) '
We write || D?u.||P*)=%1 as a product of two functions as follows
p(z)—6;
_ | D?u.||? ’ (2=p(@)+8() (p(2) =5})
||D2ue||p(z) o= <( 2+ |D |2;2p(z)+5(z) (52 + |Due|2) 4 :
5 Ue 2
p(z)=d;
The argument above and ({2.3)) yield ( DQZEPQ(ZW,(I)) e Lo (25(8)) and
(2+|Duc?)
(52 4 |DUE|2) (2—p(m)+6(z))(p(:c)—61) c LQ*P(i)ﬂH (Qé(é)) Consequently, le |D2u ||p =01 dx <
C, then
(3.6) /Q Dt <o
0
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Next, from ¢(z) > =2 in 02 we have ¢/(z) < 35(;(;) for z € Q%(6), then

(3.7) / | D2u | dz < C
Q&%)

follows directly from Lemma [3.1| by choosing 3(x) = p(z) — 2.
Finally, for x € QF, we write || D?u.||"® as a product of two functions as follows

()
- (2)=2-6(x) =N 1
D2 = (& + D) 75 | DR ?)

(62 + | Du, [2) TR
Let B? be a neighborhood of Q3 restricted in Q. Choose 8 € (1 — p_/q_,1) such that
1 — (3 is small enough. We have

(p(z) —2—pB)l(x) 2 (p(z) — Dr(z)

4 2 —1(x) 2

for r € C(B3), 7, < 1and 1—r_ is small enough. From Lemma and Lemma we get
l(z)

(2)=2-8 2 _2
<(52+|DU5|2)p 2 \|D2u5||2) Y e LT (€23) and @10 |2)(P%z)f2f4ﬁ(z))l(z) € L@ (),
3 Ue
respectively. Hence
(3.8) / | D%u.||'® da < C.
a3

The conclusion follows now from (3.6)), (3.7) and (3.8)).

Lemma 3.5. Let u. be a solution to (2.2) and m € C*(Q) N C,(Q) such that m(z) < 2
in (22)¢ and m(x) < % — 8 in Q3 for some § > 0. Suppose that f satisfies (F), (Fy),

q(z) > p@()le in a neighborhood of Q' and q(z) > 2;(’%)73 in Q2. Then

| D%, ||™ dx < C.
Qo

Proof. From Lemma [3.4] it is sufficient to consider ¢ sufficiently small and to prove that

(3.9) / | D?u.||™®) da < C.
900(93)0
Moreover, we can assume that g(z) > pf’gzl in a neighborhood of Q!(4). Let [ € C'y ()
such that I(z) < p(z) — 4§ in Q1(d), {(z) <2 in Q%(9) and I(z) < igg:; — 0 in Q3. Since §
is small, we can assume [*(z) > p(z) in (2%)°. From Lemma[3.4] we have
(3.10) / | D*u.||'™ dx < C,
900(93)0

and then by Sobolev embedding

(3.11) / |Du. " @ dx < C.
Qoﬂ(QB)c
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Since this is true for all Qq such that Qg C €, by Lemma we have

/ (& + |Du.P)
QQQ(QS)C

where supg(p — ") < - < [y <land 1 —1*(z)/d (z) < B(x).
We can, therefore, repeat the proof in the first and second part of that of Lemma
with finer choice of 3, allowed by (3.11)), and get

(3.12) / | D%u. |1 @) de < C,
Qoﬂ(Q?’)c

where [y (x) = 2 if I*(z) > 2+ 0, and ly(z) < I*(z) — 0y if I*(z) < 2+ §; for some §; small
enough.

Since the sequence [**1 = (I*¥)* converges to oo uniformly, by repeating the previous
argument we finally get

(3.13) / | D2 ||"® dz < C.
900(93)0

p(z)—2-pB(=
2

D2 dx < C,

This proof also points out that

(3.14) | Du ™ dx < C.
Qo

O

Theorem 3.6. Let m € C(Q)NC,(Q) such that m(z) < 2 in (2%)¢ and m(z) < % -0

in Q3 for some 6 > 0. Suppose that f satisfies (F), (F), q(z) > 2@y g neighborhood

p(z)—1
of Q1 and q(z) > 2;{%13 in Q2. Then u e W2"(Q).

Proof. We have, [, [|D*u.||™® dx < C, by Lemma Moreover, from [o, |Du|™®) dx <
C, we obtain ||(e? + \Dus|2)%HW1,m(.)(QO) < C. Thus, we can suppose that
(€2 + |Du)z — b

weakly in Wm0 (), strongly in L™ () and almost everywhere in Q.
Then, by (12.3), we must have h = |Du|. Therefore,

|Du| € WH™0(Qy).
Consequently, |Du| € W,2™(Q), and then u € W2"(Q). O

Now we prove a regularity result for the constant exponent case where the assumption
that f belongs to a variable exponent Sobolev space is relaxed.

Lemma 3.7. Let u. be a solution to (2.2) and assume that p is a constant such that

1 <p<2andh(z) = 5 in Q, then we have

/ (€ + | Duc?) "= | D?u. || du < C.
Qo
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Proof. As before, we denote w = wu,.

Working similarly to Lemma [3.1] with § = 0, we obtain the same estimates for Iy, ...

Now we give a new estimate for [4g.

L = —/ wi772Difa dx
B
I/Di(wmz)fsdx
B

B B
- Jl —|— JQ.
By Young inequality, we have
p—2 C 2—p
*Sé/fﬁ+wmmz\wﬁfing/@”ﬂDwmsz%wx

B B

p= C —p

<5 [ (@4 1DuP) i do+ 5 [ 4 Do) P do

B B

Moreover,

[ @ +1DuP) 2| do < (& + [Duf)
B

Lﬁ(B) H‘f€|2”L2PL—2(B)

_ 2 2\ ([(2—p)/2 2
= &2+ IDwP) SRR ey

which is bounded due to (2.3)), (2.1) and h(z) > ]%. Therefore,
2 2\ 252 2,2 c
J1g5/(s +IDwP)'E | Du PP dr +
B

On the other hand,

_p_ 5
LP=1(B)

< [ (@4 uP)flde < Ol + i) s £
B

which is bounded by the same reasons.
Now proceed as in Lemma (3.1 we obtain

/ (&2 + | Dw[?) "2 | Dwi|*p? dz < C,
B

as desired.

13
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Lemma 3.8. Let u. be a solution to (2.2) and assume that p and | are constants such that
1 <p<1<2andh(zx) =t in Q. Moreover, we assume that

(3.15) /(82 + |Du6|2)% de < (C.
B
Then we have

| @+ 1Du) F P o <
Qo

Proof. The proof is rather similar to that of Lemma but (3.15)) is used instead of
23). 0

Theorem 3.9. Suppose that p is a constant such that 1 < p < 2 and h(z) > p%l in €.
Then u € W22(Q).

Proof. From Lemma we have

D2 - 2
[
Qo (€2 + |Du.|?) "z

We write || D?u.||P as product of two functions as follows

P
| D?u.||? ’ @-pp
(g2 +—|l)aj|2)25p (&% + |Duc|*) .
S5

D[P =

P

The argument above and ({2.3)) yield (%) € L%(Qo) and (% +|Du.|?)

(24| Duel?)

(2=p)p
1

S

L%(Qo). From Hélder’s inequality we obtain

/ | D2 dz < C.
Qo
The remaining proof is similar to that of Theorem with the aid of Lemma 3.8, [
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